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Abstract
Many applications of amorphous polymers require a thermo- mechanically coupled large-
deformation elasto-viscoplasticity theory which models the strain rate and temperature de-
pendent response of amorphous polymeric materials in a temperature range which spans
the glass transition temperature of the material. We have formulated such a theory, and
also numerically implemented our theory in a finite element program. The material param-
eters in the theory have been calibrated for poly(methyl methacrylate), polycarbonate, and
Zeonex -- a cyclo-olefin polymer. The predictive capabilities of the constitutive theory and
its numerical implementation have been validated by comparing the results from a suite of
validation experiments against corresponding results from numerical simulations.
Amorphous chemically-crosslinked polymers form a relatively new class of thermally-
actuated shape-memory polymers. Several biomedical applications for thermally-actuated
shape-memory polymers have been proposed/demonstrated in the recent literature. How-
ever, actual use of such polymers and devices made from these materials is still quite limited.
For the variety of proposed applications to be realized with some confidence in their perfor-
mance, it is important to develop a constitutive theory for the thermo-mechanical response
of these materials and a numerical simulation-based design capability which, when supported
with experimental data, will allow for the prediction of the response of devices made from
these materials under service conditions. We have developed such a theory and a numeri-
cal simulation capability, and demonstrated its utility for modeling the thermo-mechanical
response of the shape-memory polymer tBA-PEGDMA.
An elastomeric gel is a cross-linked polymer network swollen with a solvent, and cer-
tain thermally-responsive gels can undergo large reversible volume changes as they are
cycled about a critical temperature. We have developed a thermodynamically-consistent
continuum-level theory to describe the coupled mechanical-deformation, fluid permeation,
and heat transfer of such gels. We have numerically implemented our theory in a finite
element program by writing thermo-chemo-mechanically coupled elements. We show that
our theory is capable of simulating swelling, squeezing of fluid by applied mechanical forces,
and thermally-responsive swelling/de-swelling of such materials.
Thesis Supervisor: Lallit Anand
Title: Rohsenow Professor of Mechanical Engineering
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Chapter 1
Introduction
1.1 Background
Amorphous thermoplastic polymers are important engineering materials that are widely used
in a variety of applications because of their light weight, and excellent physical, optical (light
transparency) and mechanical properties. However, their nonlinear, strongly temperature-
and rate-dependent elastic-viscoplastic behavior is modeled by existing constitutive theories
with varying degrees of success. Polymer processing operations, such as micro-hot-embossing
for the manufacture of microfluidic devices, hot drawing of fibers and films, thermo-forming,
and blow-molding of various thin walled containers take place at temperatures approximately
10 to 40'C above the glass transition temperature, d9g, of the polymer, where the polymer
flows relatively easily but has some "solid"-like characteristics, and is not yet a viscoelastic
fluid. During hot processing, the polymer undergoes large deformations and is subsequently
cooled to a temperature below its glass transition to lock-in the deformed shape. In the
process of cooling, the polymer transitions from a soft "rubbery-state" to a solid "glassy-
state" during which, the polymer's initial stiffness and flow strength change by several orders
of magnitudes.1 There is no generally agreed upon theory to model the large-deformation,
thermo-mechanically coupled, elastic-viscoplastic response of these materials in a tempera-
ture range which spans their glass transition temperature. Such a theory is crucial for the
development of a numerical capability for the simulation and design of important polymer
processing operations, and also for predicting the relationship between processing methods
and the subsequent mechanical properties of polymeric products. It is one of the main objec-
'At temperatures above the glass transition, the polymer is easy to flow and behaves like an elastic-
viscoplastic "soft" solid with some "rubber"-like characteristics. Due to a lack of better terminology, at
temperatures above Vg, we refer polymers to be in a "rubbery-state" which is the terminology commonly
used in the literature. At temperatures below i9 , the polymer behaves like an elastic-viscoplastic solid where
its elastic response and flow strength values are a few orders of magnitude higher than those above V9. For
temperature below ?g, we refer polymers to be in solid a "glassy-state."
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tives of this thesis to develop a constitutive theory and attendant numerical implementation
for amorphous polymers that fulfills this need. Apart from its intrinsic theoretical impor-
tance from the viewpoint of mechanics and materials, we shall show that our new theory
is practically useful for modeling important polymer processing operations, such as micro-
hot-embossing for the manufacture of microfluidic devices and blow-molding of thin-walled
containers. Further, for applications where certain amorphous polymers (like polycarbonate)
are used as structural materials to resist impact (e.g., helmets and body-armor), our theory
may be used to predict the thermo-mechanically-coupled large-deformation response of these
structures under high strain-rate loading conditions.
This thesis also includes an important extension of our work on amorphous thermoplas-
tic polymers to model and numerically simulate the shape-memory response of thermally-
actuated chemically cross-linked amorphous shape-memory polymers. Shape-memory poly-
mers can be subjected to large deformations at a temperature above their i9g; the deformed
shape can be fixed by cooling the deformed body to a temperature below 't% under active
kinematical constraints; and the original shape is recovered when the material is heated
back to a temperature above g without the kinematical constraints.2 This phenomenon is
known as the shape-memory effect. If the shape recovery is partially constrained, the mate-
rial exerts a recovery force and the phenomenon is known as force- or constrained-recovery.
Although many novel applications for shape-memory polymers ranging from self-deploying
stents for treatment of arterial disease (Wache et al., 2003; Yakacki et al., 2007; Baer et al.,
2007b), nanoscale-patterned surfaces for information storage and recovery (Vettiger et al.,
2002; Wornyo et al., 2007), and self-deployable reflectors for space applications (Campbell
et al., 2005) have been envisioned and demonstrated in the published literature, the practical
use of shape memory polymers and devices made from these materials is still quite limited.
The major reason for this is that an accurate thermo-mechanically-coupled constitutive the-
ory for shape memory behavior in polymers, and an attendant numerical implementation
for simulation-based design does not exist. To fill this need we have developed a consti-
tutive theory and numerical simulation capability to model the shape recovery behavior of
chemically-crosslinked amorphous shape-memory polymers.
Lastly, in this thesis we consider the coupled fluid permeation, large mechanical de-
formation, and heat transfer in thermally-responsive polymeric gels. There are numerous
elastomeric materials which can absorb large quantities of various solvents without disrupt-
ing the underlying polymeric network structure of the elastomer. Such a polymer network,
2The amorphous shape memory polymers preserve heavy cross-linking and respond as viscoelastic rubber-
like materials above d9 . After loading and unloading at a temperature above V9 , these polymers show negli-
gible permanent set, which is an important characteristic for the shape memory behavior. On the contrary,
thermoplastic amorphous polymers such as Zeonex-690R, PC and PMMA show significant slippage of me-
chanical cross-links (due to physical entanglements) when deformed above their glass transition temperature.
Such polymers when deformed above O, cooled under kinematical constraint to a temperature below 0'g,
and then heated back without constraints to a temperature above og, do not show complete recovery to their
original shape.
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together with the fluid molecules, forms a swollen aggregate called a gel.3 A subclass of
elastomeric gels are known to be thermally-responsive - a prime example being gels based
on poly(N-isopropylacrylamide), often abbreviated as PNIPAAm. An unconstrained spec-
imen of a PNIPAAm gel, saturated with an aqueous solution, volumetrically swells by as
much as a factor of 10 when the temperature decreases from above a "critical temperature"
to below it. Such a critical temperature for a thermally-responsive gel is known as the the
gel's lower critical solution temperature (LCST) (cf., e.g., Schild, 1992; Wang et al., 2005).'
PNIPAAm-based thermally-responsive gels have been used for a variety of applications in-
cluding drug delivery (Dinarvard and D'Emanuele, 1995) and valves in microfluidic devices
(Harmon et al., 2003; Wang et al., 2005), and they show promise for use in a variety of other
emerging microscale applications.
Early studies of swelling of gels are due to Tanaka and co-workers (c.f., e.g., Tanaka and
Fillmore, 1979), and in recent years there have been several notable attempts to formulate
a coupled deformation-diffusion theory for describing more complete aspects of the response
of gels, including swelling and drying, squeezing of fluid by applied mechanical deformation,
and forced permeation; Durning and Morman (cf., e.g., 1993); Baek and Srinivasa (cf., e.g.,
2004); Ji et al. (cf., e.g., 2005); Hong et al. (cf., e.g., 2008); Doi (cf., e.g., 2009); Duda
et al. (cf., e.g., 2010); Baek and Pence (cf., e.g., 2011); and references to the vast literature
therein. In this thesis, with an objective of modeling the response of thermally-responsive
elastomeric gels, we have formulated a thermo-chemo-mechanically coupled theory for fluid
permeation in elastomeric materials. We have also numerically implemented of our theory
in a finite element program. Using this numerical capability we show solutions to some
representative initial-boundary-value-problems. Specifically, we show that our theory and
its corresponding numerical implementation is capable of simulating swelling, squeezing of
fluid by applied mechanical forces, and thermally-responsive swelling/de-swelling.
1.2 Brief summary
This thesis is comprised of four major parts; (i) the thermo-mechanically coupled behavior
of amorphous polymers below the glass transition temperature; (ii) the thermo-mechanically
coupled behavior of amorphous polymers in a temperature range that spans the glass tran-
sition temperature; (iii) the thermo-mechanically coupled behavior of amorphous thermally-
activated chemically cross-linked shape-memory polymers; and (iv) the coupled behavior of
fluid permeation, large mechanical deformation, and heat conduction in thermally-reponsive
polymeric gels. Each is discussed in more detail in the following subsections.
3 Gels can also be made from colloidal solutions, and such gels are called colloidal gels. In this thesis we
restrict our attention to elastomeric gels, and within this class of materials we further restrict our attention
to non-ionic gels.
4 For PNIPAAm-based gels the LCST depends on the precise composition of the gel, and may be varied
between 30'C to 50'C by suitably varying the composition.
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1.2.1 Thermo-mechanically coupled behavior of amorphous poly-
mers in a temperature range below the glass transition tem-
perature
We have conducted large strain compression experiments on three representative amorphous
polymeric materials: poly(methyl methacrylate) (PMMA), polycarbonate (PC), and a cyclo-
olefin polymer (Zeonex-690R), in a temperature range spanning room temperature to slightly
below the glass transition temperature of each material, in a strain rate range of 1 i0-- s-'
to 10-' s-1, and compressive true strains exceeding 100%.
Our constitutive theory is formulated to capture the salient features of the thermo-
mechanically-coupled strain rate and temperature dependent large deformation mechanical
response of amorphous polymers. For the three amorphous polymers studied experimen-
tally, our constitutive model is shown to perform well in reproducing the following major
intrinsic features of the macroscopic stress-strain response of these materials: (a) the strain
rate and temperature dependent yield strength; (b) the transient yield-peak and strain-
softening which occurs due to deformation-induced disordering; (c) the subsequent rapid
strain-hardening due to alignment of the polymer chains at large strains; (d) the unloading
response at large strains; and (e) the temperature rise due to plastic-dissipation and the
limited time for heat-conduction for the compression experiments performed at strain rates
> 0.01 s-1.
We have implemented our thermo-mechanically-coupled constitutive theory by writing
user material subroutines for the finite element program ABAQUS/Explicit (2011) (VU-
MAT) and ABAQUS/Standard (2011) (UMAT).
In order to validate the predictive capabilities of our constitutive theory and its numerical
implementation, we have performed the following validation experiments: (i) isothermal
fixed-end large-strain reversed-torsion tests on PC; (ii) proportional compression-torsion tests
on PC; (iii) non-proportional tension-torsion tests on PC; (iv) macroscale isothermal plane-
strain cold- and hot-forming operations on PC; (v) macroscale isothermal, axi-symmetric
hot-forming operations on Zeonex; (vi) microscale hot-embossing of Zeonex; and (vii) high-
speed normal-impact of a circular plate of PC with a spherical-tipped cylindrical projectile.
By comparing the results from this suite of validation experiments of some key macroscopic
features, such as the experimentally measured deformed shapes and the load-displacement
curves, against corresponding results from numerical simulations, we show that our theory
is capable of reasonably accurately reproducing the experimental results obtained in the
validation experiments.
1.2.2 Thermo-mechanically coupled behavior of amorphous poly-
mers in a temperature range which spans the glass transition
temperature
There is no generally agreed upon theory to model the large-deformation, thermo-mechanically-
coupled, elastic-viscoplastic response of amorphous thermoplastic polymers in a temperature
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range which spans their glass transition temperature. Such a theory is crucial for the de-
velopment of a numerical capability for the simulation and design of important polymer
processing operations, and also for predicting the relationship between processing methods
and the subsequent mechanical properties of polymeric products.
We have conducted large strain compression experiments on three representative amor-
phous polymeric materials - a cyclo-olefin polymer (Zeonex-690R), polycarbonate (PC),
and poly(methyl methacrylate) (PMMA) - in a temperature range from room temperature
to approximately 50 C above the glass transition temperature, '9g, of each material, in a
strain-rate range of ~ 10-4 to 10- s-1, and compressive true strains exceeding 100%. We
have formulated a constitutive theory to capture the major features of the thermo-mechanical
response of the three materials studied experimentally. We have numerically implemented
our constitutive theory by writing a user-material subroutine for ABAQUS/Standard (2011)
(UMAT).
In order to validate the predictive capabilities of our theory and its numerical implemen-
tation, we have performed the following validation experiments: (i) a plane-strain forging of
PC at a temperature below i9g, and another at a temperature above Lg; (ii) blow-forming
of thin-walled semi-spherical shapes of PC above -99 and (iii) microscale hot-embossing of
channels in Zeonex and PMMA above 79g. By comparing the results from this suite of valida-
tion experiments of some key features, such as the experimentally-measured deformed shapes
and the load-displacement curves, against corresponding results from numerical simulations,
we show that our theory is capable of reasonably accurately reproducing the experimental
results obtained in the validation experiments.
1.2.3 Thermo-mechanically coupled behavior of chemically cross-
linked shape-memory polymers
With the aim of developing a thermo-mechanically-coupled large deformation constitu-
tive theory and a numerical-simulation capability for modeling the response of chemically-
crosslinked amorphous polymers which show a pronounced shape-memory effect, we have (i)
conducted large strain compression experiments on a representative shape-memory polymer
to strains of approximately unity at strain rates of 10-3 S-1 and 10-1 s-1, and at tempera-
tures ranging from room temperature to approximately 30 C above the glass transition tem-
perature of the polymer; (ii) formulated a thermo-mechanically-coupled large deformation
constitutive theory; (iii) calibrated the material parameters appearing in the theory using
the stress-strain data from the compression experiments; (iv) numerically implemented the
theory by writing a user-material subroutine for ABAQUS/Standard (2011) (UMAT); and
(v) conducted representative experiments to validate the predictive capability of our theory
and its numerical implementation in complex three-dimensional geometries. By compar-
ing the numerically-predicted response in these validation simulations against measurements
from corresponding experiments, we show that our theory is capable of reasonably accu-
rately reproducing the experimental results. As a demonstration of the robustness of the
three-dimensional numerical capability, we also show results from a simulation of the shape-
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recovery response of a stent made from the polymer when it is inserted in an artery modeled
as a compliant elastomeric tube.
1.2.4 Coupled fluid permeation, large deformation, and conduc-
tion of heat in polymeric gels
An elastomeric gel is a cross-linked polymer network swollen with a solvent, and certain
gels can undergo large reversible volume changes as they are cycled about a critical tem-
perature. We have developed a thermodynamically-consistent continuum-level theory to
describe the coupled mechanical-deformation, fluid-permeation, and heat-transfer of such
thermally-responsive gels. In discussing special constitutive equations we limit our attention
to isotropic materials, and consider a model based on a Flory-Huggins model for the free
energy change due to mixing of the fluid with the polymer network, coupled with a non-
Gaussian statistical-mechanical model for the change in configurational entropy - a model
which accounts for the limited extensibility of polymer chains. We have numerically imple-
mented our theory in ABAQUS/Standard (2011) by writing special user elements (UEL).
We show that our theory is capable of simulating swelling, squeezing of fluid by applied
mechanical forces, and thermally-responsive swelling/de-swelling of such materials.
1.3 Collaboration
Much of the work in this thesis on amorphous polymers and shape-memory polymers was
done in close collaboration with my colleagues Nicoli Ames and Vikas Srivastava. My ma-
jor contribution to the work on amorphous polymers and shape-memory polymers was the
development of numerical procedures and validation of the constitutive theories. The theo-
retical work on polymeric gels is in collaboration with Prof. Lallit Anand (my advisor); the
numerical implementation of this theory is wholly my own.
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Amorphous Polymers in a
Temperature Range Below the Glass
Transition Temperature
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Chapter 2
A constitutive theory for amorphous
polymers below their glass transition
temperature
2.1 Introduction
Over the past twenty-five years considerable effort has been devoted to develop constitutive
models to represent the large deformation elastic-viscoplastic behavior of glassy amorphous
polymers (e.g., Parks et al., 1985; Boyce et al., 1988; Govaert et al., 2000; Anand and Gurtin,
2003a; Anand and Ames, 2006). Although differing in detail, these models combine three-
dimensional representations of linear elasticity, of non-Newtonian viscoplastic flow arising
from the motion of polymer segments, and of stiffening arising due to the alignment and
locking of the long-chain polymer molecules at large strains, in a manner similar to that
which was originally proposed in a one-dimensional setting by Haward and Thackray (1968).
These models have been primarily used to describe the isothermal deformation of polymeric
components below their glass transition temperatures. However, thermo-mechanical coupling
effects have also been studied; for example, Arruda et al. (1995) and Ames (2007) have
studied the effects of adiabatic heating under nominally homogeneous deformations, while
Van der Giessen and co-workers (e.g., Basu and Van der Giessen, 2002; Estevez et al., 2005;
Estevez and Basu, 2008) have studied the effects of adiabatic heating in the context of effects
of temperature changes on the fracture response at cracks and notches under high-rate mode-I
loading.
It is the purpose of this chapter to specialize the general thermo-mechanically coupled
theory presented in Anand et al. (2009) to model the strain-rate and temperature dependent
large deformation mechanical response of amorphous polymers below their glass transition
temperature. The plan of this chapter is as follows. In 2.2 we describe experiments on cyclo-
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olefin amorphous polymer Zeonex-690R' in a temperature range spanning room temperature
to slightly below its glass transition temperature, in a strain rate range of 3 x 10-4 S-1 to
3 x 10-1 s-1, and compressive true strains exceeding 130%. In 2.3 we present our spe-
cialized constitutive theory to capture the salient features of the experimentally-measured
mechanical response of Zeonex-690R, PC and PMMA. The quality of the fit of the special-
ized model to the experimentally-measured stress-strain curves for Zeonex-690R, PC and
PMMA is discussed in 2.5. For the three amorphous polymers, the specialized constitutive
model presented in this chapter is shown to perform well in reproducing the following major
intrinsic features of the macroscopic stress-strain response of these materials: (a) the strain
rate and temperature dependent yield strength; (b) the transient yield-peak and strain-
softening which occurs due to deformation-induced disordering; (c) the subsequent rapid
strain-hardening due to alignment of the polymer chains at large strains; (d) the unloading
response at large strains; and (e) the temperature rise due to plastic-dissipation and the
limited time for heat-conduction for the compression experiments performed at strain rates
2 0.01 s-'.
We have implemented our thermo-mechanically-coupled constitutive model by writing
user material subroutines for the finite element program ABAQUS/Explicit (2011) (VU-
MAT) and ABAQUS/Standard (2011) (UMAT). Details of the numerical implementation
are provided in Chapter 3. In 2.6, we present results of a suite of experiments that we have
conducted to validate the predictive capabilities of our constitutive theory and its numerical
implementation. We have performed the following validation experiments: (i) isothermal
fixed-end large-strain reversed-torsion tests on PC; (ii) macroscale isothermal plane-strain
cold- and hot-forming operations on PC; (iii) macroscale isothermal, axi-symmetric hot-
forming operations on Zeonex; (iv) microscale hot-embossing of Zeonex-690R; and (v) high-
speed normal-impact of a circular plate of PC with a spherical-tipped cylindrical projectile.
By comparing the results from this suite of validation experiments of some key macroscopic
features, such as the experimentally measured deformed shapes and the load-displacement
curves, against corresponding results from numerical simulations, we show that our theory
is capable of reasonably accurately reproducing the experimental results obtained in the
validation experiments.
2.2 Simple compression experiments on Zeonex-690R
Relative to conventional amorphous polymers such as PC and PMMA, Zeonex-690R, a cyclo-
olefin polymer is biocompatible, has lower moisture uptake, has better light transmittance
characteristics, and it is also chemically resistant to a wide variety of solvents. These charac-
teristics make Zeonex-690R an attractive material for several applications such as microfluidic
devices and therefore a focus of our study. To the best of our knowledge, comprehensive
stress-strain data for Zeonex-690R does not exist in the current literature. Therefore, we have
conducted simple compression experiments on Zeonex-690R: (i) to large strains exceeding
'From Zeon Chemicals.
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130%, including loading and unloading; (ii) at a variety of strain rates in the range 3 x 10-'
to 3 x 10-1 s-1, achievable in modern servo-hydraulic testing machines; and (iii) in a temper-
ature range from room temperature to 130 C. The nominal glass transition temperatures of
Zeonex-690R is 135 C.
Cylindrical compression test specimens were 10.2mm diameter and 10.2mm tall, and
were annealed before and after machining to final shape by heating in a furnace at a tem-
perature about 10 0C above the glass transition temperature, and holding at that temper-
ature for two hours, before quenching the specimens in ice-water. The experiments were
conducted using a servo-hydraulic Instron testing machine, fitted with a high-temperature
furnace. Amorphous polymers are poor thermal conductors; accordingly, in order to heat
the compression specimens uniformly, we also used heated steel compression platens in ad-
dition to the furnace. The platens were heated with cartridge heaters, and thermocouples
inserted into each platen were used to control the temperature. The top compression platen
also had an integrated spherical seat to help minimize any effects of misalignment during
compression testing. To reduce friction at the platen/specimen interface, the platens were
polished, and thin Teflon (PTFE) films were used as lubricating layers between the speci-
men and the platens.2 Before a given experiment, each specimen was allowed to anneal at
the testing temperature for one hour prior to testing. The compression tests were carried
out at constant true strain-rates to compressive true strains exceeding 2 130%; all strain
measurements were made using an extensometer.
Fig. 2-1 shows true stress-strain curves3 for Zeonex-690R at strain-rates of 3 x 10-4
3 x 10--3, 3 x 10-2 and 3 x 10 3 s-1 at temperatures ranging from 25'C through 130 0 C.
Fig. 2-2 shows a more extensive set of stress-strain curves for Zeonex-690R at strain rates of
3 x 10--4, 3 x 10-3, 3 x 10-2, and 3 x 10-1 s-1 and temperatures of 25 C through 130 C. In
Fig. 2-1, we see that in the glassy region:
(i) The stress-strain curves exhibit a well-defined yield-peak, followed by strain-softening,
and eventual strain-hardening at large strains due to the limited extensibility of the
polymer chains.
(ii) As the temperature increases in the glassy region from 25 C to 130 C, the magnitude
of the yield-peak diminishes, the yield strength decreases with temperature from r
65 MPa to ~ 15 MPa, and the amount of strain-hardening observed at large strains
diminishes.
(iii) Upon unloading after compression to strains exceeding 125%, approximately 5% of the
strain is recovered, and there is permanent-set.
Referring to Fig. 2-2 which shows stress-strain curves for Zeonex-690R at various fixed
temperatures below ?-9 and four different strain rates, we see obvious strain-rate dependent
2For true strains up to 100% our compression specimens showed very little or no bulging; however, for
larger strain levels, in spite of our precautions to minimize friction, small bulging did occur.3As is customary, in order to calculate the deformed cross-sectional area (and thence the true stress),
we have assumed plastic incompressibility to estimate the stretch in the lateral direction of the compression
specimens.
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features of the material response. The yield strength of the material increases by about
10% for a one-decade increase in strain-rate at any given temperature. Another important
strain-rate dependent feature is the softening observed at large strains at the highest strain
rate of 3 x 10-1s' at temperatures of 25'C, 70C, 120'C and 130 0 C. This softening is
attributable to (near) "adiabatic" heating at the high strain rates.4
2.3 Constitutive Theory
Since we wish to model the behavior of glassy polymers in the technologically important
temperature range which from room temperature to just below their glass transition temper-
atures, we base our theory on a "multimechanism" generalization of the classical Kr6ner
(1960) - Lee (1969) multiplicative decomposition,
F = Fe(a)FP(a), with det Fe () > 0 and det FP (0) > 0, a = 1, ... ,M, (2.1)
where each a denotes a local micromechanism of deformation. Such a multi-mechanism
generalization forms the basis of the earlier work by Buckley and Jones (1995), Boyce et al.
(2000), Dooling et al. (2002), Dupaix and Boyce (2007) and Ames (2007). For each mi-
cromechanism indexed by a, we refer to FP(") and F'(@) as the plastic and elastic parts of
F.
It is important to note from the outset, that each FP(a) is to be regarded as an internal
variable of the theory which is defined as a solution of the differential equation (the flow rule
to be discussed shortly)
FP (a) = DP(a)FP(a) with detFP(a) = 1, and with initial condition FP(a)(X, 0) = 1.
(2.2)
The corresponding Fe(a) is then defined by Fe(a) f FFP(a) -. Hence the decompositions
(4.1) are not purely kinematical in nature as they are not defined independently of consti-
tutive equations; they are to be viewed as kinematical constitutive equations.
The fewer the "number of micromechanisms," M, which are needed to phenomenologi-
cally describe the response of a material, then the fewer the number of "material parameters"
that are needed to flesh-out the constitutive theory. In order to model the response of amor-
phous polymers below d9g, we find that a theory with M = 2 is quite adequate. Although no
real material is composed of springs and dashpots, as a visual aid, Fig. 2-3 shows a schematic
"spring-dashpot"- representation of these two micromechanisms:
9 The first micromechanism (a = 1): (a) The nonlinear spring represents an "elastic"
resistance to intermolecular (and perhaps intramolecular) energetic bond-stretching.
4 While we did not measure the actual temperature rise in our specimens, Arruda et al. (1995) have shown
that the surface temperature of a compression specimen of an amorphous polymer, for a test carried out at
20 'C, could increase by as much ~ 20*C after a 100% compressive strain at a strain rate of 101 s-1.
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(b) The dashpot represents thermally-activated plastic flow due to "inelastic mech-
anisms," such as chain-segment rotation and relative slippage of the polymer chains
between neighboring mechanical cross-linkage points. (c) The nonlinear spring in par-
allel with the dashpot represents an "energy storage" mechanism due to the local
elastic incompatibilities caused by the viscoplastic flow mechanisms. We introduce a
defect energy only for micromechanism a = 1, via an internal variable A; even for this
micromechanism, the role of such a stored energy decreases as the molecular mobility
increases when the temperatures approach dg.
9 The second micromechanism (a = 2): The nonlinear spring represent resistance
due to changes in the free energy upon stretching of the molecular chains between the
mechanical cross-links. We neglect any slippage in the molecular networks formed by
the "mechanical" cross-links for temperatures below z9g; therefore there is no dashpot
in micromechanism a = 2. There is also no defect energy associated with a = 2.
Polymeric materials exhibit a pronounced Bauschinger-like effect5 upon unloading, even
at moderate strain levels which are much smaller than those associated with the locking of
polymeric chains at large strains (cf., e.g., Hasan and Boyce, 1995; Anand and Ames, 2006;
Ames, 2007). In order to allow for important energy storage mechanisms due to plastic
deformation, the development of an internal back-stress, and to account for Bauschinger-
like phenomena on unloading and reverse loading, we have introduced a symmetric and
unimodular tensor field
A(X,t), A=A T, detA = 1,
which represents a dimensionless squared stretch-like quantity.
Note that for the special case of temperatures below dg, from our constitutive assumption,
the plastic deformation for micromechanism a = 2 is neglected so that
FP (2= 1 (2.3)
for all motions and all times. Therefore, for ease of notation, we introduce
FP = F, F() = Fe, Fe(2) = F, (2.4)
and suppress the super-script a denoting micromechanisms wherever it is convenient to do
so.
The underlying constitutive relations relate the following basic fields:
x = X(Xt), motion;
5The term "Bauschinger-effect" is used to describe a phenomenon first observed in metals by Bauschinger
(1886). He reported that a metal specimen after receiving a certain amount of axial extension into the plastic
range, showed a decrease in the magnitude of the yield strength upon subsequent compression. The origins
of a Bauschinger-like effect are typically attributed to the generation of internal strains and corresponding
stresses during deformation; the causes for such internal stresses are clearly different in polymers from those
in metals (for which the term Bauschinger-effect was first coined).
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F=VX, J=detF>0,
F = FeFP,
Fe, Je = detFe J > 0,
FP, JP = det FP 1,
F = RU = VR,
Fe = ReUe = VeRe,
FP = RUP = VPRP,
C =FT F, B = FFT ,
Ce = F eFe, Be = FeFeT,
CP = FPT FP, BP = FPFPT ,
T = T),
TR, = JTF T ,
= (61, 2, ...,(m)
A, A=A T , detA = 1
O > 0,
VV
qR,
2.3.1 Free energy
The free energy is given by
deformation gradient;
elastic-plastic decomposition of F;
elastic distortion;
inelastic distortion;
polar decomposition of F;
polar decomposition of Fe;
polar decomposition of FP;
right and left Cauchy-Green tensors;
elastic right and left Cauchy-Green tensors;
plastic right and left Cauchy-Green tensors;
Cauchy stress;
Piola stress;
free energy density per unit reference volume;
m scalar internal variables;
tensorial internal variable;
absolute temperature;
referential temperature gradient;
referential heat flux vector.
O-- e (1))(Ie, 9) - P (1)P((IA, d) +b(2) (IC, t), (2.5)
where Ice, 1c, and 'A are the lists of the principal invariants of Ce, C, and A, respectively.
In (2.5), 4 e(1) is an energy associated with intermolecular interactions and modeled using
the elastic Cauchy-Green tensor Ce; 2P(1) is an energy associated with plastic deformation,
and assumed to depend on the internal variable A; and (2) is an energy associated with
the stretching of the polymer chains and modeled using the total Cauchy-Green tensor C.
The energy '(P), also referred as "defect energy" leads to the development of a back-stress,
and allows one to phenomenologically account for Bauschinger-like phenomena; in addition,
it contributes in an important manner to the plastic source term in the balance of energy.
Free energy 0e (1)
The spectral representation of Ce is
3
C = wri e& re, with ,,=\
2 (2.6)(2.6)
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where (ri, r', r') are the orthonormal eigenvectors of C' and U', and (A6, Ae, A3) are the
positive eigenvalues of U'. Instead of using the invariants Ice, the free energy Vi() for
isotropic materials may be alternatively expressed in terms of the principal stretches and
temperature as
4e (l) ='e (1) (ANe Ae I Ae, t). (2.7)
Let
3
E = In U,=Z Ee re 0 re, (2.8)
denote the logarithmic elastic strain with principal values
E de In Ae , (2.9)
and consider an elastic free energy function of the form
(A , (/\e A , ) = AC (1) (Ee, E , Ee,) (2.10)
We consider the following simple generalization of the classical strain energy function of
infinitesimal isotropic elasticity which uses a logarithmic measure of finite strain6
/)(l(E, d) = GIEe1 2 + !(K - 2 G)(tr Ee)2 _ ('9 - zo)(3 K a)(tr Ee) + f(19), (2.11)2 3
where f(9) is an entropic contribution to the free energy related to the temperature-dependent
specific heat of the material. The temperature-dependent parameters
G(9) > 0, K(7-9) > 0, a(o) > 0, (2.12)
are the shear modulus, bulk modulus, and coefficient of thermal expansion, respectively, and
'Lo is a reference temperature.
Free energy 4P()
The spectral representation of A is
3
A = aili 0 1j, (2.13)
i=1
6This is a useful free energy function for moderately large elastic stretches, Anand (1979, 1986).
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where (ai, a 2, a3) are the positive eigenvalues, and (1, 12, 13) are the orthonormal eigenvectors
of A. The principal invariants of A are:
I1(A) = a, + a2 +a3 ,
12(A) = aia 2 + a2a 3 + a3 aj, (2.14)
13(A) = aia2a3 = 1 (since det A = 1)
Using (2.14), we express the defect energy as
1) - VP()(IA, V) = 'P')(a,, a2, a3, A). (2.15)
Next, we consider the following simple defect energy:
$P(1)(ai, a2 , a3 , 9) = 4 B [(Ina) 2 + (ln a2)2 + (ln a3 )2 ] , (2.16)
where B(V) > 0 is a positive-valued temperature dependent parameter called back-stress
modulus.
Free energy b(2)
Since Je = J, and we have already accounted for a volumetric elastic energy for 0'(1), we do
not allow for a volumetric elastic energy for 0(2). We denote the distortional part of F by
Fdis dfJ-1/3F detFdis = 1. (2.17)
Correspondingly, let
def ) -/C
Cdis = (Fdis) TFiS - J- 2 /3 C, (2.18)
denote the distortional (or volume preserving) right Cauchy-Green tensor, and consider a
free energy function in the special form
(2) (2)(TcdS, V), (2.19)
where 'cds, are the principal invariants of Cdis-
In order to model the stress increase due to the stretching and locking of polymer chains at
large strains, most previous theories for amorphous polymers (e.g., Parks et al., 1985; Boyce
et al., 1988; Arruda and Boyce, 1993b; Wu and Van der Giessen, 1993a; Anand and Gurtin,
2003a) presume that polymer glasses behave like crosslinked rubber and use a free energy
based on entropic-network models. There is a conceptual difficulty with using statistical-
mechanical ideas of the theory of entropic rubber elasticity to describe the strain hardening
due to chain-alignment at temperatures below the glass transition temperature, because
at these temperatures the chains do not have sufficient mobility in the amorphous state
to sample all possible molecular conformations, as visualized in the statistical-mechanical
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models of rubber elasticity. Here, we employ a simple phenomenological form for the free
energy function V( due to Gent (1996). This model has been shown by Boyce (1996) to yield
predictions for the stress-strain response similar to the entropic-network model of Arruda
and Boyce (1993a). With
I, tr Cdis (2.20)
denoting the first principal invariant of CdiS, the Gent free energy has the form
7(2)- Im ln (1 - Ii7 3), (2.21)
which involves two temperature-dependent material parameters
p(79) > 0, Im(9) > 3. (2.22)
In particular, y represents the ground state rubbery shear modulus of the material, and Im
represents the upper limit of (I1 - 3), associated with limited chain extensibility of polymeric
molecules.
2.3.2 Stress
Cauchy stress
The Cauchy stress is given by
T = T( + T2 , (2.23)
where
T J1 d4 1 (FeSeFeT), with Se - 2 ac1 (Ie , (2.24)
and
T ' J- (FSFT), with S = 2 0 (c, ). (2.25)
In (2.24) and (2.25), Se and S are symmetric; Se represents a second Piola stress with
respect to the intermediate structural space, while S represents a second Piola stress with
respect to the reference space.
Mandel stress. Contribution TNl) to Cauchy stress
By the chain-rule and (2.24)2, the stress Se is given by
( &Ce() Ae =2e Ad 3 &e (1) (Ae ,2e7 ))W 39\ j1 0e()M(A ,A t 9) aw
aCe 2 A( ace A, aA aCe
22ii
(2.26)
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Assume that the squared principal stretches wf are distinct, so that the w' and the principal
directions r may be considered as functions of Ce; then
= re ore (2.27)
ace
and, granted this, (2.27) and (2.26) imply that
1 
-
r_____\eI 
__ 
re r .S = 0' e&r
(2.28)
Further, from (2.24)1,
T(1)= =JFeSeF - JlReUeseUeRe T - J-Re(
Next, with Me d CeSe,use of (2.6) and (2.28) gives the Mandel stress as
m e -2 r r ,a~
which with (2.10) gives
3 = 8e (1 (E eI E , e r
M = 1 2 _ 3 ,9) e SreOier1
Then, for the free energy considered in (2.11), we have
= 2GEe + K (trEe)1 - 3Ka(79 - to)1,
and on account of (2.29), (2.31), and (2.32),
T(1 = J- ReMRe T..
Back-stress. Effective stress
For the defect energy as (2.15), by chain rule we have
OOP (1) (a,, a2 , a 3, 79) OOP (1) (a,, a2 3, 9) &aj
0ai OA'
r)ReT.
(2.29)
(2.30)
(2.31)
(2.32)
(2.33)
(2.34)
Ae 1)A2) A) 79)r e
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Assume that ai are distinct, so that the ai and the principal directions 1i may be considered
as functions of A. Then,
(2.35)
and, granted this, (2.34) implies that
& (1) (a,, a2 , a3 , 0) (a,, a2,a 0 1 .
Oaj i@l.
Also, use of (2.13) and (2.36) gives the deviatoric back-stress as
Mback d 2 (S P (1)(a,, a2 , a3 , 79)
For the simple defect energy assumed in (2.16)
OOP (')(ai, a2, a3 ,t) 1 3
OA 2 '-Bi=1
In 
a
a
I B(In A)A-', (2.38)
where
3
ln A 5 In a, 1 09I,
3
A-'= a7- 1 0 1 .
and
(2.39)
(2.40)
Then, using (2.38) in (2.37) gives
Mback= B(In A)O. (2.41)
Note that since ala 2a3 = 1 (cf. (2.14)3),
tr(lnA) = Ina, + Ina2 + Ina3 = ln(aia2a3) = 0-
Hence the defect strain tensor (In A) is traceless, and therefore a symmetric and deviatoric
back-stress is
Mback = BlnA. (2.42)
With an effective stress defines as
me Mef  - Mback,
(2.36)
(2.37)
(9a.
= = Ii , &
(2.43)
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the driving stress for the plastic flow is taken as the stress difference
(M'ff)o = M' - Mback.
Contribution T to Cauchy stress
Using (2.25)2, the stress S for a free energy of the form in (2.19) is
S -2 D(2) (lc di., '0)OC 2 {Cdis ITOC
Next, since J = /det C, and since
Odet C
0C
= (det C) C- = J2 C-
DJ 1
-- = - JC-1
DC 2
Cd.s _(J- 2/ 3 C)
9C aC
(J- 2 /3
and C(9C
j-2/3 E+
1
3
-2/32 / 3
DC
or using (2.46)2,
-2/3 1-
3
j- 2 / 3
- Cdis 0 dis3
where I is the fourth-order identity tensor. Thus, using (2.46), and (2.47) in (2.45), the
stress S has the form
S = 2J- 2/3 (E - IC Cdis (2) sCdi)3 dis Cdis
= 2J-2/3 D (-Tdis ,90) - I(Cdis: (2) Cds Ct]1 (2.48)
For the Gent free energy in (2.21), we note
1i - 3 -1 DJ1 1
Im ) -(9Cdis 2 (1 I1 -3IM(DC d i.,49Cdis
(2.44)
(2) (TC is' 9
OCdis
we have
(2.45)
Also,
(2.46)
DCdis _
DC
(2.47)
= I
2 psI 1 (2.49)
Using (2.49) in (2.48) gives
11 -3
'In 1
- (tr Cdis ) i.s
Next, from (2.25)1, the contribution T(2) to the Cauchy stress is
T(2) - J' FSFT - J-1/3 FdisSFdiST,
and hence, using (2.50),
EFdisFdis - 1(- tr3( Cdis FaisC-FdisT1.
(I1
or
T(2 -1 R
I1- 3)-1
( 1
2.3.3 Flow Rule. Internal variables
The evolution equation for FP is
F = DP FP, with initial condition FP(X,0) = 1,
and with DP given by
DP = dp NP, NP = (Meff)o(Mff)o
where with
A = {Ce, BP, A, , }
(2.54)
(2.55)
(2.56)
denoting a list of constitutive variables, the scalar flow rate dP is obtained by solving the
scalar strength relation
(M' )o I = A) (2.57)
for given (M'ff)o and A, where Y(d", A) is the strength function, which is an isotropic
function of its arguments.
S = J-2/3 R (I
45
(2.50)
T(2) j-1 IR (I
Then with
I-3 1
(2.51)
Bdis = FdisFdisT,
1
(2.52)
(tr BdisEBdis
11-3)-i (Bdis)o- (2-53)
T (2) = j-IA
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First, we define an equivalent shear stress by
-def 1
= - I (Mff )O, (2.58)
and an equivalent shear strain rate by
vP df dP = d- IDP , (2.59)
respectively.
Next, recalling (2.32) for the Mandel stress Me, we define the mean normal pressure by
- -- trM = -K {trE' - 3 a (79 - o)} -K {tr (ln C) - 3 a ( - t9o)}. (2.60)
Also let
A - V tr C/3 - /Ce : BP/3, (2.61)
define an effective plastic stretch. Then, as an (enormous) simplification of the theory, we
assume that the strength function Y is independent of A, and depends on Ce and BP only
through p and A.
Further, we restrict the list of internal variables to three scalars
p, S,, and Sb.
The two parameters so and Sa are introduced to model the "yield-peak" of glassy polymers. A
key microstructural feature controlling the strain-softening associated with the "yield-peak"
is the deformation-induced disordering of glassy polymers.7 The variable p, a positive-valued
dimensionless "order" -parameter, is introduced to represent such deformation-induced disor-
dering; and Sa, a stress-dimensioned internal variable, represents the corresponding transient
resistance to plastic flow accompanying the microstructural disordering. The parameter Sb,
another positive-valued stress-dimensioned internal variable, is introduced to model addi-
tional "isotropic"-hardening aspects of the stress-strain response of these material as the
chains are pulled taut between entanglements at large strains.
With these simplifications and internal variables, and using the definitions (2.58) - (2.61),
we rewrite the strength relation (2.57) as
T = g(VP, 9, p,, ,S S), (2.62)
7 The deformation-induced disordering is often associated with the change in "free-volume" of glassy
polymers. The "free-volume" terminology was introduced by Cohen and Grest (1979) for simple atomic
glasses (amorphous metals), and there is a corresponding way to define it in glassy polymers (Shah et al.,
1989). The deformation-induced disordering and its role in the yield drop in amorphous materials has also
been discussed recently by Argon and Demkowicz (2008) (in the context of amorphous silicon).
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and assume further that at a fixed state (9, P, cp, Sa, Sb) the strength relation (4.72) is
invertible, with inverse
v1 = f(i,7 , PI ,, Sa, Sb) > 0. (2.63)
Finally, guided by the literature (cf., e.g., Fotheringham et al., 1976; Fotheringham and
Cherry, 1978; Povolo and Hermida, 1995; Povolo et al., 1996; Richeton et al., 2005a, 2006,
2007), for the flow function f in (4.83) we choose a thermally-activated relation in the specific
form
0 if Te _< 0,
vo exp - j [sinh (jj V ")]if Te > 0, (264)
kB _ 2kB7 _
where
e - - (Sa+S+ap) (2.65)
denotes a net shear stress for thermally activated flow, and where ap > 0 is parameter
introduced to account for the pressure sensitivity of plastic flow. Additionally, vo is a pre-
exponental factor with dimensions of s-, Q is an activation energy, kB is Boltzmann's
constant, V is an activation volume, and m is a strain rate sensitivity parameter.
Some remarks: There are many models for the rate and temperature-dependent yield
strength of polymers in the literature which consider plastic flow as a thermally-activated
process (cf., e.g., Eyring, 1936; Robertson, 1966; Argon, 1973). Most of these models give a
reasonably acceptable representation of the variation of the yield strength with temperature
and strain rate, but over limited ranges of these variables. The flow function (2.64) used here
is motivated by the recent work of Richeton et al. (2005a, 2006, 2007), who in turn base their
model on the so-called "cooperative"-model of Fotheringham et al. (1976), Fotheringham and
Cherry (1978), Povolo and Hermida (1995) and Povolo et al. (1996). Richeton et al. have
shown that a flow function of the form (2.64) may be used to satisfactorily represent the
variation of the yield strength of amorphous polymers over a wide range of strain rates and
temperatures. 8 The major difference between the flow function proposed by Richeton et al.
and the one considered here, is that instead of a tensorial back-stress Mback (cf., (2.42)) to
define an effective stress which drives plastic flow (cf. (2.44)), they consider a temperature
dependent scalar internal stress in their theory. This results in a profound difference between
their model and the one considered here, specially in the ability of the two models to capture
unloading and cyclic loading phenomena, as well as in a proper accounting of the energy
dissipated during plastic flow. Also, the three-dimensional theory that they present in 3 of
their 2007 paper is substantially different in its mathematical structure from that considered
here.
Mulliken and Boyce (2006), have recently proposed an alternate model to describe the
variation of the yield strength of amorphous polymers over a wide range of strain rates
and temperatures, albeit still for temperatures below the glass transition. Their model is a
8Richeton et al. extend the flow rule (2.64) through the glass transition temperature, but in this paper
we fix our attention in the regime of temperatures below i9g.
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generalization of the model(s) proposed by Bauwens, Bauwens-Crowet and co-workers (cf.,
e.g., Bauwens et al., 1969; Bauwens-Crowet et al., 1969; Bauwens, 1972; Bauwens-Crowet,
1973), in which they introduce two rheological micro-mechanisms - designated as primary
or a and secondary or 3 - which contribute to the yield strength of the material. The
primary a-mechanism represents the rotations of the main-chain segments of the polymer,
and the secondary /-mechanism represents the rotations of the ester side groups in PMMA,
and the rotations of the phenyl groups in the main chains of PC. These two mechanisms are
rate-limiting in different regimes of strain rates and/or temperatures; the a-mechanism is the
dominant rate-limiting mechanism at low rates (or high temperatures), and the /-mechanism
is the dominant rate-limiting mechanism at high strain rates (or low temperatures). Mulliken
and Boyce assume that the a and / molecular processes are sufficiently decoupled, so that the
overall material response may be described by a simple superposition of the two mechanisms.
They develop a theory which employs a decomposition of the form F = F'FP = F'F' to
account for the a and / mechanisms for the yield strength (instead, we have employed only
one micromechanism a = 1 for the yield). This results in a substantially different and
more complex constitutive theory than that considered in this chapter, and also results in a
doubling of the material parameters concerning pre-exponential factors, activation energies,
deformation resistances, press-sensitivity parameters, and so on.
There maybe some physical merits of the multi-mechanism (a,/3)-based model of Mulliken
and Boyce; for operational economy our preference here is not to follow their approach, but
instead to adopt a variant of the "cooperative"-model of Richeton et al. (2007), which, from
a macroscopic point of view, appears to achieve the same goal of being able to represent the
variation of the yield strength of amorphous polymers over a wide range of strain rates and
temperatures.
2.3.4 Evolution equations for the internal variables
Evolution of o and Sa
We assume that the material disorders, and is accompanied by a microscale dilatation as
plastic deformation occurs, resulting in an increase of the order-parameter 9,9 and this
increase in disorder leads to a change in the resistance S, causing a transient change in the
flow stress of the material as plastic deformation proceeds. Accordingly, the evolution of the
resistance Sa is coupled to the evolution of the order-parameter so. Specifically, we take the
evolution of Sa to be governed by10
Sa = Ha vp, with initial value Sa(X, 0) = Sa0 ,1
Ha = ha (S* - Sa) , and S* = , , s), (2.66)
9The microscale dilatation is extremely small, and at the macroscopic level we presume the plastic flow
to be incompressible.
"Coupled differential evolution equations of this type have previously been used to model yield peaks in
granular materials (Anand and Gu, 2000), as well as amorphous polymeric materials (Anand and Gurtin,
2003a; Ames, 2007) and amorphous metallic glasses (Henann and Anand, 2008).
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and we assume that
= 3vP with initial value (X, 0) = Po,
with ~ *~*P 29)0j'(2.67)13 = g ( o* - o) , with 0* = ( " (1p 1) > 0;
here # is a shear-induced disordering function." In these coupled evolution equations for Sa
and o, the parameters ha, g, S0 and So are constants (possibly temperature-dependent).
The function Ha represents the strain-hardening/softening function for the resistance Sa
during plastic flow: the material hardens (Ha > 0) if So, < S*, and softens (Ha < 0) if
Sa > S*. The critical value S*, of S, controlling such hardening/softening transitions is
assumed to depend on the current values of the plastic strain rate, temperature, and the
order-parameter p. In the disordering function /3, the parameter p* represents a strain rate
and temperature dependent critical value for the order-parameter: the material disorders
(0 > 0) when W < p*, and becomes less disordered (0 < 0) when W > W*. In a monotonic
experiment at a given strain rate and temperature, the shear-induced disordering vanishes(0 = 0) when o = p*. However, in an experiment in which the strain rate and temperature
are varying (e.g. strain rate or temperature jump experiments), the material will in general
increase or decrease in disorder, depending on the strain rate and temperature history, and
because of the coupling between the evolution equations for Sa and 0, the resistance Sa will
also vary.
Particular forms for the function *(vP, ') and S*(vP, V, p) need to be specified. The
function p* controls the amount of disordering the material undergoes during deformation
and is both strain rate and temperature dependent. The strain rate and temperature de-
pendence of o* is quite nonlinear; o* is expected to decrease with increasing temperature
at a fixed strain rate, and increase with strain rate at a fixed temperature. We model this
temperature and strain rate dependence of p* using the following phenomenological form
( r y
z 1- )(... if (?9 <t,,) and (vP> 0),
*(VP, 1)=/c r (2.68)
0 if (79>79c) or (vP= ),
where V, is as strain rate dependent function given by'2
S{79g + n In (-) for vP > vr, (2.69)
V 9 for vP < vr,
with {z, r, s, vr, fl} as constants.
"We concentrate only on deformation-induced disordering, and neglect any decrease in the degree of
disorder due to temperature-dependent recovery effects in the absence of macroscopic plastic deformation.
12This approximately models the rate-dependence of the glass transition temperature of the material.
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Further, the function S*, which controls the magnitude of the stress-overshoot, is taken
as
S* = b (p* - p), (2.70)
so that the value of S* depends linearly on the difference between the current value of p and
the parameter W*.
Thus, gathering the number of material parameters introduced to phenomenologically
model the yield-peak, we have the following rather large list
{ha, b, SaO, g, 'po z, , 5, sr, n} ,
with some of these parameters possessing additional temperature-dependence. We note
that modeling the temperature and rate-sensitivity of the yield-peak over a wide-range of
temperatures and strain rates is known to be very complex. If a simpler theory with fewer
material parameters is desired, and if it is deemed that modeling the yield-peak is not of
interest, then there is no need to introduce the internal variables W and Sa, and thereby also
the attendant constants in their evolution equations.
Evolution of Sb
The evolution of Sb is taken to be governed by
Sb hb (\ - 1) (S* - Sb) IvP with initial value Sb(X, 0) = SbO > 0, (2.71)
where hb is assumed to be constant and S* (9) is a temperature dependent material param-
eter. The resistance Sb increases and the material hardens as long as Sb < S*.
Evolution of A
Finally, the evolution equation for A is taken as
A = DPA + ADP - yA In A vP, A(X, 0) = 1, (2.72)
where 7 > 0 is a constitutive parameter which governs the dynamic recovery of A. This
evolution equation is a generalization of the non-linear kinematic-hardening rule (Armstrong
and Frederick, 1966) of the small deformation theory of classical metal viscoplasticity,13 but
here applied to polymer-viscoplasticity.
13 Cf., e.g., Chaboche (2008) for a recent review of the large variety of kinematic-hardening rules in classical
small deformation metal-viscoplasticity.
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2.3.5 Fourier's law
The heat flux is taken to be governed by Fourier's law
=-KVt, (2.73)
where rz(tO) > 0 is the thermal conductivity.
2.3.6 Partial differential equations for the deformation and tem-
perature fields
The partial differential equation for the deformation is obtained from the local force balance
DivTR + bop = Pa . (2.74)
Also, the balance of energy, when specialized, gives the following partial differential equation
for the temperature,
c = -DivqR+ qR+ [-+ B-lnA 2] 1,p
rate of plastic dissipation( - aMe 1(e+j9((S j Bj
+ 1 (Ce-19 :& : +1 (lnA)A-1) : (2.75)
N.1 2 (7 2 a79
"thermoelastic-coupling" terms
where
&Me aG(t9) E K(d) a2 Eo + (trE -)1- 3- K(9)a()(L (2.76)
0S a i 3- (2.76)
9( ) (1 - Ii(3)-1)F- 1(Bdis)oF T ,
and the specific heat in the theory is given by
T2'7(') ( eP ) a 9(2 ) (I ,i ) 2 72p)(TA,9) 1
= c(rce, xcIA,) 
- - [ 82 + + 9 2  
- (
At this stage of the development of the theory and the concomitant experimental database,
the "thermoelastic-coupling" terms in (2.75) which give rise to a temperature change due to
variations of Ce, C and A are not well-characterized, nor is the dependence of the specific
heat c on these quantities. Much work needs to be done to characterize these dependencies.
Here, as approximations, (i) we assume that c ~ (9) (independent of Cc, C and A), and
may be obtained from experimental measurements; and (ii) we neglect the thermoelastic
coupling terms, and assume instead that only a fraction 0 f o 1 of the rate of plastic
dissipation contributes to the temperature changes. Under these approximative assumptions
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(2.75) reduces to
c' = -Divq + q, + w + IB lln A VP, with c = 4(0). (2.78)
2.3.7 Temperature dependence of material parameters
Temperature dependence of the thermo-elastic moduli G, K, and a:
For polymeric materials the magnitude of the elastic shear modulus G decreases as the tem-
perature increases, and then decreases drastically as the temperature increases through the
glass transition temperature O, of the material. For temperatures below 'g we approximate
the change of G with temperature by
G(d) = Go - M(9 - Vg) for V <tog, (2.79)
where Go and M are constants, and 79g is the glass transition temperature.
Below the glass transition temperature, the Poisson's ratio of the material is approxi-
mated as a constant
vpi ~~ constant,
and the temperature dependence of the bulk modulus K is then obtained by using the
standard relation
2(1 + up i)
K(z) = G(V) x 3(1 .2w0j) (2.80) 3(1 - 2vp,,i)'
In the temperature range of interest, the coefficient of thermal expansion is also approx-
imated to be constant
a ~ constant.
Temperature dependence of the back-stress modulus B:
The back-stress modulus B is assumed to decrease linearly with temperature,
B(V) = X(dg9 -d) for 79 < V, (2.81)
where X > 0 is a constant.
Temperature dependence of the plastic flow parameters Q, V and m:
For temperatures below Vg, the activation energy Q, the activation volume V, and the strain
rate sensitivity parameter m appearing in the thermally activated model (2.64) are assumed
to be constants.
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Temperature dependence of the material parameters in the evolution equations
for p, Sa, Sb, and A:
In the coupled evolution equations (2.66) and (2.67) for Sa and o, the material parameters
are {hi, b, Sa0, g, po, z, r, s, vr, fn}.
We assume that all but g are independent of temperature. The parameter g in (2.67)
controls the width of the yield-peak where a higher values of g results in a narrower peak;
this parameter is assumed to increase linearly with temperature
g9) )=g 1 +g 2 9 for 9 <i9 g. (2.82)
In the evolution equation (2.71) the material parameters are hb and S*. We take hb to
be a temperature indepedent constant, while the saturation value S* is taken to decrease
linearly with temperature, with S* vanishing above 9g:
S*(9) = l1 -129 for V < 7g, (2.83)
with 11 and 12 constant.
In the evolution equation (2.108), the only material parameter is 'Y; we take this to be
temperature independent.
Temperature dependence of p and Im:
For the two material parameters p and Im in (2.22), experimental results indicate that the
rubbery shear modulus p decreases with increasing temperature, and the parameter Im,
which is related to limited chain extensibility, is approximately constant. The empirical
function chosen to fit the experimentally-observed temperature dependence of A is
p(V) = yo - N(V - 7 9g) for V < dg, (2.84)
where MO and N are constants.
Temperature dependence of specific heat c and thermal conductivity r':
For temperatures below Lg, the specific heat c and the thermal conductivity K are assumed
to have the following empirical temperature dependencies (cf., e.g. Van Krevelen, 1990;
Bicerano, 1993):
c(t9) = co - ci(,9 - dg) for 79 < ig, (2.85)
K(9) = Ko for 9 < 9g. (2.86)
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2.4 Summary of the constitutive model
In this section, we summarize the specialized form of our thermo-mechanically coupled large-
deformation theory for temperatures below dg
2.4.1 Free energy
We consider the free energy to have a separable form as
O = Oe (1) + V + (2). (2.87)
With
3
U e = A re ore, (2.88)
i=1
denoting the spectral representation of Ue, and with
3
E=Z E re ore, E = In Ae, (2.89)
denoting an elastic logarithmic strain measure, we adopt the following special form for the
free energy Ve(1):
2
e(l) = GEeI2 + !(K - -G)(trEe) 2 - (79 - do) (3K a) (tr Ee) + f(d), (2.90)2 3
where f(d) is an entropic contribution to the free energy related to the temperature-dependent
specific heat of the material. The temperature-dependent parameters
G(79) > 0, K(79) > 0, a(V) > 0, (2.91)
are the shear modulus, bulk modulus, and coefficient of thermal expansion, respectively, and
to is a reference temperature.
Further, with
3
A=>Z a li 0 1j, (2.92)
denoting the spectral representation of A, we adopt a free energy PM(1) of the form
(P)= IB [(In ai) 2 + (ln a2 )2 + (ln a3 ) 2] , (2.93)
where the positive-valued temperature-dependent parameter
(2.94)
is a back-stress modulus.
Next, with
denoting the first principal invariant of Cdis. We adopt the following special form for free
energy 02
- 1 3),
where
-t(') > 0, Im(0) > 3
(2.96)
(2.97)
are two temperature-dependent material constants. In particular, y represents the ground
state rubbery shear modulus of the material, and Im represents the upper limit of (11 - 3),
associated with limited chain extensibility.
2.4.2 Stress
Corresponding to the special free energy functions considered above, the Cauchy stress is
given by
T =T + T ,2
with
T -1= J-lRMeReT,
where
= 2GEe + K (trEe)1 - 3Ka(d - ?o)1,
is the Mandel stress. The symmetric and deviatoric back-stress is defined by
Mback= BInA,
and the driving stress for plastic flow is the effective stress given by
(M'fF)o = M3 - Mback.
The corresponding equivalent shear stress and mean normal pressure are given by
def 1
=- 72=(Mff )0 ,
def1
and P = -- trMS,3
respectively.
Also,
11- 3 -1
-
)Im3
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I1= d tr Cdis (2.95)
(2.98)
(2.99)
(2.100)
(2.101)
(2.102)
(2.103)
-2) _ Im In 1
T ()= j- 1 U (I (Bdis)O. (2.104)
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2.4.3 Internal variables
The internal variables of the theory
> 0, Sa>0, Sb>0,
represent aspects of the intermolecular shear resistance to plastic flow. The parameter p is
a dimensionless order-parameter representing a local measure of disorder of the polymeric
glass; Sa and Sb have dimensions of stress and, respectively, represent aspects of a transient
shear resistance accompanying microstructural disordering, and aspects of increased shear
resistance to plastic flow as the chains are pulled taut between entanglements at large strains.
2.4.4 Flow rule
The evolution equation for FP is
FP = DP FP, FP (X, 0) = 1,
DP = /(M )o
Te = T - (Sa + Sb + app), (2.105)
0 if Te < 0,
p= {vo exp - Qk4 [sinh ( ) Vif Te > 0,
I kB 2kBO.
where -e denotes a net shear stress for thermally-activated flow; a, is a pressure-sensitivity
parameter; vo is a pre-exponential factor with units of 1/time; Q is an activation energy;
kB is Boltzmann's constant; V is an activation volume; and m is a strain rate sensitivity
parameter.
2.4.5 Evolution equations for the internal variables
The internal variables Sa and (p are taken to obey the coupled evolution equations:
Sa = ha (S* - Sa) 1/g, with S* = b (p* - o) , and Sa(X,0)Sa0
and = g (p* - o) vP, with p(X, 0) = po, (2.106)
where p* = *(vP, ).
The evolution of Sb is taken to be governed by
$b = hb (X - 1) (S* - Sb) 1/, with Sb(X, 0) = Sbo > 0, (2.107)
where hb is a constant and and S*(t9) is taken to be temperature dependent.
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Also, the evolution equation for A is taken as
A = DPA + ADP - yA InAvP, with A(X, 0) = 1, (2.108)
where -Y > 0 is a constitutive parameter which governs the dynamic recovery of A.
2.4.6 Partial differential equation for temperature
ci = -DivqR+ qR+w (T+1 BylnA 2 VP, with c= (). (2.109)
2.5 Fit of the stress-strain curves and material param-
eters for Zeonex-690R, PC, and PMMA
We have implemented our thermo-mechanically-coupled constitutive model by writing user
material subroutines for the finite element program ABAQUS/Explicit (2011) (VUMAT) and
ABAQUS/Standard (2011) (UMAT). The material parameters appearing in the model were
calibrated by fitting the experimental stress-strain data for Zeonex-690R, PC and PMMA.
The material parameters were calibrated with the help of a MATLAB implementation of
the one-dimensional model, as well as three-dimensional finite element simulations using a
single element. Under certain circumstances, when it became necessary to account for heat
generation and thermal conduction in the simple compression experiments,' 4 fully thermo-
mechanically-coupled multi-element simulations were required (cf. Ames, 2007). The mate-
rial parameters for Zeonex-690R, PC and PMMA determined by using this procedure are
listed in Table 2.1.
The graphical fit of the constitutive model to the experimental stress-strain curves for
Zeonex-690R at various temperatures ranging from 25 C to 130 C and strain rates ranging
from 3 x 10-- to 3 x 10- s- 1 is shown in Fig. 2-4.
The fit of the constitutive model to experimental stress-strain curves for PC at various
temperatures ranging from 25 C to 130 C and strain rates ranging from 10-3 to 10-1 s-1 is
shown in Fig. 2-5.
The fit of the model to the high strain rate experimental stress-strain data from Garg et al.
(2008) for PC at rates of 0.5 s- and 3400 s-1, at an initial temperature of 25 'C, is shown in
Fig. 2-6a.1 5 The corresponding rise in the surface temperature of the compression specimens,
as measured by Garg et al., and that predicted by the model are shown in Fig. 2-6b.
Finally, Fig. 2-7 shows the fit of the constitutive model to the experimental stress-strain
curves for PMMA at various temperatures ranging from 25 C to 100 C and strain rates
ranging from 3 x 10-4 to 101 S-1.
14Typically to fit the experimental data at a strain rate of 0.01 s- 1.
15Also see Bjerke et al. (2002) who report on temperature rise measurements in high rate experiments on
PC.
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For all three amorphous polymers (Zeonex-690R, PC and PMMA), our continuum-
mechanical, thermodynamically-consistent, large deformation constitutive model performs
acceptably in reproducing the following major features of the macroscopic stress-strain re-
sponse of these materials: (a) the strain rate and temperature dependent yield strength; (b)
the transient yield-peak and strain-softening which occurs due to deformation-induced disor-
dering; (c) the subsequent rapid strain-hardening due to alignment of the polymer chains at
large strains; (d) the unloading response at large strains; and (e) the temperature rise due to
plastic-dissipation and the limited time for heat-conduction for the compression experiments
performed at strain rates ; 0.01 s-. Of particular note is the feature of the constitutive
model to acceptably capture the deformation response of PC over a large range of strain
rates: 16 from 10-3 to 3.4 x 103 s-.
2.6 Validation experiments and simulations
In order to validate the predictive capabilities of our constitutive theory and its numeri-
cal implementation, in this section we show results of some non-homogeneous experiments
(which were not used to determine the material parameters in our theory), and compare
the results of some key macroscopic features of the experimental results against those from
the corresponding numerical simulations. Our validation experiments have been performed
on either Zeonex-690R or PC. The particular validation experiments considered below are:
(i) isothermal fixed-end large-strain reversed-torsion on PC; (ii) proportional compression-
torsion on PC; (iii) non-propoprtional tension-torsion on PC; (iv) macro-scale isothermal
plane-strain cold- and hot-forming operations on PC; (v) macro-scale isothermal, axisym-
metric hot-forming operations on Zeonex-690R; (vi) a micro-scale hot-embossing of Zeonex-
690R; and (vii) high-speed normal-impact of a circular plate of PC with a spherical-tipped
cylindrical projectile.
2.6.1 Fixed-end large-strain reversed-torsion on PC
The torsion of a solid circular bar is a seemingly simple deformation mode. However, when
the large-strain torsion is conducted with axially traction-free ends, a measurable axial ex-
tension also develops; this fascinating and complex nonlinear phenomenon is known as the
Swift-effect. 17 A complementary phenomenon is the development of an axial force when the
ends of the bar are axially fixed during the large-strain torsion.
Free- or fixed-end large-strain torsion experiments provided simple yet effective means for
assessing the validity of large-strain constitutive models for elastic-plastic materials.1 8 Large-
16 lHigh rate data for Zeonex-690R is not currently available. Split-Hopkinson-pressure-bar high rate com-
pression experiments for PMMA have been conducted by Mulliken and Boyce (2006), but the data is unre-
liable because the material crazes after relatively small strains.
17First studied by Swift (1947) for metals.
18For metallic materials it has been firmly established in recent years that these axial effects in large-
strain torsion arise due to the development of crystallographic texture, and that the predictions of the axial
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Table 2.1: Material parameters for Zeonex-690R, PC and PMMA in the temperature range from
room temperature to just below the glass transition temperature.
Parameter I Zeonex-690R PC JPMMA
79g (K)
p (kg m-3 )
a (K-1)
Go (MPa)
M (MPa K-1)
Vpoi
x
7-
(MPa K- 1 )
Ip
vo (s-)
m
Q (J)
V (m3)
Sao (MPa)
ha
b (MPa)
91
92 (K-1)
Wo
z
r
S
v. (s-1)
n (K)
Sbo (MPa)
hb
11 (MPa)
12 (MPa K-1)
po (MPa)
N (MPa K-1)
Im
cO (J kg-1 K-1)
ci (J kg-' K- 2 )
Ko (Watt m- 1 K-- )
W
408
1010
7 x 10- 5
482
0.16
0.40
0.7
6.92
0.116
3.2 x 1011
0.16
1.81 x 10-19
1.97 x 10-27
0
173
5850
-16.17
0.0693
0
0.0055
0.24
0.042
5.2 x 10-4
1.6
0
3.6
75
0.16
3.0
6.2 x 1
6.2
0-2
2120
8
0.467
0.46
0.8
418
1200
6.5 x 10- 5
638
0.74
0.37
1.5
26.0
0.116
2.1 x 1016
0.08
1.46 x 10-19
2.95 x 10-28
0
58
5850
-5.66
0.0381
0
0.0058
0.2
0.0
5.2 x 10~4
0.5
0
0.12
300
0.35
4.0
11.4 x 10-2
7.8
1630
3.6
0.187
0.22
0.8
388
1200
7 x 10-5
296
10
0.35
9.4
34.6
0.2
2 x 1016
0.218
1.81 x 10-19
3.655 x 10-28
0
70
5850
-4.92
0.0318
0
0.01
0.62
0.052
5.2 x 10-4
1.0
0
0
0
0
0.2
20.0 x 10-2
5.5
1710
4.1
0.190
0.22
0.65
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strain inelastic torsion of amorphous polymeric materials has been previously numerically
studied by Wu and Van der Giessen (1993b). Here, for purposes of validating our constitutive
theory, we study fixed-end large-strain reversed torsion of a solid cylindrical specimen. The
torsion experiment was conducted at room temperature on a PC specimen with geometry
shown in Fig. 2-8a. In the gage section, a torsion specimen has a diameter Do = 31.75 mm,
and a gage length of LO = 8.89 mm. With # denoting the angle of twist in radians, the
shear-strain at the outer surface of the gage section of such a specimen is
q D0
= 0 . (2.110)
2 LO
The reversed-cycle torsion experiment was performed on an Instron tension-torsion servo-
hydraulic machine, equipped with precision-aligned hydraulic grips. The machine was pro-
grammed to fix the axial displacement, and twist the specimen by rotating the grips relative
to each other at an angular velocity of 0.25 deg/sec, which corresponds to surface shear
strain rate of f = 7.8 x 10-3 s1 during the reversed-torsion experiment. The maximum
surface shear strains achieved during the experiment, without initiating fracture, is F 6 1.4.
For the corresponding finite element simulation, we have modeled only the gage section
and the chamfered-section of the specimen leading into the gage section. The finite element
mesh, consisting of 4,801 ABAQUS-C3D8R elements, is shown in Fig 2-8b. The deformed
geometry at a surface shear strain of F = 1.4 is shown in Fig 2-8c. Note that for the specific
geometry of the torsion specimen used here, the deformation is essentially confined to the
gage-section of the specimen.
Fig. 2-8d shows an excellent agreement between the numerically-predicted and the
experimentally-measured torque versus surface shear-strain response for both forward and
reversed straining. Further, Fig. 2-8e shows the ability of our constitutive theory to capture
the major trends of the induced axial-force versus the surface shear-strain response for both
forward and reversed torsional straining. Although the precise magnitudes of the axial forces
are not as well-predicted as the torque response, the prediction of the actual trends for the
variation of the axial forces as the shear strain is cycled, is quite remarkable.
2.6.2 Proportional Compression-Torsion
Large strain compression-torsion experiments under proportional loading provide a simple
yet effective means for assessing the validity of constitutive models for large deformation
plasticity. For purposes of validating the constitutive theory, we have conducted large strain
compression-torsion experiments at room temperature, and the corresponding numerical
simulations for comparison. The specimen was machined from PC having a gauge section
19.05 mm long and a gauge diameter of 17.78 mm as shown in Figure 2-9.
The reversed compression-torsion experiment was performed on an Instron tension-torsion
servohydraulic machine equipped with precision aligned hydraulic grips. The experiment
effects during torsion are strongly dependent on the constitutive model used to predict such effects (cf., e.g.,
Bronkhorst et al., 1992).
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consists of two steps, 1) loading, and 2) reversed loading back to the initial position, both
axially and rotationally. In the loading step, the machine was programmed to displace axially
with a constant speed of 0.05 mm s-1 in compression, while rotating at a constant angular
speed of 0.15 deg s- 1 for a total of 200 seconds. Then the loading is reversed in the sec-
ond step at the same magnitude velocity in the opposite direction. Figure 2-11 shows the
experimentally measured time history for the displacement and the angle of twist.
For the finite element simulation we have modeled only the gauge section and the filleted
section of the specimen leading into the gauge section. The finite element mesh consists of
8765 ABAQUS-C3D8R elements as shown in Figure 2-10.
Figure 2-12a shows a comparison of the experimentally measured and numerically pre-
dicted force-displacement response, while Figure 2-12b shows a comparison of the experi-
mentally measured and numerically predicted torque-twist response. The experiment and
simulation are in good agreement. Additionally, Figure 2-13 qualitatively compares the
shape of the physical specimen at the end of the loading step against that predicted by the
numerical simulation.
2.6.3 Non-proportional Tension-Torsion
As in the previous example, large strain tension-torsion experiments under non-proportional
loading also provide a simple yet effective means for assessing the validity of constitutive
models for large deformation plasticity. For purposes of validating the constitutive theory,
we have conducted large strain non-proportional tension-torsion experiments at room tem-
perature, and the corresponding numerical simulations for comparison. The specimen was
machined from PC having a gauge section 19.05 mm long and a gauge diameter of 17.78 mm
as shown in Figure 2-9.
The non-proportional reversed tension-torsion experiment was performed on an Instron
tension-torsion servohydraulic machine equipped with precision aligned hydraulic grips. The
experiment consists of four steps, 1) twisting, 2) axially displacing in tension, 3) untwisting
back to zero twist, and 4) axially unloading back to the initial position. The machine was
programmed to displace axially with a constant velocity of 0.05 mm s--, while rotating at
a constant angular velocity of 0.15 deg s- in each respective step for both loading and
unloading. The maximum angle of twist is 30 deg and the maximum axial displacement is
10 mm. Figure 2-14 shows the experimentally imposed time history for the axial displacement
and the angle of twist.
For the finite element simulation we have modeled only the gauge section and the filleted
section of the specimen leading into the gauge section. The finite element mesh consists of
8765 ABAQUS-C3D8R elements as shown in Figure 2-10 and is the same as used in the
previous example.
Figure 2-15a shows a comparison of the experimentally measured and numerically pre-
dicted force-displacement response, while Figure 2-15b shows a comparison of the exper-
imentally measured and numerically predicted torque-twist response. In both cases the
experiments and simulations are in good agreement. Additionally, Figure 2-16 qualitatively
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compares the shape of the physical specimen at the end of the tension step against that
numerically predicted by the simulation.
2.6.4 Plane-strain, cold- and hot-forging of PC
Channel-die, plane-strain, cold- and hot-forging experiments were performed on PC speci-
mens. The plane-strain forming operation under consideration converts a cylindrical speci-
men with a circular cross-section into a specimen with a cross-section which is in the shape of
a "cruciform". A schematic of a forging experiment is shown in Fig. 2-17. The PC specimens
had an original diameter of 12.7mm, and were 12.7mm deep in the plane-strain direction,
which is into the plane of the paper. The split-dies which impart the cruciform shape to the
workpiece were made from hardened tool steel, and the interfaces between the workpiece and
the dies were lubricated to minimize frictional effects. The forging experiments were carried
out at 25 C and 120 0 C, at a constant die-closing velocity of 0.02 mm/s. The forging experi-
ments at 25 'C were carried to three different die-displacement levels of 2.8 mm, 4.6mm and
5.4 mm, while the experiment at 120 'C was only carried out to a final die-displacement of
5.4 mm.
For the finite element simulation of such a process, we make use of the symmetry of
the geometry and only mesh one-quarter of the geometry, as shown in Fig. 2-18a. The
quarter-circle of the workpiece cross-section is meshed with 976 ABAQUS-CPE4R elements,
and the cruciform-die is modeled as a rigid surface. Since the physical experiment was
well-lubricated, the contact between the die and the workpiece was modeled as frictionless.
Fig. 2-18b compares the numerically-predicted and the experimentally-measured, load-
unload force versus displacement curves for the cruciform-forging processes at 25 C and
120 'C. The agreement between the predicted and the measured force-displacement responses
at 25 C for die displacements of 2.8 mm, 4.6 mm, and 5.4 mm is very good, as is the agreement
between the prediction and the experimental result for the experiment at 120 C for a die
displacement of 5.4 mm.
After unloading, each forged specimen was sectioned, polished, and then photographed.
Fig. 2-19a and Fig. 2-19b compare the numerically-predicted and the experimentally-measured
deformed shapes after unloading the test specimens at 5.4 mm of die displacement for the
forgings at 25 C and 120 C. The agreement between numerically-predicted and experimentally-
measured deformed geometries is also quite good.
2.6.5 Axisymmetric, hot-forging of Zeonex-690R
Axisymmetric, hot-forging experiments were performed on Zeonex specimens. The axi-
symmetric forming operation under consideration converts a cylindrical specimen with a
circular cross-section into a specimen with a circular base, a bulged-middle, and a tapered
neck. A schematic of a forging experiment is shown in Fig. 2-20. The Zeonex specimens
had an original diameter of 10.16 mm, and were 10.16 mm tall. The split-dies which impart
the particular shape to the workpiece were made from hardened tool steel, and (in con-
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trast to the lubricated plane-strain forging experiments for PC) the interfaces between the
Zeonex workpiece and the dies were not lubricated. The axi-symmetric forging experiments
were carried out at 90 C and 120 0C, at a constant die-closing velocity of 0.02 mm/s. The
forging experiments at 90 'C were carried out to a final die-displacement of 4.5 mm, while
the experiments at 120 'C were carried to two different die-displacement levels of 2 mm and
4.5 mm.
For the finite element simulation of such a process we make use of the axial-symmetry of
the geometry, and mesh only a slice of the geometry, as shown in Fig. 2-21a. The workpiece
was meshed with 802 ABAQUS-CAX4R elements, and the top and bottom forging dies were
modeled as rigid surfaces; the axis of symmetry is labelled in Fig. 2-21a. Since no lubricant
was used in the physical experiment, the contact between the die and the workpiece was
modeled as "rough" with full-sticking.
Fig. 2-21b compares the numerically-predicted and the experimentally-measured, load-
unload force versus displacement curves for the axisymmetric-forging processes at 90 C and
120 'C. The fact that numerically-predicted loads are slightly higher than the experimentally-
measured loads is to be expected because the numerical simulation assumed perfect-sticking,
while in the physical experiment the frictional conditions are less severe. Given the uncer-
tainty in the precise frictional conditions at the interface between the dies and the workpiece
in the physical experiment, the agreement between the predicted and the measured load-
displacement responses at both temperatures is quite reasonable.
After unloading, the specimens that were forged at 120 C to die-displacement levels of
2 mm and 4.5 mm. were photographed. Fig. 2-22 compares the numerically-predicted and the
experimentally-measured deformed shapes after die-displacements of 2 mm and 4.5 mm. The
numerically-predicted shapes are quite similar to those which were experimentally-measured.
2.6.6 Micro-scale hot-embossing of Zeonex-690R
As a simple example of a micro-hot-embossing process, we consider the embossing of a se-
ries of long channels into a Zeonex-690R substrate. The pattern consists of channels which
are 55 ym wide, 43.5 pm deep, and are spaced 92 jtm apart. To carry out the micro-hot-
embossing in the polymer, a Zr-based metallic-glass tool with a negative of the desired chan-
nel pattern was manufactured by micro-scale thermoplastic forming (Henann and Anand,
2008). Fig. 2-23a shows a schematic of the pattern of the tool, and Fig. 2-23b shows a SEM
photomicrograph of a portion of the metallic glass tool.
The hot-embossing experiment was carried out on a servo-hydraulic Instron testing ma-
chine equipped with heated compression platens. A 25.4 mm square and 2 mm thick sheet of
Zeonex, and a 11.7 mm square patterned metallic glass tool were aligned and placed between
the heated compression platens. The embossing experiment was conducted under nominally
isothermal conditions at a temperature of 130 'C in air. The load was ramped up to 13 kN
to produce a nominal pressure of 95 MPa in 10 seconds, and held for 2 minutes before un-
loading, after which the tool was quickly removed from the substrate. The force-cycle for
the micro-hot-embossing process is schematically shown in Fig. 2-24a.
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Since the channels are long relative to their width, and there are a large number of them
aligned in parallel, we employ a plane-strain idealization in our numerical simulation, and
consider only a single half-segment, with suitable boundary conditions. Fig. 2-24b shows
the finite element mesh. The Zeonex substrate is modeled using a mesh consisting of 849
ABAQUS-CPE4R plane strain elements, and the metallic glass tool is modeled using an
appropriately shaped rigid surface. Contact between the substrate and tool was approxi-
mated as frictionless. The displacement boundary conditions on the portions AD and BC
of the mesh boundary are zi = 0, while on the portion CD of the mesh, 'u ' U2= 0 are
prescribed. The predicted embossed pattern in the Zeonex after hot-embossing is shown in
Fig. 2-24c. The numerically-predicted pattern shown in Fig. 2-24c has been mirrored and
repeated during post-processing to ease comparison with the corresponding experimental
result, which is shown Fig. 2-24d. The final geometry of the embossed channels predicted by
the simulations agrees well with the result from the micro-hot-embossing experiment. The
simulation, Fig. 2-24c, predicts that at the embossing temperature of 130 C and nominal
pressure of 95 MPa, the micro-hot-embossing should result in channel heights which are the
same as the depths in the embossing tool, but there is incomplete die-filling and the edges of
the channels are rounded; this is also the result seen in the physical experiment, Fig. 2-24d.19
We further investigated the quality of the embossed features by using optical profilometry
methods. Figure 2-24e compares representative cross-sections of the embossed features in
the Zeonex (circles), against the numerically-predicted channel profile (dashed line). The
depth of the embossed features closely match with the numerical prediction; note that the
optical profilometry method that we used to measure the channel profile is not capable of
providing data for the sharp vertical features.
2.6.7 Normal impact of a clamped circular plate of PC by a sphe-
rical-tipped cylindrical projectile
As a final validation experiment - one which is not quasi-static, conducted at high strain
rates, and is not isothermal - we consider the normal impact of a circular plate of PC with
a spherical-tipped cylindrical projectile. Experiments of this type are of substantial practical
interest in the design and testing of transparent lightweight armor.
The circular plate specimen of PC, 203.2 mm in diameter and 5.334 mm thick (with bolt-
holes for clamping), was fabricated using a water-jet machine. The PC plate was clamped
(using steel clamping plates and bolts) in an Instron Dynatup testing machine, and subjected
to normal impact by a spherical-tipped cylindrical steel projectile with a mass of 80 kg at an
impact velocity of 3.6 m/s. The impact conditions were specially chosen such that the plate
only deforms plastically at the high rates, and does not fracture. The force versus time was
recorded during the impact, and the impacted plate specimen was recovered.
9In order to get complete die-filling, it would be ideal to conduct the hot-embossing at temperatures
above the glass transition temperature of the polymer, a regime that is of considerable practical interest for
the manufacture of microfluidic devices by micro-hot-embossing.
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For the finite element simulation we make use of the axial-symmetry of the geometry,
and mesh only a slice of the geometry, as shown in Fig. 2-25. The PC plate is modeled
using 304 ABAQUS-CAX4RT reduced-integration, thermo-mechanically-coupled, axisym-
metric elements. The actual clamping boundary conditions are modeled by rigid surfaces
representing the clamping plates, but instead of individual clamping bolts, the surface in-
teraction between the rigid surfaces representing the clamping plates and the PC plate is
modeled using a high Coulomb friction coefficient of 0.75; thus the polymer is not completely
constrained to remain in contact with the clamping surfaces. The spherical-tipped cylindri-
cal steel projectile is modeled as a rigid body with a mass of 80 kg, and given an initial
velocity of 3.6 m/s towards the plate specimen. The projectile/polymer interface is modeled
as frictionless.
Fig. 2-26a shows an image of a sectioned one-half the specimen after the experiment, while
Fig. 2-26b shows the corresponding numerically-predicted result. The predicted deformed
profile of the polycarbonate plate is qualitatively very similar to that in the experiment. More
quantitatively, Fig. 2-26c shows a comparison of the traced surface profile of the specimen
after impact with the numerically calculated profile - the two compare very favorably.
Fig. 2-27a shows the excellent agreement between the experimentally measured, and the
simulated force-time response on the projectile - up to the time for which the experimental
data was available. Lastly, Fig. 2-27b shows the temperature distribution in the plate 25 ms
after the impact, when the projectile has rebounded and lost contact with the plate. As
expected, the temperature rise is largest under the tip of the projectile, where it increases
by approximately 45 K, from 298 K to 343 K.
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Figure 2-1: Stress-strain curves in simple compression for Zeonex-690R at various temperatures
ranging from 25 C, to 130 C; at strain rates of (a) 3x10-4 s- 1, (b) 3x10-3 s-1 , (c) 3x10-2 s- 1,
and (d) 3x10-1 s- 1 .
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Figure 2-2: Stress-strain curves in simple compression for Zeonex-690R at strain rates of 3x 10-4,
3x10- 4 , 3x10-4, and 3x10-4 s-1, and at temperatures of (a) 25'C, (b) 70'C, (c) 120 C, and (d)
130 C. Note change in scale for the stress axis between various figures.
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Figure 2-3: A schematic "spring-dashpot"-representation of the constitutive model for tempera-
tures below t9g.
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3 x 10-1 s-1. The experimental data is plotted as solid lines, while the fit is shown as dashed lines.
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Figure 2-5: Fit of the constitutive model to the experimental stress-strain curves for PC at various
temperatures ranging from 25*C to 130 C, and strain rates ranging from 10-3 to 10-1 s-. The
experimental data is plotted as solid lines, while the fit is shown as dashed lines.
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Figure 2-8: (a) Geometry of torsion specimen. (b) Undeformed finite element mesh for the torsion
simulation. (c) Deformed finite element mesh at a surface shear strain of F = 1.4. (d) Torque versus
surface shear-strain response for PC under reversed fixed-end torsion. (e) Axial-force versus surface
shear-strain.
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Figure 2-9: Specimen (in the grips) used for the proportional compression-torsion, and non-
proportional tension-torsion experiments.
Figure 2-10: Finite element mesh used for the proportional compression-torsion, and non-
proportional tension-torsion simulations.
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Figure 2-11: Displacement and twist history as measured from the proportional loading case.
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2-12: (a) Force-displacement response and (b) torque-twist response for the proportional
case.
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Figure 2-13: Shape of the (a) experimental specimen and (b) predicted contours of equivalent
plastic strain at the midpoint of the deformation (200 sec) for the proportional loading case.
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Figure 2-14: Displacement and twist history as measured from the non-proportional loading case.
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Figure 2-16: Shape of the (a) experimental specimen and (b) predicted contours of equivalent
plastic strain at the midpoint of the deformation (320 sec) for the non-proportional loading case.
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Figure 2-17: Schematic of the plane-strain cruciform-forging experiment.
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Figure 2-18: (a) Quarter-symmetry finite element mesh for the workpiece and the rigid surface
used in the plane-strain cruciform-forging simulations for PC. (b) Comparison of numerically-
predicted and experimentally-measured force-displacement curves for forgings at 25 'C and 120 'C.
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Figure 2-19: Comparison of numerically-predicted and experiment ally-measured unloaded de-
formed shapes for the cruciform-forging. (a) For a forging at 25 'C at a die-displacement of 5.4 mm.
(b) For a forging at 120 C at a die-displacement of 5.4 mm. (i) experimental macrographs; (ii)
deformed meshes; and (iii) outlines of simulated shapes (thick black lines) superimposed over the
experimentally-measured shapes.
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Figure 2-20: Schematic of the axi-symmetric forging experiment.
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Figure 2-21: (a) Half-symmetry finite element mesh for the workpiece and the rigid surfaces used
in the axi-symmetric cruciform-forging simulations for Zeonex. (b) Comparison of numerically-
predicted and experimentally-measured force-displacement curves for forgings at 90 C and 120 C.
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Figure 2-22: Comparison of numerically-predicted and experimentally-measured unloaded de-
formed shapes for the axi-symmetric forgings at 120 'C after die displacements of 2 mm (top) and
4.5 mm (bottom).
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Figure 2-23: (a) Schematic of the plane-strain tool (not to scale), and (b) SEM micrograph of a
portion of the metallic glass tool.
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Figure 2-24: (a) The micro-hot-embossing was carried out at 130 C under load control; the
process force history is shown. (b) Finite element mesh for a plane strain simulation showing the
meshed substrate and the tool modeled as a rigid surface. The displacement boundary conditions
on the portions AD and BC of the mesh boundary are ui = 0, while on the portion CD of the mesh,
U1 = U2 = 0 are prescribed. (c) Predicted deformed shape. (d) SEM image of the micro-channels
embossed in Zeonex-690R. (e) Comparison of numerically-predicted channel profile (dashed line)
with corresponding profilometer measurements.
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Figure 2-25: Finite element mesh used in the thermo-mechanically-coupled analysis of the plate
impact experiment.
(a)
-Experiment .....---------------------
---Simulation -- ------------------- ~-~
20 mm
(C)
(b)
Figure 2-26: (a) Final shape of the impacted plate from the experiment. (b) Corresponding
numerical prediction. (c) Comparison of traced surface profile of the specimen after impact with
the numerically-calculated profile.
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Chapter 3
Numerical procedure for amorphous
polymers below the glass transition
temperature
3.1 Introduction
In this Chapter we present a simple semi-implicit time-integration procedure for the con-
stitutive theory summarized here in Chapter 2. We have implemented this procedure in
the commercial finite element package ABAQUS/Standard (2011) by writing a user material
subroutine UMAT and ABAQUS/Explicit (2011) by writing a material subroutine VUMAT.
3.1.1 Time-integration procedure
The constitutive time-integration problem is that given
STwFP, (Sl)n, (S2)wn, PAn,F, Fn, dn, i'n+ 1
at time t,, compute
at time tn+1 = tn + At.
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{T+,Fn+1, (S1)n+1, (S2)n+1, (Pn+1, An+1}
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Evolution equation for FP
The evolution equation PP = DPFP is integrated using an exponential map' (Weber and
Anand, 1990)
n+1= exp AtD+ 1) FP, (3.1)
the inverse of FP+1 is then given by
FP71 = Fi-1 exp (-AtDP +). (3.2)
Also, using F' = FFP 1 , the elastic distortion at the end of the increment is given by
Fe+ F'r exp -AtDPn (3.3)
where
Fer def n+FP-1 (3.4)
is a trial2 value of the elastic distortion. The tensors F + and Fer admit the polar decom-
positions
+1 =R Fr = Rr tUr. (3.5)
Using (3.5) in (3.3), and rearranging, we obtain
Re+,Uel exp (AtDn+) = RtrUer. (3.6)
In a theory with a back-stress the principal directions of DP are in general not the same
as Ue. Therefore, based on the polar decomposition, we make the following approximation
to simplify the procedure considerably
(Al)
ntr+1 ~Rer (3.7)
Ul+ exp (AtDP+1 ) Ufr. (3.8)
Taking the logarithm of (3.8) we obtain the important relation
E+ = Eer - AtDPn 1 , where Eer = ln Uer. (3.9)
Then, the stress strain relation gives the stress update
m+ = Mer - 2GAtDP+, (3.10)
'The use of the exponential map ensures that the plastic-incompressibility constraint is maintained in
this time-integration procedure.
2 Meaning, with plastic flow frozen.
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where we have used
Mr = 2G(Ee)tr + Ktr (E'r)1 - 3Keth(V - 9do)1. (3.11)
Further, since DP is deviatoric for all times t, we have trM'+1 = trM', or in other words
Pn+1 = Ptr, (3.12)
and
(me)n+1 = (Me)tr - 2GAtDPn 1. (3.13)
Next, since the stress that drives plastic flow is the effective stress M' , to keep the
procedure simple we use the back-stress at the beginning of the increment as follows
(A2)
(Mff)n+l1 = M - (Mback)n - 2GAtDPn 1, (3.14)
and then defining
1DP 1 = -+1 N"+ (3.15)n+1 V2_n+1 n+1)
with
N+ ((Mff)o)fn+1 (3.16)
vTn+i
and
an+1 = ((M 'ff)o)n+l1I, (3.17)
and
(Meff)tr rM - (Mback)n, (3.18)
(3.14) may be simplified to
(M'ff)n+l1 = (M' )tr - \/ v"GAtV+1 Nn (3.19)
Then, taking the deviatoric part of (3.19) yields
V n+N = ((M )O)tr - V2GAt+P 1PNn+1, (3.20)
along with the definitions
- def 1
Ttr - 7 V((Mff)O)trj, (3.21)
r ((M )2)tr, (3.22)
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we arrive at the important result
F Tn+1 - Nr + GAtvi+O = 0,
and
NP+1 Nr.
Here, (3.23) serves as an implicit equation to determine the value of VnP+1 at the end of the
increment, and (3.24) shows that the direction of plastic flow is determined by the trial value.
Evolution equations for the internal variables
We now turn our attention to the time integration procedure for the internal variables of the
theory.
Recall (2.67) for the evolution of the order parameter. A fully implicit backward-Euler
time-integration for the order parameter is given by
n+1 = Wn + At4n+1 ,
where
(n+1 = g(On*+ - (n+l)v/+1.
Substitution of (3.26) into (3.25), and some rearrangement gives
(n + Atgv/+1 On+1
1 + Atgin+1
(3.25)
(3.26)
(3.27)
Where W*+1 is fully determined at the end of the increment by
E1n+1 = 1 0
( Pr )(79c~~l 1g + n In(1~) n+1 =
{o:nl
for vPn+1 > Vr
for vPn+1 < Vr
at the end of the increment.
Recall (2.66) for the evolution of the deformation resistance Sa. A fully implicit backward-
Euler time-integration for the Sa is given by
(Sa)n+i = (Sa)n + At(Sa)n+1,
(3.23)
(3.24)
with
k J \ vr) (3.28)
(3.29)
19n+1 > (?9c)n+l
(3.30)
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with
(Sa)n+ ha [(S*)n+i - (Sa)n+1]v$+1, (3.31)
and
S= n+1 - Wn+1). (3.32)
Then, substitution of (3.31), and (3.32), into (3.30), along with some rearrangement gives
the value of the deformation resistance Si at the end of the increment
(SaQn~l - (Sa)n + habAtVn+1(W*+1 - Wn+l) (333)
1 + Athivn+1
noting that p* is computed via (3.28), and will be zero when 79n+1 > (dc)-+-1 .
A fully implicit backward-Euler time-integration for the Sb is given by
(Sb)n+l = (Sb)n+ At(Sb)n+l, (3.34)
where by (2.71)
(Sb)n+1 = hb(An+l - 1) [(S*)n+1 - (Sb)n+l1] v+ 1 . (3.35)
Where by (2.61) An+1 is given simply by
An+= tr (Fn+1Fn+1)/3. (3.36)
Further, from (2.83), the temperature dependance of the material parameters is given by
(S*)n+1 = 11 - 1dn+1. (3.37)
Therefore, using (3.35) and (3.37), the deformation resistance Sb at the end of the increment
is
(Sb)n + At h(An+1 - 1)(S*)n+ii 338+1(Sb)n+l = . (3.38)1 + At hb(An+1 - 1)Vn+l
As an approximation to keep the procedure simple3 , we use a forward Euler time inte-
gration for the evolution of the internal variable A
(A3)
An+1 = An + AtAn. (3.39)
Which when (3.39) is simplified gives
An+1 = An + At(D$+1An + AnDS 1 - -yAn(lnAn)v4+). (3.40)
3Simple in the sense that with this assumption we will need to solve only a scalar equation rather than
a system of equations.
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Note, because of the approximation in (3.14), the update on A takes place after the value
of v,, 1 is computed, therefore DPj is also known at the time of the update of A.
Remark 1:
At this point, we have made approximations when dealing with the back-stress in the nu-
merical procedure. To determine the quality of these approximations we have run a complex
three dimensional numerical experiment. This simulation consists of a single element which
first undergoes simple shear, and then the sheared face makes a full circle about its normal
direction to activate as many components as possible in the evolution of A and thus the back-
stress. The results are presented later in Section 3.3.1 and show that the approximations are
reasonable.
Solution of the implicit equation for v"ng
With the values of the internal variables at the end of the increment in hand, we can solve
the implicit relation (3.23) for v',+1 at the end of the increment.
From the flow-rule,
= (1) exp I _ n+1 sinh ( e).+1V . (3.41)n+1 \\z16 (kB1 9 n+1 ) K. 2kB19n+1) 
.
For the ease of notation, defining the temperature dependent quantity (which is known at
the end of the increment)
def (Q+1)(.2I* - vo exp -B9+ (3.42)
and inverting, we may rewrite (3.41) as
_2kB?
9 fl ih
(Te)n+i - v s...h-1 .'f (3.43)
Then, with (2.65), and upon substitution of (3.12), (3.33), and (3.38) into (3.23) gives
F = r - GAtv/' - (Sa)ni - (Sb)n+1 -PPnll 2kB-a+1 sinh [ = 0. (3.44)
Where (3.44) is solved numerically using a Newton-iteration. In the Newton-iteration, the
tangent is computed numerically using the finite-difference approximation
d_77 .7(vla1 + A/vnp) - -F(v+) (3.45)
d(vin 1 ) ' 1v
where Av's+ is a numerical parameter. In all the calculations in this work, AVj = 10 - 1/s.
Furthermore, after the value of v'n+l is computed, a check to make sure (Te)n+1 > 0, else
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vPn+1 is set to zero to satisfy the constraint in (2.65). Lastly, (3.23) is only computed when
Ttr > 0, else v+1 = 0.
The elastic contribution V)(2)
The contribution T(2) to the Cauchy stress at the end of the increment is
T+1 = Jn+(Pl+ -- +-3 [(dis)O n+1 l'6
with
(I1)n+l= Jn+-Ntr (Fn+1 Fn+1 ) , (3.47)
and
[(Bdis)oln+l1 - (JnFn+ 1 FTn+) - T(I)n+11 . (3.48)
Cauchy stress
Then the Cauchy stress at the end of the increment is given by
T,+, = T( 1 + T2 1. (3.49)
The component T(1) at the end of the increment is given by (6.13) with Men 1 given by (3.10)
and T+ 1 given by (3.46).
3.1.2 Material Jacobians
We have implemented our time-integration scheme in the commercial finite element code
ABAQUS/Standard (2011).4 The implicit equations are solved using a Newton-type proce-
dure, therefore the solver in Abaqus/Standard requires the material Jacobian matrix. In a
fully thermo-mechanically-coupled analysis that means four different Jacobians. The four
Jacobians required by Abaqus/Standard are as follows;
1. variation of the stress with strain (a matrix), Jg,
2. variation of the stress with temperature (a vector), Ki,
3. variation of mechanical dissipation with strain (a vector), Li,
4. variation of mechanical dissipation with temperature (a scalar), M.
Due to the complexity of the constitutive theory, we have implemented numerical Jacobians
rather than a set of approximate analytical Jacobians. We have found that in our experience
4 In the ABAQUS/Explicit (2011) VUMAT implementation, due to the explicit procedure, material Ja-
cobians are not required.
92
the numerical Jacobians are more robust in obtaining a converged solution than approximate
analytical Jacobians.
We refer to P as the volumetric heat generated per unit time due to mechanical dissipation
given by
P = W (Vz + 1 BJ In A12v). (3.50)
Further, Abaqus/Standard represents the symmetric Cauchy stress tensor T and relative
strain tensor E'(n + 1) as vectors using the following convention,
T \ /n E(n + 1) \
T22 En(n + 1)22
T33  En(n +1)33t = and e = (.T12 '2En6 (n + 1)12'
T13 2En(n+ 1)13
T2 3 ./ 2En(n + 1)23
where Ti and Ee(n + 1)i are the components of the tensors T and E'(n + 1), respectively.
Stress-strain, and dissipation-strain Jacobians
The computation of Jii and Li was carried out numerically by perturbing Fn+1 = Fn(n + 1)Fn,
where Fn(n + 1) is the relative deformation gradient, and using the time-integration scheme
to compute the perturbed value of stress Tpf1 , and the mechanical dissipation Pp, 1 . The
stress-strain Jacobian matrix that Abaqus/Standard requires has components defined by
def ti
Jij = -, (3.52)Oej'
and the dissipation-strain Jacobian vector by
defLi -(3.53)
A perturbation in Fn+1 is
n1 =Fn(n + 1) + AFn(n + 1)] Fn Fn+1 + AFn(n + 1)Fn. (3.54)
At this point we introduce the approximation 5
(A4)
F ~ F,+1 +AE6(n + 1)Fn, (3.55)
5We note that although the Jacobian matrix plays an important role in the rate of convergence of the
solution, in the end it has no effect on the accuracy of the solution.
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and use the time-integration scheme to compute Tp"1 , Pe 1, the Jacobian matrix Jij, and
the Jacobian vector Li.
As an example of computing an element of Ji3 in the column J 4, we first define a per-
turbation in AE'(n + 1) as
0 Ae/2 0~
[AEe(n + 1)] = Ae/2 0 0 , (3.56)
0 0 0
where AE is a numerical parameter. The time-integration scheme is then used to compute
the perturbed volumetric heat generated pPer, along with the Cauchy stress T p 1 and it is
represented as a vector tper using the convention described above. Then the desired column
of Ji4 is computed as
ter - t(
Ji4 AE 7 (3.57)
and the element L4
L4 pperp (3.58)
Remark 2:
In the free energy 0(2) we do not allow for any volumetric elastic energy and therefore some
care must be taken when evaluating the stress-strain, and temperature-strain Jacobians. For
this reason, we append a volumetric component to the stresses T(2 ) only when computing
the stress for the numerical Jacobians, given by
2 
= J-I[R (I -IM )Bdis)o C(J -1)1.(3.59)
Where in (3.59) C is a numerical parameter to keep the stiffness bounded when computing
the Jacobians in the case of a non-isochoric strain perturbation (which is practically every
perturbation).
Remark 3:
In the perturbation of the deformation gradient (3.55), care must be taken to ensure that
the perturbed deformation gradient is constrained by
det F'+1 > 0. (3.60)
To ensure that (3.60) is satisfied, at each increment we check that det F,, 1 > 0, if not, then
the magnitude of AE is reduced until (3.60) is met.
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Stress-temperature and dissipation-temperature Jacobians
The computation of Ki and M was carried out by perturbing d,,n+1 and using the time integra-
tion scheme to compute the perturbed values of stress Ter 1 and volumetric heat generated
per unit time . The stress-temperature Jacobian vector that Abaqus/Standard requires
is defined as
def (.1
and the dissipation-temperature Jacobian by
def OPM = .(3.62)
A perturbation in 79 n+1 is
,9per =_n+1 + AV, (3.63)
where AV is a numerical parameter, and then we use the time-integration scheme to compute
Tn 1 , P !1 , the Jacobian vector Ki, and the Jacobian M.
The time-integration scheme is then used to compute the perturbed Cauchy stress TP 1
and it is represented as a vector tper using the convention described above. Then the desired
element of Ki is computed as
t per -t-
K t ~ - (3.64)
and M given by
A7~ 9 . (3.65)
3.2 Material/numerical parameters for some amorphous
polymers
The material parameters were previously given in Table 2.1 for Zeonex, PC, and PMMA. In
Table 3.1 we give the numerical parameters discussed above for Zeonex, PC, and PMMA.
3.3 Numerical solutions
The constitutive equations and time-integration procedure described in this paper have been
implemented in the finite element package ABAQUS/Standard (2011) by writing a user
material subroutine UMAT. The subroutine UMAT is called once for each integration point
for every global iteration. Provided as input to the UMAT are {F, Fn+1, 1n, Vn+1}, along
with all values of the internal variables at the start of the increment. With these inputs, the
output expected from UMAT consists of the following T,+,, 'n+, the values of the internal
variables at the end of the increment, and the Jacobian's Jij, Ki, Li, and M.
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From the outset we note that it is not the purpose of this section to validate the consti-
tutive theory, but rather to show the robustness of the numerical implementation. We will
show that the numerical procedure is robust, stable, and objective. Validation experiments
and simulations have been previously documented in Chapter 2.
3.3.1 Simple shear
We begin with the simple example of simple shear of a single three-dimensional ABAQUS-
C3D8HT element. The imposed deformation is given by
x(t) = X + (it)X 2ei, (3.66)
where we have taken = 0 s-1. To show that the procedure is stable, we have considered
different, fixed, time steps. Using the material parameters for PC, and an initial temperature
of 250 C we have taken the following four fixed time steps At = {0.1, 1.0, 10.0, 20.0} seconds.6
The computed stress-strain results for the four simulations at 79 = 25'C are shown in Figure
3-1. From the results, it is clear that for all of the different time steps, the results are
essentially the same and the integration procedure is stable.
Next, to show the objectivity of the integration procedure we consider simple shear
with a superimposed rigid body rotation as was done in Weber et al. (1990). The imposed
deformation is given by
x(t) = Q(t) [X + (ft)X2 ei] , (3.67)
with
Q(t) = (el & el+ e2 0e 2 ) cos(t) + (ei & e 2 - e2 S el) sin(Ot) + e3 0e 3 . (3.68)
The calculation was performed with I = 10-3 s- 1, and 0 = 0.005236 rad/s such that
after 1200 seconds the rigid rotation E would be a full 27 rad and the amount of shear is
F = 1.2, the same as the previous examples for comparison. We consider a fixed time step
of At = 10s and an initial temperature 25'C using the material parameters for PC. Figure
3-2 graphically shows some two-dimensional snapshots of the prescribed motion.
With the solution for the Cauchy stress as determined with the rigid rotation denoted
by T, then the Cauchy stress accounting for the rigid rotation is given by
i = QTTQ, (3.69)
which leads to the shear stress used for comparison as,
T12= T12 cos(2E) + (T11 - T22) sin e cos 8. (3.70)
6 Near the stress peak, we have relaxed the fixed time step only for the case of At=20 seconds, such that
if needed the time step can drop to At=15 seconds for convergence (only) near the stress peak.
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Figure 3-3 shows the resulting stress-strain plot. From the result it is clear that the procedure
and constitutive equations are objective.
Finally, as was previously noted in Remark 1, when dealing with the back-stress we have
made some approximations to greatly simplify the numerical procedure. To determine the
quality of these approximations we have ran a complex three dimensional numerical exper-
iment. Using an explicit version of code and a small time increment, and the semi-implicit
procedure described here, we compare the results for a complex loading history to determine
the quality of the approximations. This simulation consists of a single element which first
undergoes simple shear to a shear strain of F = 1.2, and then is prescribed a circular motion
about the normal direction to activate as many components as possible in the evolution of A
and thus the back-stress. Figure 3-4 shows some snapshots of the body undergoing the de-
formation. Figure 3-5 shows the simulated results of the evolution of the normal components
of A. Comparing the semi-implicit numerical procedure with approximations as described
here, and an explicit version of the code with small time increments, we see that the approx-
imations are acceptable and not detrimental to the procedure. The shear components of A
show the same behavior and are not shown for clarity in the figure.
3.3.2 Extrusion
As a final three dimensional and non-isothermal set of numerical simulations, we consider
the extrusion of a square cross-section using the material parameters for PC and Zeonex.
The extrusion we consider is an operation to reduce the edge dimension from a 15 mm square
to that of a 10 mm square. The extrusion operation takes place at an initial temperature of
25'C for PC, and 100'C for Zeonex. The resulting plastic dissipation causes local heating
of the polymer which will change the material behavior and is of practical importance in
real processing operations. In the numerical simulation of the extrusion process the initial
temperature is prescribed along with a velocity to extrude the material to reduce the cross-
sectional area, the final shape and the temperature field are results of the calculation.
For the finite element simulation we make use of symmetry and model only one quarter
of the extrusion operation. Further, we model the die as a discrete rigid surface, Figure 3-6
shows an isometric view of half of the rigid die. Further, the polymer is modeled with 336
ABAQUS-C3D8HT thermo-mechanically coupled elements with the initial mesh (mirrored
along symmetry planes to show the full geometry) shown in Figure 3-7. For the boundary
conditions, symmetry conditions are prescribed to the appropriate symmetry planes of the
polymer, and a constant velocity of 0.5 mm/s is prescribed to the back end of the larger side
of the polymer to perform the extrusion. The rigid die is fixed throughout the simulation.
Contact between the bottle and the rigid die is modeled as frictionless for simplicity.
Figure 3-8 shows the temperature field in a slice along the mid-plane of the extruded poly-
mer after 15 seconds of deformation for the PC specimen which had an initial temperature
of 25*C (298'K). As seen in Figure 3-8 the temperature has locally risen by 120C over the
course of 15 seconds of deformation. Figure 3-9 shows the temperature field in the Zeonex
specimen which had an initial temperature of 100 C (373 K). In the Zeonex extrusion the
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local temperature rise is roughly 5'C. This set of numerical simulations shows the robustness
of the integration procedure and its ability to aid in the design of polymeric components and
the residual stresses and material properties after a non-isothermal deformation.
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Table 3.1: Numerical parameters for PMMA, PC and Zeonex in the temperature range from room
temperature to just below the glass transition temperature.
Parameter PMMA PC Zeonex 690R
AvP+ (s-) Io-5 10-5 _10-5
Ae -1.5 x 10-1 10-2 -10-2
A79 (K) 0.5 0.5 0.5
C (MPa) 10 10 10
0.2 0.4 0.6
I'
0.8 1 1.2
Figure 3-1: Numerically predicted stress-strain response in simple shear at various fixed time
steps using the material parameters for PC at an initial temperature of 25'C.
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Figure 3-2: Projected view of simple shear with superimposed rigid rotation. The dotted lines
indicate the initial body, and the solid lines the deformed body at various levels of deformation.
The total amount of shear is r = 1.2 and the total rigid rotation is E = 27r rad.
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Figure 3-3: Numerically predicted stress-strain response in simple shear with a superimposed
rigid rotation using the material parameters for PC at an initial temperature of 25 C.
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Figure 3-4: Isometric view aligned with the 3-direction showing the deformation imposed to the
single element which first undergoes simple shear to a shear strain of F = 1.2, which is not shown.
(a) At the start of the second step, after (b) 1/5, (c) 2/5, (d) 3/5, (e) 4/5, and (f) 5/5 of a revolution
about the 3-direction. Here the dashed line indicates the initial geometry, and the solid line the
deformed geometry.
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Figure 3-5: Results comparing the normal components of A during the deformation shown in
Figure 3-4. Here the solid line indicates All, the dashed line A 22 , the dotted line A 33 using the
explicit code, and the circles the corresponding results from the semi-implicit procedure described
here. This simulation was run using the material parameters for PC at a constant temperature of
25 0C.
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Figure 3-6: Isometric view of one-half of the discrete rigid die used in the extrusion process. Here
the rigid body has been mirrored along the symmetry plane 1-3 to show the half geometry.
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Figure 3-7: Initial mesh used for the extrusion operation. Here the mesh has been mirrored along
symmetry planes 1-3 and 2-3 to show the full geometry.
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Figure 3-8: Temperature field after 15 seconds of deformation along the mid-plane of the PC
specimen. Here the polymer has been mirrored along the 1-3 plane to show the full cross-section.
The outline of the initial geometry is given by the dashed line.
104
105
Temperature (K)
378.25
377.81
377.38
376.94
376.50
376.06
375.63
375.19
374.75
374.31
373.88
373.44
373.00
a
I
I
Figure 3-9: Temperature field after 15 seconds of deformation along the mid-plane of the Zeonex
specimen. Here the polymer has been mirrored along the 1-3 plane to show the full cross-section.
The outline of the initial geometry is given by the dashed line.
Part II
Amorphous Polymers in a
Temperature Range Which Spans the
Glass Transition Temperature
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Chapter 4
A constitutive theory for amorphous
polymers in a temperature range
which spans their glass transition
4.1 Introduction
The strongly temperature- and rate-dependent elastic-viscoplastic nonliear behavior of amor-
phous polymers is not very well understood, and is modeled by existing constitutive theories
with varying degrees of success. There is no generally agreed upon theory to model the large-
deformation, thermo-mechanically-coupled, elastic-viscoplastic response of these materials in
a temperature range which spans their glass transition temperature. Such a theory is crucial
for the development of a numerical capability for the simulation and design of important
polymer processing operations, and also for predicting the relationship between processing
methods and the subsequent mechanical properties of polymeric products. There exists a
major need to develop a thermo-mechanically-coupled theory which can model the glassy
response as well as extends to a temperature range which includes temperatures above the
glass transition temperature of these materials - a range extending to f 50 *C above the
19g of the material, where the material response still has some "solid" -like characteristics,
and is not quite yet a viscoelastic fluid. Such a theory would be useful, for example, for
modeling certain important polymer processing operations, such as micro-hot-embossing for
the manufacture of microfluidic devices, hot-drawing of fibers and films, and thermoforming
and blow-molding for manufacture of various thin-walled containers and bottles.
Constitutive theories aimed at this class of applications have been proposed by Boyce
and co-workers (e.g., Boyce et al., 2000; Dupaix and Boyce, 2007), as well as Buckley and
co-workers (e.g., Buckley and Jones, 1995; Dooling et al., 2002). Guided by the work of
Boyce, Buckley and their co-workers, and our own constitutive theory presented in Chapter
2 for the mechanical behavior of polymers below dg, it is the purpose of this chapter to:
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" Specialize the general framework presented in Anand et al. (2009) to model the response
of three representative amorphous polymeric materials - Zeonex-690R (a cyclo-olefin
polymer), polycarbonate (PC), and poly(methyl methacrylate) (PMMA) - in a tem-
perature range from room temperature to approximately 50 0C above the glass tran-
sition temperature of each material, in a strain rate range of a 10-4 to 10-1 s--, and
compressive true strains exceeding 100%. The constitutive theory for the response of
Zeonex-690R, PC, and PMMA reported in this chapter, represents an important ex-
tension of our work in Chapter 2 on the response of these materials for temperatures
below 799.
" Demonstrate that apart from its intrinsic theoretical importance from the viewpoint of
mechanics and physics of materials, our new theory is useful for modeling important
polymer processing operations, such as micro-hot-embossing for the manufacture of
microfluidic devices, hot-forging of complex shapes and blow-molding of thin-walled
semi-spherical shapes.
The plan of this chapter is as follows. In 4.2 we briefly describe our simple compression
experiments on Zeonex-690R. In 4.3 we present the major constitutive and field equations
of our specialized theory so that it is capable of reproducing the salient features of the
experimentally-measured mechanical response of Zeonex-690R, PC and PMMA. The qual-
ity of the fit of the specialized model to the experimentally-measured stress-strain curves
is discussed in 4.4, where we show that the model reproduces the major features of the
macroscopic response of these materials in a reasonably acceptable fashion. Our thermo-
mechanically-coupled constitutive theory was implemented by writing a user material sub-
routine (UMAT) for the finite element program ABAQUS/Standard (2011), details are given
in Chapter 5.
In order to validate the predictive capabilities of our theory and its numerical implemen-
tation, we have performed the following validation experiments: (i) a plane-strain forging of
PC at a temperature below t9g, and another at a temperature above i9g; (ii) blow-forming
of thin-walled semi-spherical shapes of PC above Vg; and (iii) micro-scale, hot-embossing of
channels in Zeonex-690R above 79g. In 4.5, by comparing the results from this suite of valida-
tion experiments of some key features, such as the experimentally-measured deformed shapes
and the load-displacement curves, against corresponding results from numerical simulations,
we show that our theory is capable of reasonably accurately reproducing the experimental
results obtained in the validation experiments.
4.2 Simple compression experiments on Zeonex-690R
Following the procedure described in Chapter 2, we have conducted simple compression
experiments on Zeonex-690R: (i) to large strains exceeding 130%, including loading and
unloading; (ii) at a variety of strain rates in the range 3 x 10' to 3 x 101 s-, achievable
in modern servo-hydraulic testing machines; and (iii) in a temperature range from room
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temperature to r 40 C above the glass transition temperature of the material. The nominal
glass transition temperatures of Zeonex-690R is 135 C.
Fig. 4-1 shows true stress-strain curves1 for Zeonex-690R at a strain-rate of 3 x 10-4s-1
at temperatures ranging from 25 C through 160 C. Fig. 4-2 shows true stress-strain curves
at strain-rates of 3 x 10-2, 3 x 10-2 and 3 x 10-1 s-1 at temperatures ranging from 25 C
through 180 C. For temperatures less than 7) ~ 135 C in Fig. 4-la, we see that in the
glassy region:
(i) The stress-strain curves exhibit a well-defined yield-peak, followed by strain-softening,
and eventual strain-hardening at large strains due to the limited extensibility of the
polymer chains.
(ii) As the temperature increases in the glassy region from 25 C to 130 C, the magnitude
of the yield-peak diminishes, the yield strength decreases with temperature from a
65 MPa to - 15 MPa, and the amount of strain-hardening observed at large strains
diminishes.
(iii) Upon unloading after compression to strains exceeding 130%, approximately 5% of the
strain is recovered, and there is permanent-set.
In contrast, referring to temperatures above Og , 135 C in Fig. 4-1b, we see that above the
glass transition temperature:
(i) The initial stiffness of the material has dropped dramatically.
(ii) The yield-peak has disappeared.
(iii) The stress-strain response during the loading-phase is highly non-linear and exhibits
strain-hardening. However, the stress levels at large strains are below 3 MPa at 140 'C,
and no more than 0.5MPa at 160 *C.
(iv) Upon unloading after compression to strains exceeding 130%, the material exhibits
a highly non-linear unloading response and significant permanent-set. The amount
of permanent-set increases dramatically as the temperature increases form 140'C to
160 0C.
Fig. 4-3 and Fig. 4-4 show a more extensive set of stress-strain curves for Zeonex-690R
at strain rates of 3 x 10-4, 3 x 10-3, 3 x 10-2, and 3 x 10-1 s- and temperatures of 25'C
through 180 C. Referring to Fig. 4-3 which shows stress-strain curves for Zeonex-690R at
various fixed temperatures below 0'9g and four different strain rates, we see obvious strain-
rate dependent features of the material response. In the low-temperature glassy region,
79 < 135 0C, the yield strength of the material increases by about 10% for a one-decade
'As is customary, in order to calculate the deformed cross-sectional area (and thence the true stress),
we have assumed plastic incompressibility to estimate the stretch in the lateral direction of the compression
specimens.
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increase in strain-rate at any given temperature. Another important strain-rate dependent
feature is the softening observed at large strains at the highest strain rate of 3 x 10-1 s1
at temperatures of 25'C, 70'C, 120'C and 130 C. This softening is attributable to (near)
"adiabatic" heating at the high strain rates. 2 Significant strain rate sensitivity can also be
observed at temperatures above the glass transition temperature in Fig. 4-4; similar to the
behavior below glass transition, the stress levels are higher for higher strain rates.
An important feature of the stress-strain behavior of amorphous polymers is their strain-
rate sensitive response in a temperature range slightly above their "nominal glass transition
temperature." Consider the stress-strain curves for Zeonex-690R in Fig. 4-4 at 140 C: at the
lowest strain rate of 3 x 10-4 s-1 the material responds as if it were "above" its glass transition
temperature. However, at the highest strain rate of 3 x 10-1 s-1, the material exhibits a
glassy-response with a significantly higher stress magnitude, a yield-peak, strain-softening
and subsequent strain-hardening due to chain-locking. Thus, in accordance with well-known
results from frequency-dependent dynamic-mechanical-tests on amorphous polymers, this
result clearly shows that the "glass transition temperature" is not a constant for a material,
and increases as the strain rate increases.
4.3 Constitutive theory
Since we wish to model the behavior of glassy polymers in the technologically important
temperature range which spans their glass transition temperatures, and since the number
of microscopic relaxation mechanisms in these polymers increases as the temperature is
increased, we base our theory on a "multimechanism" generalization of the classical Kr6ner
(1960) - Lee (1969) multiplicative decomposition,
F = Fe (a)FP (a), with det Fe(') > 0 and det FP (c) > 0, a = 1,... ,M, (4.1)
where each a denotes a local micromechanism of deformation. Such a multi-mechanism
generalization forms the basis of the earlier work by Buckley and Jones (1995), Boyce et al.
(2000), Dooling et al. (2002), Dupaix and Boyce (2007) and Ames (2007). For each mi-
cromechanism indexed by a, we refer to FP () and F'(") as the plastic and elastic parts of
F.3
It is important to note from the outset, that each FP(c) is to be regarded as an internal
variable of the theory which is defined as a solution of the differential equation (the flow rule
2While we did not measure the actual temperature rise in our specimens, Arruda et al. (1995) have shown
that the surface temperature of a compression specimen of an amorphous polymer, for a test carried out at
20 C, could increase by as much ~ 20'C after a 100% compressive strain at a strain rate of 10- 1 s- 1 .
3In a one-dimensional theory of linear viscoelasticity, which is based on a widely-used mechanical analog
of M Maxwell-elements assembled in parallel, the one-dimensioinal strain e is decomposed as
tee- e l - e fo o, g of s a di .. , M;
the decomposition (4.1) is a three-dimensional, large- deformation, generalization of such a decomposition.
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to be discussed shortly)
FP (a) = DP (c)FP (a) with det F (a) = 1, and with initial condition FP (")(X, 0) = 1.
(4.2)
The corresponding F'(") is then defined by Fe( ) _ FFPCa-'. Hence the decompositions
(4.1) are not purely kinematical in nature as they are not defined independently of consti-
tutive equations; they are to be viewed as kinematical constitutive equations.
The fewer the "number of micromechanisms," M, which are needed to phenomenologi-
cally describe the response of a material, then the fewer the number of "material parameters"
that are needed to flesh-out the constitutive theory. In Chapter 2 on modeling the response
of amorphous polymers below 9 g, we found that a theory with M = 2 was quite adequate. In
order to model the response of these materials, which extends to temperatures which are ap-
proximately 50 'C above '0 g, we find that we need to increase the number of micromechanisms
to M = 3. As a visual aid, Fig. 4-5 shows a schematic "spring-dashpot"- representation of
these three micromechanisms:
* The first micromechanism (a = 1): (a) The nonlinear spring represents an "elastic"
resistance to intermolecular (and perhaps intramolecular) energetic bond-stretching.
(b) The dashpot represents thermally-activated plastic flow due to "inelastic mech-
anisms," such as chain-segment rotation and relative slippage of the polymer chains
between neighboring mechanical cross-linkage points. (c) The nonlinear spring in par-
allel with the dashpot represents an "energy storage" mechanism due to the local
elastic incompatibilities caused by the viscoplastic flow mechanisms. We introduce a
defect energy only for micromechanism a = 1, via an internal variable A; even for this
micromechanism, the role of such a stored energy decreases as the molecular mobility
increases when the temperatures approach and exceed L9 9 .
" The second and third micromechanisms (a = 2,3): (a) The nonlinear springs
represent resistances due to changes in the free energy upon stretching of the molecu-
lar chains between the mechanical cross-links. (b) The dashpots represent thermally-
activated plastic flow due to slippage of the "mechanical" cross-links, which are rel-
atively strong below idg, but are progressively destroyed at temperatures above 9g.
The fact that we employ two such mechanisms is necessitated by the experimentally-
observed increased complexity of the response of amorphous polymers as the temper-
ature transitions across the range of temperatures from below Vg to sufficiently above
7-g. We neglect any defect energies associated with mechanisms a = 2, 3.
Our strategy to phenomenologically model the response of the material as the tempera-
ture is increased to 7g and beyond, is as follows:
(i) For temperatures V < Vg, we do not allow any plastic flow in the dashpots associated
with micromechanisms a = 2 and a = 3. Thus, since the springs in a = 2 and a = 3
are in parallel, for all practical purposes the three-micromechanism model reduces to
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a simpler two-micromechanism model, which we have successfully used in Chapter 2
to model the response of amorphous polymers for temperatures 79 < 79g.
A schematic of the individual contributions from each micromechanism, to an overall
stress-strain curve in compression at a temperature 79 < t99 is shown in Fig. 4-6a.
(ii) For temperatures '9 > 79g, we allow for plastic flow in the dashpots associated with
micromechanisms a = 2 and a = 3, but quickly drop the plastic flow resistance in
mechanism a = 2 to a very small value, so that for all practical purposes in this
temperature range, only mechanisms a = 1 and a = 3 contribute to the macroscopic
stress.
A schematic of the individual contributions from each micromechanism, to an overall
stress-strain curve in compression at a temperature'0 > dg is shown in Fig. 4-6b.
Remark 4:
At first blush it might appear possible to combine mechanisms a = 2 and a = 3 into a
single micromechanism, say a = 2, and simply make the modulus associated with the spring
in this single branch to be strongly temperature-dependent - taking on high values below
'9g and low values above V9. However, this would lead to incorrect predictions concerning
the amount of "elastic recovery" in circumstances where the polymer is first heated to a
temperature above dg, subjected to a large deformation which includes large stretching of
the spring, and then cooled to below dg under traction boundary conditions. Thus, since
by assumption the modulus associated with spring in the single additional branch a = 2
increases with decreasing temperature, the amount of "elastic recovery" (spring-back) upon
cooling under traction boundary conditions would be unphysically too large. Conversely,
cooling under displacement boundary conditions, would result in large residual stresses.
In our discussion above, we have implicitly assumed that the glass transition temperature
19g is a constant for each material. However, the "glass transition" actually occurs over a
narrow range of temperatures, and whatever the means that are used to define a glass
transition temperature,4 such a glass transition temperature is not a constant, but depends
strongly on the strain rate to which the material is subjected. With Do = sym(#F 1 )
denoting the total deviatoric stretching tensor, let
/ = V2|Dol (4.3)
4 Such as the peak in the tan-6 curve in a DMA experiment.
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denote an equivalent shear strain rate.5 As a simple model for the variation of the glass
transition temperature with strain rate, we assume that
{9(
V, +n log -7
if V < vr,,
if V > V,, (4.4)
where idr a reference glass transition temperature at a reference strain rate V1, and n is a
material parameter. The change in glass transition temperature with strain rate modeled
by (4.4) is qualitatively shown in Fig. 4-7.
The specialized constitutive theory relates the following basic fields:
x = X(Xt),
F=VX, J=detF>0,
F = Fe (a)FP (a), a = 1, 2, 3,
Fe (a), Je (a) = det Fe (a) = J > 0,
FP (a), JP (a) = det FP(a) = 1,
Fe (a)= Re (a)Ue (a),
Ce (a) = Fe (a)T Fe (a),
BP (a) = FP (a)FP (a)T,
T = E T(a), T(a) T(a)T,
TR JTF-T, )
TR = 0
t/= Es 1 ~(a),
nR Eaz~
V9 > 0,
V7,)
motion;
deformation gradient;
elastic-plastic decomposition of F;
elastic distortions;
inelastic distortions;
polar decomposition of Fe (a);
elastic right Cauchy-Green tensors;
plastic left Cauchy-Green tensors;
Cauchy stress;
Piola stress;
free energy density per unit reference volume;
entropy density per unit reference volume;
absolute temperature;
referential temperature gradient;
qR, referential heat flux vector;
qR, scalar heat supply.
In the following subsections we present special constitutive equations for the three mi-
cromechanisms. For brevity, we only present the major results of our specialization; the
reader is referred to our recent papers (Anand et al., 2009; Ames et al., 2009; Srivastava
et al., 2010a) for a detailed development of the theory, and Chapter 2 for the intermediate
steps of continuum-mechanical arguments and derivations.
5We emphasize that throughout our paper v, vP etc., do not denote Poisson's ratios, but denote equivalent
shear strain rates. The Poisson's ratio is explicitly denoted by v0'.
114
4.3.1 Constitutive equations for micromechanism a = 1
Free energy
The free energy is given by
) _ 4" ()Ce() ) 19) + ,() ( ) (4.5)
elastic energy defect energy
with /e() an elastic energy, and 'f (1) a defect energy associated with plastic flow, for a = 1.
Also, Ice() and 1A represent lists of the principal invariants of Ce(l) and A, respectively.
The "defect energy" /P(1) associated with local microscopic plastic strain incompatibil-
ities, and introduced via the internal variables A, leads to the development of important
back-stresses, and allows one to phenomenologically account for Bauschinger-like phenom-
ena on unloading and reverse loading. In addition, they contribute in an important manner
to the plastic source term in the balance of energy.
The elastic energy 4e(m':
Let
3
Ce(l) - S re & re, with wj = A 2, (4.6)
denote the spectral representation of Ce(l), where (Ae, Ae, A)) are the positive eigenvalues
of Ue(), and (ri, rg, re) are the orthonormal eigenvectors of Ce() and Ue(l). Instead of
using the invariants Ice>(), the free energy e (1) for isotropic materials may be alternatively
expressed in terms of the principal stretches, or functions thereof. With
3
Ee(l= Eje ri (9 ri, Ej' = In A', (4.7)
denoting an elastic logarithmic strain measure, we adopt the following special form for the
free energy #e(1):6
e (1) = G E ( + 'K(trEe(l)) 2 - 3 K (tr Ee( )Cth(d -, ) f(-) (4.8)
where f(d) is an entropic contribution to the free energy related to the temperature-dependent
specific heat of the material. The temperature-dependent parameters
G(79) > 0, K(i9) > 0, > 0th.9
are the shear modulus, bulk modulus, and coefficient of thermal expansion, respectively, and
79 is a reference temperature.
6 This is a useful free energy function for moderately large elastic stretches, Anand (1979, 1986).
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For polymeric materials the magnitude of the elastic shear modulus G decreases drasti-
cally as the temperature increases through the glass transition temperature Vg of the mate-
rial. Following Dupaix and Boyce (2007), we assume that the temperature dependence of
the shear modulus may be adequately approximated by the following function:
G(19) = 1 (Ggi + Gr) - -(Ggi - Cr) tanh (d - dg)) - M(9 - 79g), (4.10)
where g is the glass transition temperature, Ggi and Gr (< Ggi) are values of the shear
modulus in the glassy and rubbery regions, and A is a parameter related to the temperature
range across which the glass transition occurs. The parameter M represents the slope of the
temperature variation of G beyond the transition region, with
M M-I g (4.11)
Mr V > dg.
Next, the temperature dependence of Poisson's ratio vP i of the material is assumed to be
Po1 l
vP i(d) = (v + uP i) -2(, - v P) tanh (d - 9g)), (4.12)
with v and v0 representing values below and above Vg, respectively. The temperature
dependence of the bulk modulus K is then obtained by using the standard relation for
isotropic materials
K(V) = G(79) x 2(1 + vP )) (4.13)3(1 - 2 vPoi(19))
The temperature dependence of the shear modulus G, the Poisson's ratio vP I, and the bulk
modulus K are schematically shown in Fig. 4-8.
The coefficient of thermal expansion is taken to have a bilinear temperature dependence,
with the following contribution to the thermal expansion term ath(79 - 9 0) in the free energy
relation (4.8):
a t h (9 -do) {a= l90) if 79 g) (4.14)
a_ (79 - VO) + (Cr - agi) )(7 - 79g) if V9 > dg.
The defect energy V (':
With
3
A = ai Ii & lj, (4.15)
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denoting the spectral representation of A, and with
3
In A =z In ail2 li, (4.16)
denoting a defect logarithmic strain measure, we assume a free energy N () of the form
7P (1) = - B [(In a,) 2 + (ln a2 ) 2 + (in a3)2 ]4 (4.17)
where the positive-valued temperature-dependent parameter
B(9) ;> 0, (4.18)
is a back-stress modulus. The back-stress modulus B is assumed to be a linearly decreasing
function of temperature, with B vanishing above 9g:
B(V) = -X(-9 - 79 if V <V)
if 9 > 9 g,
(4.19)
where X > 0 is a constant.
Cauchy stress. Mandel stress. Back-stress. Effective stress
Corresponding to the special free energy functions considered above, the contribution T)
to the Cauchy stress is given by
(4.20)
where
(4.21)a8 e () (EeM7 ) -()I- a) ,d_0)Mc) ='=Ee()) - 2GEe + K (trEel)1 - 3KathQO _
&EeGl)
is the corresponding symmetric Mandel stress.
The symmetric and deviatoric back-stress is
Mback = 2( & )A) = BInA.OA 0 (4.22)
Further, the driving stress for plastic flow is the effective stress given by
(f = - Mback.
TG = J-1 Re(') Me(') Re 0T
(4.23)
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The corresponding equivalent shear stress and mean normal pressure are given by
=) (Me)0 1, and p = -itrMe1, (4.24)
V2_ ') 0~ 3
respectively.
Flow rule
The evolution equation for FPM is
P () =DP- ) FPN , (4.25)
with DPM) given by
DP = vP((2T ) , where = V 2DP 1. (4.26)
The equivalent plastic shear strain rate vP( is obtained by solving the scalar strength relation
- Y(1 (A('), vP(1), (4.27)
where
A = Ceal), BP(1, A, VN ) (4.28)
denotes a list of constitutive variables. With the mean normal pressure defined by (4.24)2
and a (total) effective stretch defined by
def /tA = trC/3 = Ce() BP ( /3, (4.29)
as a simplification of the theory, we assume henceforth that the strength function Y is
independent of A, and depends on CeM and BPM only through p and A, so that
(1) = Y (, , 1N 7, VPM)) (4.30)
We assume further that at a fixed state (pA, (, ,d) the strength relation (4.30) is invertible,
with inverse
v/P = f (> T, , , 7 0. (4.31)
Next, we restrict the list of the internal variables (1 to three positive-valued scalars,
~() - ((P S, Sb,
where
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> 
s 0 is an"order-parameter" representing 
the local c ange in molecular-packing due
to deformation-induced disordering.
S 5 a > 0 represents a transient resistance to plastic flow coupled to the disordering of
material. The internal variables W and Sa are introduced to model the "yield-peak"
which is widely-observed in the intrinsic stress-strain response of glassy polymers.
* Sb > 0 represents a dissipative resistance to plastic flow introduced to model "isotropic
hardening" at large strains as the chains are pulled taut between entanglements at
large strains, and there is increasing frictional interaction between the pendant side-
groups; this is in addition to any entropic or energetic contribution from network
chain-stretching.
Thus, the constitutive equation for the equivalent plastic strain rate (4.31) becomes
v/1 = f(), iT<,Ps\, SaS) 0. (4.32)
Finally, guided by the literature (e.g., Eyring, 1936; Fotheringham et al., 1976; Fotheringham
and Cherry, 1978; Povolo and Hermida, 1995; Povolo et al., 1996; Richeton et al., 2005a,
2006, 2007) and our flow rule in Chapter 2, for the flow function f in (4.32) we choose a
thermally-activated relation in the specific form
r if ) 0,
vPN= 1Q r0e (4.33)
1 exp exp (kB [ (-) if T
where
eTn T N-(Sa+ Sb+app), (434)
denotes a net shear stress for thermally-activated flow ; here a, > 0 is a parameter introduced
to account for the pressure sensitivity of plastic flow. The parameter (1 is a pre-exponential
factor with units of 1/time, the term exp(-1/() in (4.33) represents a concentration of 'flow
defects," Q is an activation energy, kB is Boltzmann's constant, V is an activation volume,
and mNl) is a strain rate sensitivity parameter.
Remark 5:
There are many models for the rate and temperature-dependent yield strength of polymers
in the literature which consider plastic flow as a thermally-activated process (e.g., Eyring,
1936; Robertson, 1966; Argon, 1973). Most of these models give a reasonably acceptable
representation of the variation of the yield strength with temperature and strain rate, but
over limited ranges of these variables. The equation for the plastic shear strain rate (4.33)
used here is motivated by the recent work of (Richeton et al., 2005a, 2006, 2007), who in
turn base their model on the so-called "cooperative"-model of Fotheringham et al. (1976)
, Fotheringham and Cherry (1978), Povolo and Hermida (1995) and Povolo et al. (1996).
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Richeton et al. have shown that a flow function of the form (4.33) may be used to satisfacto-
rily represent the variation of the yield strength of amorphous polymers over a wide range of
strain rates and temperatures. The major difference between the flow function proposed by
Richeton et al. and the one considered here, is that instead of a tensorial back-stress Mback
(cf., (4.22)) to define an effective stress which drives plastic flow (cf. (4.23)), they consider
a temperature-dependent scalar internal stress in their theory. This results in a profound
difference between their model and the one considered here, specially in the ability of the two
models to capture unloading and cyclic loading phenomena, as well as in a proper accounting
of the energy dissipated during plastic flow (below dg). Also, the three-dimensional theory
that they present in 3 of their 2007 paper is substantially different in its mathematical
structure from that considered here.
Remark 6:
In the literature on amorphous materials, the dimensionless parameter C in the term exp(-1/()
for the concentration of flow defects, is called the normalized equilibrium free-volume, and
given by (e.g., Spaepen, 1977)
V 
9 
(4.35)
Vf
where vf is a local "equilibrium free volume," a measure of the local packing density of the
amorphous material at a given temperature, and v* is a normalizing constant. Assume that
the variation of vf at temperatures V < t9 is small, and that for V > d9 the temperature
dependence of Uf may be approximated by a linear relation
Vf = Vg + a(V - )g , (4.36)
where v9 is the free-volume at Vg, and af is the temperature coefficient of expansion of the
free-volume. Thus, for temperatures d > Vg,
_ f _ * _(v*/af)exp = exp - = exp - (4.37)
g v+ Cef(,d -og) ) ( -79 Vgla5 '
and introducing two constant material parameters with dimensions of temperature,
C = (v*/af) and d N (,dg - g/af), (4.38)
we obtain
w e b t i nex p =ex p 9- ,O (4 .3 9)
which is the famous Vogel-Fulcher-Tamman (VFT) term, used widely to describe the temperature-
dependence of the viscosity of polymeric liquids near their glass transition temperature (Vo-
gel, 1921; Fulcher, 1925; Tammann and Hesse, 1926).7 Here, instead of manipulating as
7 Instead of the VFT form (4.39), Richeton et al. (2005a, 2006, 2007) extend their equation for the plastic
shear strain rate to temperatures 9 > 19,, (cf. equation (17) in Richeton et al. (2005a)), by using a Williams-
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above to obtain the VFT-expression
(4.41)
C
for the equilibrium normalized free volume C, we use (4.35) and (4.36) to directly write
S=(gi + d (d - Vg ), (4.42)
where
def V9 def __f(g f V and d (4.43)
f f
are constants, with (gi dimensionless, and d with dimensions of inverse temperature. Indeed,
since the variation in ( is expected to be small for temperatures V < 'g, we assume that
=(g, = constant for 9 < Vg, and rewrite (4.42) as
(gi for 9 < 9 9' (4.44)
(gi + d (d - g) for V > 7g.
The simple relation (4.44) is well-defined at temperatures lower than dg, and has a linear
VFT-type form at higher temperatures; we use it in what follows. The variation of normalized
free volume parameter C with temperature is schematically shown in Fig. 4-9a.
Further, we find that in addition to a temperature-dependent above Vg, in order to
model the plastic flow response of polymers over a wide range of temperatures spanning
the glass transition temperature, the activation energy Q also needs to be taken to be
temperature-dependent. We assume that it varies as
Q(79) = j(Qgl + Qr) - i(Qgl - Qr) tanh (d - Vg)), (4.45)
where, Q = Qgi in the glassy regime, and Q = Qr < Qgj in the rubbery regime, and as in
(4.10), A is a parameter related to the temperature range across which the glass transition
occurs. The variation of activation energy Q with temperature is schematically shown in
Fig. 4-9b.
Landel-Ferry (WLF)-type temperature-dependent expression (Williams et al., 1955)
exp 1 exp ((loge 10) x C ( - g) (4.40)
exp = ep ( C2 + d -,d9
where C1 and C2 are constants with dimensions of temperature. As is well-known, using suitable manipula-
tions, the VFT and the WLF forms may be shown to be equivalent. Although the WLF and VFT equations
are equivalent, the slightly simpler form of the VFT equation is often preferred.
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Evolution equations for internal variables
In a general form, the internal variables (1) and A are presumed to evolve according to the
differential equations
(1)v"G)
dynamic evolution static recovery
A = DP()A + ADP(1) - G(A(')) v/PM - Gstatic
dynamic evolution static recovery
(4.46)
with the functions h , R7, G, and Gstatic isotropic functions of their arguments.
Remark 7:
In (4.46), the functions Ri and Gstatic represent static recovery (or time recovery, or thermal
recovery), since they do not depend on the plastic strain rate. The static recovery terms
are important in long time situations such as creep experiments over a period of hours and
days at high temperatures. Here, we focus our attention on thermal forming processes that
occur in relatively shorter periods of time (typically less than 5 to 20 minutes), in which
case the slow static recovery effects may be neglected. Accordingly, in what follows, as a
simplification, we neglect the effects of any static recovery in the evolution of the internal
variables.
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(i) Evolution of W and Sa:
We assume that the material disorders, and is accompanied by a microscale dilatation
as plastic deformation occurs, resulting in an increase of the order-parameter p,8 and
this increase in disorder leads to a change in the resistance Sa, causing a transient
change in the flow stress of the material as plastic deformation proceeds. Accordingly,
the evolution of the resistance Sa is coupled to the evolution of the order-parameter
W. Specifically, we take the evolution of Sa to be governed by9
Sa = H VP (), with initial value Sa(X, 0) = Sao, (447)
a aHa=ha (S*:-Sa) , and S* =SNa(vP"),i},.p),
and assume that
0 
=/v'(), with initial value W(X, 0) =Po,
= g (* - W), with P* = *(VP(l),d) ;> 0;(
here # is a shear-induced disordering function.
In the coupled evolution equations for Sa and W, the parameters ha, g, Sao and Wo are
constants (possibly temperature-dependent). The function Ha represents the strain-
hardening/softening function for the resistance Sa during plastic flow: the material
hardens if Sa < S*, and softens if Sa > S*. The critical value S* of Sa controlling
such hardening/softening transitions is assumed to depend on the current values of the
plastic strain rate, temperature, and the order-parameter W. The function S*, which
controls the magnitude of the stress-overshoot, is taken as
S= b(P* - W). (4.49)
In the disordering function 3, the parameter W* represents a strain-rate and temper-
ature dependent critical value for the order-parameter: the material disorders when
'P < o*, and becomes less disordered when W > W*. Considering the temperature and
strain-rate dependence of p*, it is expected to decrease with increasing temperature at
a fixed strain-rate, and increase with strain-rate at a fixed temperature. We model this
temperature and strain rate dependence of W* using the following phenomenological
8 The microscale dilatation is extremely small, and at the macroscopic level we presume the plastic flow
to be incompressible.
9 Coupled differential evolution equations of this type have previously been used to model yield peaks in
granular materials (Anand and Gu, 2000), as well as amorphous polymeric materials (Anand and Gurtin,
2003a; Ames, 2007), and amorphous metallic glasses (Henann and Anand, 2008).
123
equation
1 - (P(1))S if (V < 9.g) and (vPM) > 0),0* (VP() ,) = 79 Vr -- ' (4.50)L0 if (79 > Vg) or (vP -) 0),
with constants (z, r, s).
Thus, gathering the number of material parameters introduced to phenomenologically
model the yield-peak, we have the following rather large list
(ha, b, Sa0 , g, p0, z, r, s),
with some of these parameters possessing additional temperature-dependence. We
assume that all but g are independent of temperature. The parameter g in (4.48),
which controls the width of the yield-peak (higher values of g results in a narrower
peak), is assumed to increase linearly with temperature:
g() = 91 + 92'd- (4.51)
Using these equations, the evolution of the order parameter W with strain, and corre-
sponding evolution of internal resistance Sa is schematically shown in Fig. 4-10a. By
suitable choice of material constants, the coupled evolution equations for the internal
variables W and Sa may be used to model the "yield-peak" in the stress-strain response
of glassy polymers.
Remark 8:
Modeling the temperature and rate-sensitivity of the yield-peak over a wide-range of
temperatures and strain rates is known to be complex. If a simpler theory with fewer
material parameters is desired, and if it is deemed that modeling the yield-peak is not
of interest, then there is no need to introduce the internal variables W and S, and
thereby also the attendant constants in their evolution equations.
(ii) Evolution of Sb:
In most of the literature on amorphous polymers, the rapid increase in stress lev-
els at large deformations has been attributed to entropic-elasticity and the limited-
extensibility of the polymer chains. However, our experience with experiments that
involve both loading to large strains and subsequent unloading, indicate that if in a
corresponding theoretical model the rapid increase in stress levels during loading is at-
tributed entirely to the limited chain-extensibility and entropic-elasticity effects, then
the unloading response is incorrectly predicted - there is too much "elastic recovery"
upon unloading. It is for this reason that we have introduced the internal variable
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Sb to model a dissipative resistance to plastic flow which arises at large strains as the
chains are pulled taut between entanglements, and there is increasing frictional inter-
action between the pendant side-groups; this resistance is in addition to any entropic
contribution from network chain-stretching.
The evolution of the internal variable Sb is taken to be governed by the differential
equation
Sb = hb (A - 1) (S* - Sb) , with initial value Sb(X, 0) SO ; 0. (4.52)
In (4.52) the material parameters are hb and S*. We take hb to be a temperature
independent constant, while the saturation value S* is taken to have the following
temperature dependence
S*9) -(Si + Sr) (Sgi - S,)tanh ( 9 - g)) - L(V - dg), (4.53)
where Sgi and S, (< Sgi) are values of S* in the glassy and rubbery regions near the
glass transition temperature t9g, and L represents the slope of the temperature variation
of S* beyond the glass transition region, with
L L I L9< g ' 
(4.54)Lr 79 > og.
A schematic of the evolution of Sb with an equivalent strain in a monotonic isothermal
experiment is shown in Fig. 6-10b.
(iii) Evolution of A:
Finally, the evolution equation for A is taken as
A - DP(')A + ADP(') - -A In A vP 1 ), A(X, 0) = 1, (4.55)
where y > 0 is a constitutive parameter which governs the dynamic recovery of A; we
take it to be independent of temperature. This evolution equation is a generalization
of the non-linear kinematic-hardening rule of the small deformation theory of classical
metal viscoplasticity (e.g., Chaboche, 2008), but here, as in Chapter 2, applied to large
deformation polymer-viscoplasticity. Note that on account of the assumed temperature
dependence of the back stress modulus B in (4.19), the back-stress Mback decreases as
79 approaches 'ig, and vanishes for all 0 > dg.
4.3.2 Constitutive equations for micromechanism a = 2
1. Free energy
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Let
Fe (2) C_ j -1/3 Fe( 2), det Fe (2) = 1, (4.56)dis dis
denote the distortional part of Fe(). Correspondingly, let
Cs (F F = (4.57)
denote the distortional right Cauchy-Green tensor and consider a free energy function
in the special form 10
__2 (2) C , 9). (4.58)
As discussed in Chapter 2, there is a conceptual difficulty with using statistical-
mechanical ideas of the theory of entropic rubber elasticity to describe the strain
hardening due to chain-stretching at temperatures below the glass transition tem-
perature, because at these temperatures the chains do not have sufficient mobility
to sample all possible molecular conformations. For this reason, we employ a simple
phenomenological form for the free energy function V)(2) proposed by Gent (1996):
(2) 1(2) 
_[ (2)) _f (4.59))
=- Im ln (I - I 3,) with I tr C , (4.59)
where
(2 (,) > 0, and I) (,) > 3 (4.60)
are two temperature-dependent material constants, with p(2 ) representing the ground
state rubbery shear modulus of the material, and I, representing maximum value of
(I(2) - 3), associated with the limited extensibility of the polymer chains.
The Gent free energy function has been shown by Boyce (1996) to yield predictions
for the stress-strain response similar to the entropic-network model of Arruda and
Boyce (1993a). However, since the Gent free-energy function is phenomenological, we
are free to specify a temperature variation of the moduli pM() > 0 and IM (9) to
fit experimentally-observed trends, rather than those dictated by statistical mechanics
theories of entropic elasticity. The material parameter p(2) in (4.59) is strongly tem-
perature dependent. Experimental results indicate that the rubbery shear modulus
p 2) decreases with increasing temperature. The empirical function chosen to fit the
experimentally-observed temperature dependence of pL 2) is
2 (9) = (2) exp (-N(9 -g)), (4.61)
pg is the value of 1-t2) at the glass transition temperature (1 9g), and N is a param-
eter that represents the slope of temperature variation on a logarithmic scale. The
loSince Je () = J, and we have already accounted for a volumetric elastic energy for /(1), we do not allow
for a volumetric elastic energy for 'b (2 ) or @0.
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parameter I is taken to be temperature-independent constant
I,, (,) ~ constant.
2. Cauchy stress. Mandel stress
The free energy (4.59) yields the corresponding second-Piola stress as
=2 T
- 1Ce 2)(
=j-2/3 A(2)
I (2) 3)
tr Ce C 
(2)
dis ) dis
and use of (2.24) gives the contribution T(2 ) to Cauchy stress as
T (2 = J- Fe(2) Se(2F e(2
-1
= J-1 p() 1 -
I (23)
where
Bd2 dsdFe (2)(Fe (2 ) = J-2/3Be (2)
denotes the elastic distortional left Cauchy-Green tensor. Also, from (4.64) the corre-
sponding Mandel stress is
Me(2) = Ce(2)Se(2 ) = 1 - ) '(C ( (2),)o
which gives the equivalent shear stress for plastic flow as
- 2) de1TN t |Me (2)|.
3. Flow rule. Internal variables
The evolution equation for FP2 is
NP = DP( FP(,
with the plastic stretching DP( given by
(4.68)
(4.69)
(4.70)
DP ) ',p(2) 
Me( 2 ) ,
(2-(2) )
where = v (D4
(4.62)
11 [1
(4.63)
(4.64), i
(B (2)o,
(4.65)
(4.66)
(4.67)
4.71)
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is the corresponding equivalent plastic shear strain rate. With S(2) (,d) a positive-valued
stress-dimensioned shear resistance, we take the corresponding strength relation as a
simple power law
2) ,S (4.72)
where v6 is a reference plastic shear strain rate with units of 1/time, and mG2 is a
positive-valued strain-rate sensitivity parameter. This gives
1p - V(2) ( /m (4.73)
We assume that S(2 ) varies with temperature,
S2)(V) =(S(2) + S(2)) - (S( - S( 2)) tanh (d - t9)), (4.74)
where, S 2 ) = S in the glassy regime, and S(2 ) - S(2) (< S(2) in the rubbery regime,
and as in (4.10), A is a parameter related to the temperature range across which
the glass transition occurs. A high value of S(2 S 2 leads to VP ~ 0 whengi
79 < 9g, and as the temperature increases through the glass transition, the value of
S2 smoothly transitions to a very low value, allowing for plastic flow above t0g. This
assumption is meant to reflect the major effect of the rapid destruction of a large
fraction of the mechanical crosslinks as the temperature increases beyond 19g. Thus,
under a macroscopically-imposed deformation history at temperatures greater than a
few degrees higher than Vg, micromechanism a = 2 freely deforms inelastically by
relative chain-slippage, and there is no further increase in the corresponding elastic
stretch U, (2), and thereby the corresponding stress; cf. Fig. 4-6b for a = 2.
4.3.3 Constitutive equations for micromechanism a = 3
1. Free energy
As for micromechanism a = 2, we take the free energy in a Gent form:
pi I n L1-1( with I Lef tr Ce (4.75)2 wh I -re dis
where
3 > 0, and 1>(3 (.6(4.76)
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are two material constants, with t(3) representing the ground-state rubbery shear mod-
ulus of the material, and I(3 representing maximum value of (43) - 3). For simplicity,
these two material constants are assumed to be temperature-in dependent.
2. Mandel stress. Cauchy stress
The free energy (4.75) yields the corresponding second Piola stress as
Se(3) _ j- 2/ 3 Pj(3) (i
_ Iy3) 1r1
and use of (2.24) gives the contribution T(3 ) to Cauchy stress as
T = J-1 [3) (1 I(3 -3 -
m3) (B e(3))o] (4.78)
Also, from (4.77) the corresponding Mandel stress is
Me(3) _ IL(3) (i 3 ) (Ce (), (4.79)
which gives the equivalent shear stress for plastic flow for micromechanism a = 3 as
-3 def 1 IMe(3)1.
P (3) = DP 3 ) FP(,
(4.80)
(4.81)
with the plastic stretching DP( given by
DP 
-=3 P(3) Me(3) )
(2-r3)
where vp ( d 3DP(
is the corresponding equivalent plastic shear strain rate. We assume that /P( = 0
when t9 < 7g, and for V > '0 g, with S( a positive-valued stress-dimensioned shear
resistance, we take the corresponding strength relation as a simple power law
/p (3)
T(3) = S(3 j3) ) (4.83)
V(3)
dstr C C d 1 (4.77)
3. Flow rule. Internal variables
The evolution equation for FP( is
(4.82)
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where v is a reference plastic shear strain rate with units of 1/time, and m93 is a
positive-valued strain-rate sensitivity parameter. This gives
0 if V < 9 g
Ip() () j (3) 1/M(3) if 7 9(4.84)
{'6 =S(3 )) i /9
4. Evolution equations for internal variable S()
The internal variable S() models the dissipative resistance caused by the sliding poly-
mer chains during the tortuous process of molecular disengagement that has come to
be know as "reptation" at temperatures above Vg. The evolution of S(3 ) is taken to be
governed by
h3 Odis - 1 Vp(3), with initial value S(3)(X, 0) = S(3) > 0. (4.85)
Here h3 ( 9 ) and S( (d) are temperature dependent material parameters, and
Adis trCdis/3 = BP ( : C2 e3/3 (4.86)
is an effective distortional stretch. The temperature dependence of S(3) and h3 is taken
to obey the following simple forms
S(3) = S(3) exp -Y(9 -dg)), (4.87)
h3= h3g exp (- Z(d - dg)). (4.88)
4.3.4 Fourier's Law
The heat flux is taken to be given by Fourier's law
q, = -iVV, (4.89)
with 1-(d) > 0 the thermal conductivity. The temperature dependence of the thermal con-
ductivity for the three polymers is shown in Fig. 4-11a."
"For Zeonex-690R, the data was obtained from Zeon chemicals. For PC and PMMA, the data was
obtained from the material database of the commercial software program Moldflow.
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4.3.5 Partial differential equations for the deformation and tem-
perature fields
The partial differential equation for the deformation is obtained from the local force balance
DivTR + boR -- PR, (4.90)
where boR is the non-inertial body force per unit volume of the reference body, PR > 0 is the
mass density, and
TR = JTF~T  (4.91)
is the standard first Piola stress, with T given by the sum of (4.20), (4.66) and (4.78).
At this stage of the development of the theory and the concomitant experimental database,
the "thermoelastic coupling" terms which give rise to a temperature change due to variations
of Ce(') and A are not well-characterized, nor is the dependence of the specific heat c, on
these quantities. Much work needs to be done to characterize these dependencies. Here, as
approximations, (i) we assume that c ~~ (i9) (independent of Ce() and A), and may be
obtained from experimental measurements; and (ii) we neglect the thermoelastic coupling
terms, and assume instead that only a fraction 0 w $ 1 of the rate of plastic dissipation
contributes to the temperature changes. Under these approximative assumptions, and since
we have neglected static recovery of A, we have
ci = -Divqg + q + w (T() vP(l) + B Iln A 12 Vp(1) + Tr( 2) Vp(2) + -r( 3) Vp( 3 )). (4.92)
The temperature dependence of specific heat for the three polymers is shown in Fig. 4-11b. 12
4.4 Fit of the stress-strain curves and material param-
eters for Zeonex-690R, PC, and PMMA
The material parameters appearing in our model were calibrated by fitting the experimental
stress-strain data for Zeonex-690R, PC, and PMMA with the help of a MATLAB implemen-
tation of a one-dimensional version of our model as well as three-dimensional finite element
simulations using a single element. Under certain circumstances, when it became necessary
to account for heat generation due to plastic dissipation and thermal conduction in the sim-
ple compression experiments, 13 fully thermo-mechanically-coupled multi-element simulations
were required (cf. Ames, 2007). The material parameters for Zeonex-690R, PC, and PMMA
determined by using this procedure are listed in Table 4.1.
The fit of the constitutive model to the experimental stress-strain curves for Zeonex-690R,
at various temperatures ranging from 25 C to 180 C and strain rates ranging from 3 x 10-4
12For Zeonex, data was obtained from Zeon chemicals. For PC and PMMA see (Bicerano, 1993; Van
Krevelen, 1990).
1 Typically to fit the experimental data at strain rates of 0.01 s- and 0.03 s-.
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to 3 x 10-1 s-, is shown in Fig. 4-12. The fit of the constitutive model to experimental
stress-strain curves for PC at various temperatures ranging from 25 C to 175 C and strain
rates ranging from 10-3 to 10-1 s-, is shown in Fig. 4-13. Finally, Fig. 4-14 shows the
fit of the constitutive model to the experimental stress-strain curves for PMMA at various
temperatures ranging from 25'C to 170'C and strain rates ranging from 3 x 10-4 to 10-1 S1.
For all three amorphous polymers (Zeonex-690R, PC, and PMMA), the specialized con-
stitutive model performs acceptably (but not perfectly!) in reproducing the following major
features of the macroscopic stress-strain response of these materials:
" For temperatures V < Vg: (a) the strain rate and temperature dependent yield
strength; (b) the transient yield-peak and strain-softening which occurs due to deform-
ation-induced disordering; (c) the subsequent rapid strain-hardening due to alignment
of the polymer chains at large strains; (d) the unloading response at large strains;
and (e) the temperature rise due to plastic-dissipation and the limited time for heat-
conduction for the compression experiments performed at strain rates 2 0.01 s-.
" For temperatures 79 > ig: (a) the extreme drop in initial stiffness at these tem-
peratures, relative to those below 79g; (b) the lack of a yield-peak; (c) the significant
drop in maximum stress levels to < 5 MPa, relative to ~ 250 MPa at temperatures
below i9g; (c) the highly non-linear, strain-hardening stress-strain response during the
loading-phase; (f) the non-linear unloading response and permanent-set - for Zeonex-
690R and PC the amount of permanent-set increases dramatically as the temperature
increases, while for PMMA the amount of permanent-set is substantially smaller.
Overall, the model better reproduces the experimentally-observed stress-strain response for
the three materials at temperatures below Vg, than it does for those for temperatures above
9g. However, with "only three micromechanisms" (but, numerous material parameters) we
feel that the model, as it stands, should be useful for modeling, simulation, and design of
various polymer-processing operations, which we turn to next.
4.5 Validation experiments and simulations
In this section we show the results of some validation experiments (which were not used
to determine the material parameters of our theory), and compare the results of some key
macroscopic features of the experimental results against those from corresponding numerical
simulations. The validation experiments include: (a) a plane-strain forging of PC at a
temperature below 79g, and another forging at a temperature above 0g; (b) blow-forming of
thin-walled semi-spherical shapes of PC above 79g; and (b) micron-scale, hot-embossing of
channels in Zeonex-690R above 799.
4.5.1 Plane-strain cold and hot forging of PC
Plane-strain forging experiments at 25 C and 160 C, under isothermal conditions, were
performed on PC specimens (Vg ~ 145 C). The forging operation, cf. Fig. 4-15, converts a
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cylindrical specimen with a circular cross-section into a specimen with a cross-section which
is in the shape of a "cruciform." The PC forging specimens had an original diameter of
12.7mm, and were 12.7mm deep in the plane-strain direction, which is into the plane of
the paper. The split-dies which impart the cruciform shape to the workpiece, were made
from hardened tool steel. For the experiment conducted at 25 OC the interfaces between the
workpiece and the dies were lubricated to minimize frictional effects; however, no lubrication
was used for the experiment conducted at 160 C due to degradation of the lubricant at high
temperatures. The forging experiments were carried out under displacement control to a
relative die-displacement of 4.6 mm at a constant die-closing velocity of 0.02 mm/s, and then
the die motion was reversed at the same absolute velocity to unload the specimen. After
unloading, the specimen which was forged at 160 C was immediately air-cooled to room
temperature.
For the finite element simulation of the forging process we made use of the symme-
try of the geometry, and only meshed one-quarter of the geometry, as shown in Fig. 4-16.
The quarter-circle of the workpiece cross-section was meshed using 277 ABAQUS-CPE4HT
thermo-mechanically coupled elements, and the cruciform-die was modeled as a rigid surface.
For the experiment at 25 C the workpiece was well-lubricated, and therefore the contact be-
tween the die and the workpiece was modeled as frictionless. However, since no lubrication
was applied in the experiment at 160 C, the contact between the die and the workpiece was
modeled as frictional, with a high Coulomb friction coefficient of 0.75.
Fig. 4-17a and Fig. 4-17b compare the numerically-predicted and experimentally-measured,
load-unload force versus displacement curves for the forging processes at 25 C and 160 C,
respectively. The numerical simulations are able to reasonably accurately predict load-
displacement behaviors at both 25 C, which is well below dg, as well as at 160*C, which
is 15'C higher than Vg of PC. Note that the maximum force for forging at 25'C is 25kN,
while the maximum force for forging at 160 C is only 0.8 kN.
At the end of the loading process, with the dies still closed, the polycarbonate specimens
conform with the shape of the cruciform forging dies. Upon die retraction and unloading,
the polycarbonate specimens undergo some shape-recovery. For the forging experiment con-
ducted at 25 0C there is only a little shape-recovery after unloading, while for the forging
experiment conducted at 160 C there is significant shape-recovery after unloading. After
unloading, and cooling down to room temperature, each forged specimen was sectioned, pol-
ished, and photographed. Fig. 4-18a and Fig. 4-18b compare the experimentally-measured
and numerically-predicted deformed shapes after unloading, die removal, and cooling for
the forgings conducted at 25 C and 160 C, respectively. For both cases the numerically-
predicted final geometry is in reasonably good agreement with that which is experimentally-
measured.
4.5.2 Blow-forming of semi-spherical shapes of PC
Next, we consider blow-forming of flat PC sheets into thin-walled semi-spherical shapes
above 79g. The starting circular blanks, 102 mm in diameter, were machined from 3 mm
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thick PC sheets. The blanks were clamped in a blow-forming fixture; the bottom part of
the fixture was essentially a 50 mm diameter thick-walled cylinder which was attached to a
high-pressure regulated air-supply, and the top clamping plate contained a 50 mm diameter
hole for the polymer to freely expand under pressure. The experiments were performed
under two different processing conditions: (i) at 155 C under a forming pressure of 20 psi
(0.14MPa), and (ii) at 160'C under a pressure of 35psi (0.24MPa). A schematic of the
temperature-pressure process cycle is shown in Fig. 4-19a. The forming process consists
of three steps: (a) heating from room temperature to the processing-temperature over a
period of 10 minutes; (b) ramping the pressure to the processing pressure in 2 minutes; (c)
holding at the processing-pressure while simultaneously cooling back to room temperature
in 15 minutes; and (d) finally relieving the pressure.
For the finite element simulation of such a process, we make use of the axial-symmetry
of the geometry, and mesh only a slice of the geometry as shown in Fig. 4-19b. The polymer
sheet is modeled using 252 ABAQUS-CAX4HT axi-symmetric, thermo-mechanically-coupled
elements with 5 elements through the sheet thickness. The clamps are modeled as rigid sur-
faces, and surface-interaction between the workpiece and the clamps is modeled as frictional,
with a high Coulomb friction coefficient of 0.9. The pressure was applied at the surface of
the bottom elements, as indicated in Fig. 4-19b. Fig. 4-20a shows an image of a sectioned
one-half of the specimen for the blow-forming experiment conducted at 155 'C and 20 psi,
while Fig. 4-20b shows the corresponding numerically-predicted result. Fig. 4-20c shows
a comparison of the experimentally-measured profiles of the specimen cross-sections (solid
lines), against corresponding numerically-predicted profiles (dashed lines): the figure at the
top is for blow-forming at 160 C and 35 psi, and that at the bottom is for blow-forming at
155 'C and 20 psi. The predictions of the bulged-shapes from the simulations are in good
agreement with the experiments.
4.5.3 Micron-scale hot-embossing of Zeonex-690R
Of major importance for creating micron-scale surface features (such as capillary channels for
microfluidic chips) in polymeric substrates is the replication method of micro-hot-embossing.
The basic process of micro-hot-embossing is as follows: the polymeric substrate is heated
to 10-40 C above its glass transition temperature and a rigid stamp containing micron-
scale features is pressed into the heated polymer to allow the polymer to flow and fill the
cavities, transferring the features in the tool to the polymeric substrate. Pressure is then held
and the system is cooled to the demolding temperature (typically 20-60 C below the glass
transition temperature), and the tool is removed from the polymer part. Although there are
numerous reports on successfully micro-hot-embossed microfluidic chips in the literature (cf.,
e.g., Chou, 2001; Bilenberg et al., 2005), the field of polymer hot-embossing process modeling
is still not well developed because of the complex material modeling challenges, and there
are only a few recent reports on numerical process-modeling studies for micro-hot-embossing
(cf., e.g., Juang et al., 2002). Here we consider two micro-hot-embossing experiments and
corresponding numerical simulations.
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Embossing of a series of long micro-channels in a Zeonex-690R substrate
As a simple example of a micro-hot-embossing experiment and simulation, we first consider
embossing of a series of long channels into a Zeonex-690R substrate (7g~ 135 C). The
pattern consists of channels which are 55 1 m wide, 43.5pm deep, and are spaced 92pm
apart. Fig. 4-21a shows a schematic of the tool-pattern, and Fig. 4-21b shows a SEM
micrograph of a portion of an actual embossing tool made from Zr-based metallic glass.
The hot-embossing experiment was carried out on a servo-hydraulic Instron testing ma-
chine equipped with heated compression platens. A 25 mm square, 1 mm thick sheet of
Zeonex-690R, and a 11.7mm square patterned metallic glass tool were aligned and placed
between the heated compression platens. In the micro-hot-embossing experiment, the poly-
mer and the embossing tool were brought into contact and heated to an embossing tem-
perature 160 C. Once at the embossing temperature, a compressive embossing force was
slowly ramped to 0.41 kN to produce a nominal pressure of 3 MPa in 60 seconds, and held
for 60 seconds before both the tool and the polymer were cooled down over 10 minutes to the
demolding temperature of 85 C, after which the pressure was removed and the tool was sepa-
rated from the polymer substrate. The temperature-force-cycle for the micro-hot-embossing
process is schematically shown in Fig. 4-22a.
Since the channels are long relative to their width, and there are a large number of them
aligned in parallel, we employ a plane-strain idealization in our numerical simulation, and
consider only a single half-segment with suitable boundary conditions. Fig. 4-22b shows the
finite element mesh. The Zeonex substrate is modeled using 742 ABAQUS-CPE4HT plane
strain, thermo-mechanically-coupled elements, and the metallic glass tool is modeled using an
appropriately shaped rigid surface. Contact between the substrate and tool was modeled as
frictional, with a Coulomb friction coefficient of 0.75. The displacement boundary conditions
on the portions AD and BC of the mesh boundary are u1 = 0, while on the portion CD of
the mesh, U 1 = U2 = 0 are prescribed.
A scanning electron microscope (SEM) image of the embossed pattern is shown in
Fig. 4-23a, and the numerically-predicted pattern is shown in Fig. 4-23b." We further
investigated the quality of the embossed features using an optical profilometer; Fig. 4-24
compares representative cross-sections of the embossed features in the Zeonex-690R (cir-
cles), against the numerically-predicted channel profile (dashed line).15 The final geometry
of the embossed channels predicted by the numerical-simulation agrees well with the results
from the micro-hot-embossing experiment.
'
4 The numerical pattern has been mirrored and repeated during post-processing to ease comparison with
the corresponding experimental result.
15The optical profilometry method that we used to measure the channel profile is not capable of providing
data for the sharp vertical features.
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Embossing of a micro-mixer pattern for a microfluidic device in a Zeonex-690R
substrate
Next, we turn our attention to micro-hot-embossing of a pattern with relevance to microflu-
idic applications, and consider a simple micro-mixer design shown in Fig. 4-25 (Hardt et al.,
2008). The micro-mixer has two inlets which converge into a single long serpentine mixing
channel with a single outlet. In addition to the serpentine micro-mixing channel, the device
also has many micron-sized markers and other features for alignment and diagnostics (e.g.
rectangular and triangular wells of the order of 100 pm). The mixing channel itself is 50 pm
wide and 38.3 pm deep and the overall dimension of the device is 25 mm by 35 mm.
In order to determine suitable temperature and pressure process conditions for hot-
embossing this micro-mixer geometry in the Zeonex substrate, we did not attempt to model
the full geometry, but considered only the long parallel portions of the serpentine channels,
and modeled these channels using a plane-strain idealization and periodic boundary condi-
tions in our finite element simulations. The Zeonex substrate was modeled using a mesh
consisting of 443 ABAQUS-CPE4HT plane strain, thermo-mechanically-coupled elements,
and the metallic glass embossing-tool is modeled using an appropriately shaped rigid surface;
the finite element mesh is shown in Fig. 4-26. The displacement boundary conditions on the
portions AD and BC of the mesh boundary are u1 = 0, while on the portion CD of the
mesh, U1 = U2 =0 are prescribed. Contact between the substrate and tool was modeled
as frictional, with Coulomb friction coefficient of 0.75. We chose an embossing temperature
of 160 C, and sought to determine an appropriate embossing pressure, holding time, and
demolding temperature which would result in good replication.
After a few trial simulations, we found that at 160 0C, ramping the pressure to 2 MPa
in 30 seconds, and holding the pressure at temperature for 60 seconds would result in a
completely filled die. Fig. 4-27 shows two snapshots of the die-filling process: Fig. 4-27a
shows contours of the equivalent plastic strain 16 after 10s when the nominal pressure is
0.67 MPa and the die is only partially filled, and Fig. 4-27b shows the contours of equivalent
plastic strain at 90 s when the pressure has been held at 2 MPa for 60 seconds and the die
has completely filled. Our numerical simulations also showed that further cooling down
under pressure to 85 C over a period of 10 minutes, and then demolding, would lock-in the
embossed geometry.
After estimating the process conditions from our numerical simulations, we conducted an
actual embossing experiment for the complete micro-mixer geometry (cf. Fig. 4-25) in our
servo-hydraulic testing machine equipped with heated compression platens. The temperature
of polymer and metallic glass tool was increased to the embossing temperature of 160 C,
and a compressive force of 1.75kN was applied to produce a nominal pressure of 2MPa in
30 seconds. The pressure was then held for another 60 seconds at temperature, followed by
cooling down under pressure to 85 0C over a period of 10 minutes, after which the pressure
was removed and the tool was quickly removed from the substrate.
16 Defined as f vP(1) (x)d in branch 1.
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SEM images of several different features in the metallic glass tool, along with the corre-
sponding images of the embossed features in the Zeonex-690R, are shown in Fig. 4-28. As
seen in this figure, the micro-hot-embossing process determined from the numerical simula-
tions, when actually executed, was able to successfully reproduce all the major micron-scale
features of the metallic glass tool onto the polymeric substrate.
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Table 4.1: Material parameters for Zeonex-690R,
spans the glass transition temperature.
PC and PMMA in a temperature range which
Parameter Zeonex-690R PC PMMA
p (kg m-) 1010 1200 1200
ag (K-1) 7 X 10-5 6.5 x 10-5 7 x 10-5
ce (K-') 12 x 10- 5  12 x 10-5 16 x 10-5
Vr (s ) 5.2 x 10-4 5.2 x 10-4 5.2 x 10-4
D, (K) 404 415 385
n (K) 2.5 2.2 2.2
A (K) 2.0 1.6 1.7
Gg1 (MPa) 482 640 300
Gr (MPa) 3.4 4.0 1.4
Mg, (MPa K-1) 0.16 0.73 10
Mr (MPa K-1) 0.034 0.017 .003
Soi0.40 0.37 0.35
vf* 0.49 0.49 0.49
X (MPa K-1) 0.7 1.5 12.2
f 6.93 26.0 34.6
ap 0.116 0.116 0.2
v (s-1) 1.73 x 1013 1.73 x 1013 1.73 x 1013
m(I) 0.16 0.14 0.22
V (m 3 ) 1.7 x 10-27 1.62 x 10-27 0.52 x 10-27
Q9 , (J) 1.56 x 10-19 1.72 x 10- 1 9  1.12 x 10-19Q, (J) 1 X 10-20 2 x 10-20 2.5 x 10-20
(gi 0.135 0.13 0.18
d (K- 1) 0.015 0.01 0.005
SaO (MPa) 0 0 0
ha 173 58 70
b (MPa) 5850 5850 5850
gi -16.17 -5.66 -5.77
92 (K- 1) 0.0693 0.0381 0.0318
Wo 0 0 0
z 0.0055 0.0058 0.012
r 0.24 0.2 0.62
s 0.042 0 0.052
SbO (MPa) 0 0 0
hb 0.577 0.173 0.577
S91 (MPa) 42.7 27.7 6.9
L9 1 (MPa K-') 0.65 1.27 1.73
Sr (MPa) 1.15 0.69 0.0
L, (MPa K-1) 0.029 0.023 0.0
(2)
I19 (MPa) 2.8 3.5 1.3
N (K-1) 11.1 x 10-3 13.5 x 10-3 29.0 x 10-3
I,(n 6.2 6.6 5.0
v(2) (s-1) 5.2 x 10- 4  5.2 x 10- 4  5.2 x 10-4
m(2 ) 0.18 0.18 0.22
S(2) (MPa) 87 87 87
r (MPa) 0.01 0.01 0.01
p(3 ) (MPa) 0.75 0.85 0.75
I$() 6.5 12.0 9.0
v (s-) 5.2 x i0-4 5.2 x 10-4 5.2 x 10- 4
m(3 ) 0.18 0.18 0.22
S(3)9 (MPa) 3.0 2.77 3.1
Y (K-1) 0.19 0.2 0.04
h3 g (MPa) 17.3 16.7 46.6
Z (K-1) 0.178 0.19 0.028
W 10.8 0.8 0.65
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Figure 4-1: Stress-strain curves in simple compression for Zeonex-690R at various temperatures
ranging from 25 C, to 160 C; at a strain rate of 3x1j-4s-1: (a) for temperatures below 9g ~
135 0 C, and (b) for temperatures above t)g. Note change in scale for the stress axis between various
figures.
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Figure 4-2: Stress-strain curves in simple compression for Zeonex-690R at various temperatures
ranging from 25 *C, to 180 'C; at strain rates of (a) 3 x10 3 s-1, (b) 3x10- 2 s-', and (c) 3 x 10-1 s-1.
Note change in scale for the stress axis between various figures.
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Figure 4-3: Stress-strain curves in simple compression for Zeonex at strain rates of 3 x10-4
3x10- 4 , 3x10-4, and 3x10-4s-1, and at temperatures of 25'C, 70'C, 120 C, and 130'C. Note
change in scale for the stress axis between various figures.
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Figure 4-4: Stress-strain curves in simple compression for Zeonex at strain rates of 3x 10-4,
3x10- 4 , 3x10- 4 , and 3x10-4 s- 1 , and at temperatures of 140 0 C, 150 0 C, 160'C, and 180'C. Note
change in scale for the stress axis between various figures.
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Figure 4-5: A schematic "spring-dashpot"-representation of the constitutive model.
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Figure 4-7: Schematic of dependence of glass transition temperature on the shear strain rate v.
Here O is a reference glass transition temperature at a a low reference shear strain rate vr.
0
&
K
------------- G------------------
- g G- '--
- - - -G --- ---- --- .
T r g
Temperature
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Figure 4-11: Temperature dependence of (a) thermal conductivity, and (b) specific heat.
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Figure 4-12: Fit of the model to experimental stress-strain curves for Zeonex-690R at various
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Figure 4-13: Fit of the model to experimental stress-strain curves for PC at various temperatures
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Figure 4-15: Schematic of the plane-strain cruciform forging experiment.
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Figure 4-16: Quarter-symmetry finite element mesh for the workpiece and the rigid surface used
in the plane-strain cruciform forging simulations.
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Figure 4-17: Comparison of the numerically-predicted and experimentally-measured force-
displacement curves for forgings of PC at (a) 25'C and (b) 160 C. Note change in scale for the
force axis between the two figures.
(a))
(b))
(i)
(ii)
(ii)
0 5 mm
(iii)
(iii)
Figure 4-18: Comparison of the numerically-predicted and experimentally-measured deformed
shapes from the cruciform forgings for (a) the forging at 25 C, top row, and (b) the forging
at 160 C, bottom row: (i) Experimental niacrographs; (ii) deformed meshes after unloading, die
removal, and cooling to room temperature; and (iii) outlines of simulated shapes superimposed over
the experimentally-measured shapes - the solid lines are the edge-geometries from the numerical
simulations, and the circles outline the geometry of the specimens from the experiments.
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(b)
Figure 4-19: (a) Schematic of the temperature and pressure process history for the blow-forming
operation. (b) Half-symmetry finite element mesh used for the axi-symmetric blow-forming simu-
lations.
- Experiment 20 mm
--- Simulation
(c)
Figure 4-20: (a) One-half of final shape of the blow-formed PC plate at 155 C and 20 psi.
(b) A three-dimensional representation of corresponding numerical prediction. (c) Comparison of
the numerically-predicted profiles (dashed lines), against corresponding experimentally-measured
traced surface profiles of the specimens (solid lines): the figure at the top is for blow-forming at
160 'C and 35 psi (0.24 MPa), and that at the bottom is for blow-forming at 155 'C and 20 psi
(0.14 MPa).
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Figure 4-21: (a) Schematic of the plane-strain tool (not to scale), and
portion of the metallic glass tool.
(b) SEM micrograph of a
Embossing tool
A +7B
Embossing temperature
Embossin
Demolding
gforce
-- II I C
Time
(a) (b)
Figure 4-22: (a) Schematic of the processing conditions for the micro-hot-embossing, and
finite element mesh for the plane-strain simulation. The displacement boundary conditions
portions AD and BC of the mesh are ui=O, while on portion CD, ui ='U 2 = 0 are prescribed.
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(a) (b)
Figure 4-23: (a) SEM micrograph of the micro channels hot-embossed in Zeonex-690R, and
(b) the corresponding numerical prediction. The plane-strain simulation has been extruded and
mirrored to make the comparison more clear.
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Figure 4-24: Comparison of the experimentally-measured (circles) and numerically-predicted
channel profile (dashed line) in Zeonex-690R.
o Experiment
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Figure 4-25: Geometry of the microfluidic mixer.
275 ym
Embossing Tool 25/1m
A B
2 D C
1
Figure 4-26: Finite eleient mesh for a plane-strain simulation showing the meshed substrate and
the tool modeled as a rigid surface. The displacement boundary conditions on portions AD and
BC of the mesh are ui = 0, while on portion CD u1 = U2 = 0 are prescribed.
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Equivalent
plastic strain
2.00
1.87
1.73
1.60
1.47
1.33
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-0.40
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(a)
Figure 4-27: Numerically predicted
embossing. (a) Partially-filled die at 10s,
Zeonex-690R deformation history during micro-hot-
and (b) filled die at 90 s.
(b)
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(a) (b)
Figure 4-28: SEM microgTaphs of (a) features in bulk metallic glass tool, and (b) corresponding
features in nucro-hot-embossed Zeonex-690R part.
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Chapter 5
Numerical procedure for amorphous
polymers in a temperature range
which spans the glass transition
temperature
5.1 Introduction
In this section we present a simple semi-implicit time-integration procedure for the consti-
tutive theory summarized here in Chapter 4. We have implemented this procedure in the
commercial finite element package ABAQUS/Standard (2011) by writing a user material
subroutine (UMAT).
We begin the procedure by making some simplifying approximations of the constitutive
theory for the time integration procedure. First, the rate dependance of the glass transition
temperature has, in our experience, been difficult to implement robustly in more than a
single element without significantly reducing the time step. Second, the invariant based
constitutive relations in micro-mechanisms a = {2, 3} lead to solving 9 x 9 systems rather
than scalar equations when undergoing plastic deformation. To increase the robustness of
the time-integration procedure we introduce the following simplifications:
1. Fixed dg for multi-element simulations.
2. Log-strain in micro-mechanisms a = {2, 3} when ;> d9 in place of the invariant based
constitutive relations (details to follow).
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5.1.1 Time-integration procedure
The constitutive time-integration problem is that given
{Tn, FPM S~ (() n n, SF . n+1, 9n, dn+l
for all a at time tn, compute
{Tn+1, F),, (Sa)n+i, (Sb)n+1, Pn+1, An+1, S(3}
for all a at time tn+1 = tn + At. In the rest of this section, we will consider each of the
micro-mechanisms denoted by a individually, to be later combined.
Micromechanism a = 1
The evolution equation FPM = DP(OFP(l is integrated using an exponential map' (Weber
and Anand, 1990)
FP = exp (AtD2) FP(), (5.1)
the inverse of Ftfl is then given by
F = FPM exp (- AtDP{). (5.2)
Also, using Fe() = FFP(-1, the elastic distortion at the end of the increment is given by
Fe() = F e() exp AtDP (5.3)
where
Ftr Fn+,FP)- (5.4)
is a trial2 value of the elastic distortion. The tensors Fefl and Fe1l admit the polar decom-
positions Fe(l) = Re() Ue(l) Fe(l) Re()Ue(l)
Fill= R U ,F = U .(5.5)
n+1- n+1 n+1' t tr tr
Using (5.5) in (5.3), and rearranging, we obtain
Re' U l exp (AtDP) = R U . (5.6)
At this point we make the approximation based on the polar decomposition
'The use of the exponential map ensures that the plastic-incompressibility constraint is maintained in
this time-integration procedure.2Meaning, with plastic flow frozen.
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(Al)
Re(' ~ Re(, (5.7)
Uel4 exp (AtDp') ~~ j. (5.8)
In a theory without a back-stress, including this theory when above the glass transition
temperature (recall the back-stress vanishes above tOg), relations (5.7) and (5.8) are exact.
However, in a theory with a back-stress, including this theory when below Vg, the principle
directions of DP need not be the same as U6 and therefore we make this approximation to
simplify the procedure considerably. In Chapter 3 we have shown that this approximation
is satisfactory. Taking the logarithm of (5.8) we obtain the important relation
e(l) = Ee(l) - AtDP(1' where Ee(1) = In Ue'. (5.9)
n+1 tr n+1 rt
Then, the stress strain relation (4.21) gives the stress update
M = Me(') - 2GAtDP(1, (5.10)
n 1 tr n1
where we have used
M i = 2G(Ee(l))tr + Ktr(Ee( )1 - 3Kath(g - d)1. (5.11)
Further, since DP1 is deviatoric for all times t, we have tr Me(l) = tr Me(), or in other
words
Pn+1 Ptr, (5.12)
and
(M )n+1 = (Moe 1 )tr - 2GAtDp'. (5.13)
Next, the stress that drives plastic flow is the effective stress Mef, and at this point
we introduce a semi-implicit part of the time-integration by using the back-stress at the
beginning of the increment
(A2)
(Meff)n+l1 - M - (Mback)n - 2GAtDP(1, (5.14)
and then defining
DP= llP(1) NP(1) (5.15)
n+1 72 n-l n-Fl)
with
, ((Mego~+N+= ( M ,ff)O)fl (5.16)
nHn-1
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and
Ti) 1 ((Mf)+0)+ 1  (5.17)
and
def riel
(Me-)tr - Mtr (Mback)n, (5.18)
(5.14) may be simplified to
(Mffl+1 = (Mff)tr - GAtn(fNP{. (5.19)
Then, taking the deviatoric part of (5.19) yields
n+1n+1 = ((Meeff)O)tr - v+At12N{1, (5.20)
along with the definitions
T1) df 1 ((MIff)O)tr, (5.21)
A/2
N1) def ((Meff)o )tr (.2
v 2Ftr
we arrive at the important result
F -) = - GAt(L) = 0, (5.23)
and
NP(1 7 = N' . (5.24)
Here, (5.23) serves as an implicit equation to determine the value of 1(' at the end of the
increment, and (5.24) shows that the direction of plastic flow is determined by the trial value.
Evolution equations for the internal variables
We now turn our attention to the time integration procedure for the internal variables
associated with micro-mechanism a = 1.
Recall (4.48) for the evolution of the order parameter. A fully implicit backward-Euler
time-integration for the order parameter is given by
(n+1 = SPn + At n+ 1, (5.25)
where
n +1 = g((P*+l - Wn+1)1(+1. ' (5.26)
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Substitution of (5.26) into (5.25), and some rearrangement gives
p, + Atgv(fp) 1
S)n+i = 1 + nt 1 (5.27)
1+ Atgl.P('+
Where W*+ is fully determined at the end of the increment by
z 1/(l -+ < (+1n~
(+1 / (9) n+ Vr (5.28)
0 ni n+i > (79g)n+(
at the end of the increment.
Recall (4.47) for the evolution of the deformation resistance Sa. A fully implicit backward-
Euler time-integration for the Sa is given by
(Sa)n+1 = (Sa)n + At(Sa)n+i, (5.29)
with
(Sa)n+i = ha [(Sa*)n+1 - (Sa)n+] Vl, (5.30)
and
*)n+l = b(W*1 - Wn+1). (5.31)
Then, substitution of (5.30), and (5.31), into (5.29), along with some rearrangement gives
the deformation resistance Sa at the end of the increment
(Sa)n + habAti l~p~1 + - (Pn+i)(Sa)n+i = , (5.32)
1 + AthliV)2
noting that W* is computed via (5.28).
Recall (4.52) for the evolution equation of Sb. A fully implicit backward-Euler time-
integration for the Sb is given by
(Sb)n+l = (Sb)n + At(b)n+l, (5.33)
where by (4.52)
(s)n+1 = hb(kn+1 - 1) [(S*)n+1 - (Sb)n+1] l4 . (5.34)
Where by (4.29) n+1 is given simply by
An+, = tr (FTn+,Fn+1)/3. (5.35)
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Further, from (4.53), the temperature dependance of the material parameters is given by
( S*)n+1 = (Si + Sr) - (S,- S,) tanh (11n+1 - 9 g9 )n+i) - L [dn+1 - (dg)n+1j, (5.36)
and,
L = LgI n+1 < (t 9g)n+. (5.37)
Lr 'dn+1 > (Vg)n+1
Therefore, using (5.34), (5.36), and (5.37), the deformation resistance Sb at the end of the
increment is
(Sb) (Sb)n + Ath(An+l - 1)(S*)n+1" (3
1 +Athb(Xn+l - 1)v/n ((5.8
As an approximation to keep the procedure simple3 , we use a forward Euler time inte-
gration for the evolution of the internal variable A
(A3)
A,+, = An + AtA. (5.39)
Which, (5.39), when simplified gives
An+1 = An + At (D'ad A. + AnD'a{ - An(In An)i ). (5.40)
Note, because of the approximation in (5.14), the update on A takes place after the value
of v'(1) is computed, therefore D'(1 is also known at the time of the update of A.
Solution of the implicit equation for vP1 )l
With the values of the internal variables for a = 1 at the end of the increment in hand, we
can solve the implicit relation (5.23) for v') at the end of the increment.
From the flow-rule (4.33),
(( ()Q n (Te)n+ iV \ /m ('
vPlVO 1k6 exp k L sinh2 L+) . (5.41)
For the ease of notation, defining the temperature dependant quantity (which is known at
the end of the increment)
V1* def ( exp Qn+1 , (5.42)
= 1/6 (kB~n+1-
3 Simple in the sense that with this assumption we will need to solve only a scalar equation rather than
a 9 x 9 system of equations.
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and inverting, we may rewrite (5.41) as
2kB(9e1 s h 1 (5.43)V v/* ,
Then, with (4.34), and upon substitution of (5.32), (5.38), and (5.12) into (5.23) gives
jl) / = - Gst y - (Sa)n+i - (Sb)n+1 -aPn+- 2kCtn+1 sinh1  = 0.
(5.44)
Where (5.44) is solved numerically using a Newton-iteration. In the Newton-iteration, the
tangent is computed using the finite-difference approximation
d G) .F()(,, 1 + A 1 l) F(~)
1 A(5.45)
d(v+) a
where Auf/' 1 is a numerical parameter. In all the calculations in this work, Al) = 10-5 1/s.
Furthermore, after the value of vp(1)n i is computed, a check to make sure (re)n+ > 0, else
4)l is set to zero to satisfy the constraint in (4.34). Lastly, (5.23) is only computed when
n1
<1) > 0, else vn1 = 0.
Micro-mechanism a = 2
Remark 9:
As mentioned before, for micromechanism a = 2, the material behavior is very disparate
above and below the glass transition temperature. We can use this different behavior to our
advantage to simplify the numerical procedure and hopefully add robustness. First, note
that micro-mechanism a = 2 will only have plastic flow when above the glass transition
temperature due to the flow rule (4.73), which is graphically shown in Fig. 5-2. That im-
mediately gives the simplification when t9 < Vg, the time integration procedure for a = 2
simplifies down to the elastic relations which are trivial to compute. Furthermore, as seen
in Figure 5-2, micromechanism a = 2 has a significant contribution below 79g, however it is
neglegible above 79g. Again, we may simplify the procedure, and increase robustness at the
same time, since that overall contribution will be negligible in any case. For that reason, we
simplify a = 2 such that when V > V, we modify 0/( 2), such that the Mandel stress becomes
Me(- 22) = 2p 2(E )o. The simplification (for above 7g only) involves opting for a log-strain
based constitutive relation in place of the invariant based constitutive relation. The effect
of this simplification is replacing a 9 x 9 system of equations, with a single scalar equation.
As mentioned in Remark 9, when below 79g the problem is very simple and boils down to
elastic relations only with F'n 1 = FP since Vp 2) = 0 in this temperature range. Thus, the
visco-plastic component of the problem is known and the elastic distortion at the end of the
166
increment may be computed easily using
Fe(') = Fn+,FP(2)-. (5.46)
Accordingly, the distortional parts may be computed and the stress at the end of the incre-
ment is easily evaluated as
Me(2/ _______) -
M , 1 = 2) i _ ( 1 )) - 3 ( )O n+ , 
(5 .4 7 )
with
vp(2 ) = 0 (5.48)n+1-
With the above assumptions, the numerical procedure for temperatures below g is very
simple and is easily implemented.
Also, as mentioned in Remark 9, when above Vg we must take into account the role
of visco-plasticity since micromechanism a = 2 is undergoing plastic flow in this tempera-
ture range. Correspondingly, when the temperature is at or above dg we use the following
procedure. The evolution equation Fp(2) = Dp(2)FP(2 is integrated using an exponential map
Fp(2)(2 ()F = exp (AtDP FP(0 (5.49)
the inverse of Fn(2) is then given by
F( = Fp(2 exp -AtDn . (5.50)
Also, using Fe(2) FF the elastic distortion at the end of the increment is given by
F e(= F e( 2) exp (- AtDP(2) (5.51)
where
e Fn+1 F( 2 ' (5.52)
is a trial value of the elastic distortion. Further,
(Fs )tr = Jn-+ Fn+1Fn 7-1 (5.53)
and
(F )n+1 = (F()tr exp (-AtD , (5.54)
are the distortional parts of F and F(, respectively. Recall that we are using dis-
tortional parts since micro-mechanism a = 2 has no volumetric contribution to the overall
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response. The tensors (F(2 ),,+, and (F )tr admit the polar decompositions
(F )+ =R i(U s )n+ 1, (Fds )tr = R di(U )tr. (5.55)
Using (5.55) in (5.51), and rearranging, we obtain
$(U )n+1 exp (AtDP2) Re(2)(U ) )tr. (5.56)
Then, based on the uniqueness of the polar decomposition we have the exact relations
Re(2) = Re(2), (5.57)
n+1 tr
(Us )n+1 exp (AtDR2 =(U )r (5.58)
Taking the logarithm of (5.58) we obtain the important relation
(E2 )n+1 = (E( 2 )tr - AtDP 2 ) where (E e 2 )t = ln(Ue(2)tr (5.59)
Recall (4.68)
Me(2) 
- A (2) - I ) (Ce(2)o
for the invariant based stress relation. As noted in Remark 9, the major simplification to the
constitutive theory in micromechanism o = 2 when above 1 g is the simplified stress relation
where we replace (4.68) by
(A4)
Me(2) = 2(tt(2 ) (E ()O. (5.60)
Then, the simplified stress relation (5.60), along with (4.71), gives the stress update
M -2 = Me(2) - V 2(2) AtVp(2) NP(2 (5.61)
where we have used
D p(2+)= ,p(N) N+®i,(5.62)
with
Me(2)
NP+1 = 2, (5.63)
and
(2) = 1Mij. (5.64)
Tn+1 21n1 (64
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Then, defining
_(2) def 1 im e,2)i,Ttr 
- 2 M r
df M( 2 )
tr 
-r
we arrive at the important result
j7(2) _(2) - (2) (2)At p(2 = 0,
and
NI = N .
Here, (5.67) serves as an implicit equation to determine the value of vjp(1) at the end of the
increment, and (5.68) shows that the direction of plastic flow is determined by the trial value.
With SG) a constant, we can solve the implicit relation (5.67) for v 2  at the end of the
increment. From the flow-rule (4.73),
/ (2) \1/M(2)
1/p( 2 ) - 7 n+1_ i
S+ n+1 (5.69)8 [I+ tanh (n+i - g)n+
which we invert to give
I = S (2)n+1
L ( 1 - M(2)
+1L + tanh n+ g)n+
Then, substitution of (5.70) into (5.67) gives
(2) = tr - P(2)At(
2
_ S E (2 \ ( r /, m(2)n-1 <I + tanh( Vn+1 -(~~~~ ~
Mr } 2 [ A/10 ]J
Where (5.71) is solved using a Newton-iteration. In the Newton-iteration, the tangent is
computed using
1
+ tanh ( 9 n+1 - (d)n+)
A/10 )I
. (5.72)
(5.65)
(5.66)
(5.67)
(5.68)
(5.70)
= 0.
(5.71)
-d r(2) = (-p ) At _ S(2 Tn
1(v p() V, )
x 
1/ 
~ 
+ tanh P(2 f 1 )n+1 M(2)__1
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Lastly, (5.67) is only computed when -( > 0, else p2) = 0.
Micro-mechanism a = 3
Remark 10:
As with micromechanism a = 2, here for micromechanism a = 3, the material behavior is
very disparate above and below the glass transition temperature. We again use this different
behavior to our advantage to simplify the numerical procedure and add robustness. Since
the response of micromechanism a = 3 is similar to that of a = 2, we introduce similar
simplifications to the numerical procedure. Furthermore, as noted before, for application to
shape-memory polymers micro-mechanism a = 3 is elastic for all temperatures and times.
Due to its similarity to micromechanism a = 2, for brevity, we will only present the major
results of the simplified procedure here.
As noted in Remark 10, the procedure for a = 3 is very similar to that of a = 2, therefore,
only a brief summary is given. When below Vg the integration procedure is essentially elastic
and trivial to compute. However, when above O we must take into account the role of
visco-plasticity, correspondingly, when V > Og, the evolution equation Fp(3) = DP (FP(3 is
integrated using an exponential map. Additionally, we opt for a log-strain rather than an
invariant based stress measure such that the stress is given by
(A5)
Me(3 ) = 2pt 3) (E )(, (5.73)
with
e(3 ) In Ue( 3) (5.74)dis - dis
In a manner totally analogous to micro-mechanism a = 2 we have the result
3  
= -1 - t + I- n1 0, (5.75)
and
NP+- = NT . (5.76)
n+1 -t
Evolution equations for the internal variables
We now turn our attention to the time integration procedure for the internal variable S(3
associated with micro-mechanism a = 3. Recall (4.85) for the evolution of the deformation
resistance SO). A fully implicit backward-Euler time-integration for the S(3 ) is given by
s+ 1 =S 3 + ASn)1 , (5.77)
with
51= ha(Idis)n+1 - (3. (5.78)
170
Then, substitution of (5.78) into (5.77) gives the value of the deformation resistance S(3) at
the end of the increment
S(3 =S3> + h 3At ((Adis)n+ll (5.79)
Where by (4.86), (Adis)n+1 is given simply by
(5.80)
and is known at the beginning of the step.
Solution of the implicit equation for 1(3)
Note that from (4.84), Vn (3 ) = 0 when 79n+1 < (tg)n+i.
variables for a = 3 at the end of the increment in hand,
(5.75) for V(3 at the end of the increment.
With the values of the internal
we can solve the implicit relation
From the flow-rule (4.84),
/ (3) \1/M(3 )
-n (3 n___1
n+1 -Vr S(3)
(n+1, 1
+ tanh 9n+1 - g)n+l
which we invert to give
L(3)D{n+1 + tanh ('n+ - 9g)n+
Then, with (5.82), and upon substitution of (5.79) into (5.75) gives
- (3) - p(3) Atv/( _ n-I1 + tanh
} (5.81)
mn( 3 )
(5.82)
= 0.
(5.83)
-1,np+3)
Jn+- 3n+1,
11
-(3) = S(3
M(3)
Ign+1 - (,9g)n+l
Ax
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Where (5.83) is solved for (3)using a Newton-iteration. In the Newton-iteration, the
tangent is computed using
d-(3) = -- At - S(3 M(3) [1 + tanh( i 9g)n )
x n1 1 + tanh 9l
vr 2 AXP(3) f M(3)
- h3 At((\dis)n+l - 1) [(1 IlI + tanh (n+1 (79)n )j . (5.84)
Also, (5.83) is only computed when <t > 0, else = 0.
Lastly, totally analogous to micro-mechanism a = 2, for the case when 0 < zg, we
have the major simplification D3 = 0. That leads to essentially elastic relations in which
F = Fe(3) and the stress is updated using (4.78).
Combined response of all micro-mechanisms
With the plastic distortion F() known in each micro-mechanism at the end of the increment,
the total Cauchy stress at the end of the increment is given by T = T) + T(2 ) + T(3), while
the contribution from each micro-mechanism is given by (4.20), (4.66), and (4.78), for a = 1,
a = 2, and a = 3, respectively.
5.1.2 Material Jacobians
We have implemented our time-integration scheme in the commercial finite element code
ABAQUS/Standard (2011). The implicit equations are solved using a Newton-type proce-
dure, therefore the solver in Abaqus/Standard requires the material Jacobian matrix. In a
fully thermo-mechanically-coupled analysis that means four different Jacobians. The four
Jacobians required by Abaqus/Standard are as follows;
1. variation of the stress with strain (a matrix), Jj,
2. variation of the stress with temperature (a vector), Ki,
3. variation of mechanical dissipation with strain (a vector), Li,
4. variation of mechanical dissipation with temperature (a scalar), M.
Due to the complexity of the constitutive theory, we have implemented numerical Jacobian's
rather than a set of approximate analytical Jacobian's. We have found that in our expe-
rience the numerical Jacobian's are more robust in calculating a converged solution than
approximate analytical Jacobians.
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We refer to P as the volumetric heat generated per unit time due to mechanical working
given by
P = (j 7- UP1 + IBy In A12V(1) + -r(2)Vp(2) + (3)Vp(3) . (5.85)
Then, for later use, we decompose P = P() as the volumetric heat generated per unit
time due to mechanical working in each micro-mechanism a given by
-P) = ( (1) VP + By ln A 2vp() , (5.86)
p( 2) Vp(2)) (5.87)
p ) = W (T (3)vp( 3 )) (5.88)
(5.89)
Further, Abaqus/Standard represents the symmetric Cauchy stress tensor T and relative
strain tensor E'(n + 1) as vectors using the following convention,
Ti \ / e E(n +1) 11
T22 En (n + 1)22
t T33 and e= E(n +1) 33  (5.90)
T12 2E(n+1) (5.90
T13  2En (n + 1)13
T23  2En(n + 1)23
where Tij and En(n + i)ij are the components of the tensors T and Ei(n + 1), respectively.
For later use, the decomposition of the Cauchy stress vector by micro-mechanism follows
directly from T = T) + T(2 ) + T(3 ) and is given by
11T
T~a
t@) - T) , such that t Zt( . (5.91)
L12 c
13
Stress-strain, and dissipation-strain Jacobians
The computation of Jei and Li was carried out numerically by perturbing Fn+1 = F (n + 1)Fn
for each micro-mechanism, where Fn(n + 1) is the relative deformation gradient and using
the time-integration scheme to compute the perturbed value of stress Tpe* , and volumetric
heat generated per unit time Pn7e1 . The stress-strain Jacobian matrix that Abaqus/Standard
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requires has components defined by
def tj(
Jij = --- , (5.92)
and the dissipation-strain Jacobian vector by
def ()Li = - .(5.93)
A perturbation in F,+1 for each a is
F r(a) [F (n + 1) + AFO) (n + 1) Fn = F+ 1 + AFc) (n + 1)Fn. (5.94)
At this point we introduce the approximation4
(A6)
F+ npe(ce) ~ F 1 + A Ee") (n + 1)Fn, (5.95)
and use the time-integration scheme to compute T pra), ppera), the Jacobian matrix Jjj,
and the Jacobian vector Li.
As an example of computing an element of J23 in the column JA4 , we first define a per-
turbation for each a in AEnf')(n +1) as
0 AE(a)/2 0
[AEe(a)(n + 1)]= AE( )/2 0 0 (5.96)
0 0 0
where Ae(') is a numerical parameter for each micro-mechanism a. The time-integration
scheme is then used to compute the perturbed Cauchy stress T' 1 and it is represented
as a vector tper using the convention described above. Then the desired column of Ji4 is
computed as
tper(l) - tNl tper(2) - &) tper(3) - &)
(i Ai) + ACg(2) *+ A E(3) *,(5.97)
and the element L4
,p er(l)r(2) 
_ p( 2 ) per(3 ) _
L4 + 2) + A( 3 ) (5.98)
Remark 11:
In the free energy 7p(2), and 0( 3) we do not allow for any volumetric elastic energy and
therefore some care must be taken when evaluating the stress-strain, and temperature-strain
Jacobians. For this reason, we append a volumetric component to the stresses Me( 2), and
4 We note that although the Jacobian matrix plays an important role in the rate of convergence of the
solution, in the end it has no effect on the accuracy of the solution.
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M() only when computing the stress for the numerical Jacobians, given by (in mechanism
3 for example)
Me(3) =23 (E3)o -- C(J - 1) 1. (5.99)
Where in (5.99) C is a numerical parameter to keep the stiffness bounded when computing
the Jacobians in the case of a non-isochoric strain perturbation (which is practically every
perturbation).
Remark 12:
In the perturbation of the deformation gradient (5.95), care must be taken to ensure that
the perturbed deformation gradient is constrained by 5
det Fer) > 0, (5.100)
for all micro-mechanisms a. To ensure that (5.100) is satisfied, at each increment we check
that det F per( > 0, if not, then the magnitude of Ae(a is reduced until (5.100) is met.
Remark 13:
At times our experience has shown that due the temperature dependence of some of the
material parameters, say the shear modulus for example given in (4.10)
G(79) = (G9i + Gr) - 2(Gg, - Gr) tanh (A(,d - t9g)) - M(79 - 79g),
results in a very stiff set of equations. The stiffness is due to the functional form of the
hyperbolic tangent, specifically the parameter A which controls the width of the glass tran-
sition. At times when traversing the glass transition temperature (for our case specifically
the shape-memory polymer) we found it more efficient to artificially "widen" the temper-
ature range over which the glass transition takes place from A to a numerical parameter
Aj > A only when evaluating the material Jacobians. Figure 5-3 graphically shows the
difference between using A and Aj, note that the use of Aj decreases the stiffness.
Stress-temperature and dissipation-temperature Jacobians
The computation of Ki and M was carried out by perturbing 0 n1 and using the time integra-
tion scheme to compute the perturbed values of stress Tn 1 and volumetric heat generated
per unit time PP+. The stress-temperature Jacobian vector that Abaqus/Standard requires
is defined as
def atjK = 9 (5.101)
and the dissipation-temperature Jacobian by
defM = .9 (5.102)
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A perturbation in L)n+1 is
9per = d,+1 + AV, (5.103)
where Ad is a numerical parameter, and then we use the time-integration scheme to compute
T pr, Dpr the Jacobian vector Ki, and the Jacobian M.
The time-integration scheme is then used to compute the perturbed Cauchy stress Tn+1
and it is represented as a vector tper using the convention described above. Then the desired
element of Ki is computed as
tper 
- tiKi e -79 (5.104)
and M given by
M ~e r . (5.105)
Remark 14:
Due to the extreme change in material behavior above and below the glass transition, some
of the material parameters require values that differ by orders of magnitude. For example,
the parameter C given in (5.99) should vary in a manner roughly the same as the actual
shear modulus of the material such that the stresses computed by the term C(J - 1)1 are
on a similar order as the actual material response. For that reason temperature depen-
dence of some of the numerical parameters is required. We take the following forms for the
temperature dependence of C
C ={ gi V<9) (5.106)
CG L9 > dg,
the strain perturbation
< g= (5.107)
and the temperature perturbation
=-~ ' (5.108)
5.2 Material/numerical parameters for some amorphous
polymers
The material parameters were previously given in Table 4.1 for Zeonex, PC, and PMMA. In
Table 5.1 we give the numerical parameters discussed above for Zeonex, PC, and PMMA.
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5.3 Numerical solutions
The constitutive equations and time-integration procedure described in this paper have been
implemented in the finite element package ABAQUS/Standard (2011) by writing a user
material subroutine UMAT. The subroutine UMAT is called once for each integration point
for every global iteration. Provided as input to the UMAT are {Fe, F,+, , t9 }+1}, along
with all values of the internal variables at the start of the increment. With these inputs, the
output expected from UMAT consists of the following T,+ 1 , P,+,, the values of the internal
variables at the end of the increment, and the Jacobians Jj, Ki, Li, and M. Appendix A gives
the FORTRAN UMAT that was used in the amorphous polymer calculations. Further, due
to similarity in the development, we do not present the numerical integration procedure for
shape-memory polymers in this thesis. However, Appendix B gives the FORTRAN UMAT
that was used in the shape-memory polymer calculations.
From the outset we note that it is not the purpose of this section to validate the con-
stitutive theory, but rather to show the robustness of the numerical implementation. We
will shown here that the numerical procedure is robust, stable, and objective. Validation
experiments and simulations have been previously documented in Chapter 4.
5.3.1 Simple shear
We begin with the simple example of simple shear of a single three-dimensional Abaqus-
C3DHT element. The imposed deformation is given by
x(t) = X + (Ft)X2el, (5.109)
where we have taken F 10-3 s- 1. To show that the procedure is robust and stable, we
have considered different, fixed, time steps. Using the material parameters for PC, and a
temperature of 1650C we have taken the following three fixed time steps At = {0.1, 1.0, 5.0}
seconds. Figure 5-4 gives the resulting stress-strain curves for V = 165'C. From these results,
it is clear that for all of the different time steps, the results are essentially the same and the
integration procedure is stable.
Now, to show the objectivity of the integration procedure we consider simple shear with
a superimposed rigid body rotation as was done in Weber et al. (1990). The imposed
deformation is given by
x(t) = Q(t) [X + (1t)X2ei , (5.110)
with
Q(t) = (e, 0 ei + e2 ®e2 ) cos(et)+ (el & e2 - e2 S el) sin(Ot) + e3 o0e3 . (5.111)
The calculation was performed with t = 10--3 s-1, and e = 0.005236rad/s such that
after 1200 seconds the rigid rotation e would be a full 27r rad and the amount of shear is
F = 1.2, the same as the previous examples for comparison. We consider a fixed time step
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of At = Is and a temperature of 165'C using the material parameters for PC. Figure 5-5
graphically shows some points in the prescribed motion.
With the solution for the Cauchy stress as determined with the rigid rotation denoted
by T, then the Cauchy stress accounting for the rigid rotation is given by
T = QTTQ, (5.112)
which leads to the shear stress used for comparison as,
'12= Tv cos(29) + (T1 - T2 2 )sin 6 cos 8. (5.113)
Figure 5-6 shows the stress-strain results for 165'C. From these results, it is clear that the
procedure and constitutive equations are objective. In Chapter 3, it was shown that the
integration procedure is objective below d as well.
5.3.2 Blow-forming of a bottle
As an example of a non-isothermal and "load-controlled" numerical simulation, we consider
the blow-forming of a small bottle using the material parameters for Zeonex. The blow-
forming operation takes place at 150'C, after which the bottle is cooled down to 25'C to
obtain the final shape. The numerical simulation of the blow-forming process was conducted
as follows; (i) at 150'C, ramp the internal pressure to 0.25 MPa over 100 seconds; (ii) while
holding the internal pressure constant, cool the specimen down to 25'C to obtain the final
shape. The cooling is performed by prescribing a linear temperature profile over 600 seconds
to all of the outer nodes of the bottle (meant to reflect cooling from both the interior and
exterior), and letting the heat conduct out from the material. A schematic of the time-
temperature-pressure profile is shown in Figure 5-7.
As is typical of a blow-forming process, we start with an initial parison of polymer that
is 75 mm tall, 2.5 mm thick, with a 20 mm outer diameter. The final bottle shape is 87.5 mm
tall, and a 40 mm inner diameter at the base. For the finite element simulation we make use
of symmetry and model the blow-forming operation as axisymetric. We model the die as
a rigid surface and the bottle with 393 Abaqus-CAX4HT axisymetric thermo-mechanically
coupled elements with the initial mesh shown in Figure 5-8a. We have taken 4 elements
through the thickness of the bottle. Pinned boundary conditions prescribed to the nodes
of the bottle that are highlighted in Figure 5-8a, while a pressure is prescribed to the inner
surface of the bottle. The rigid die is fixed throughout the simulation. Contact between the
bottle and the rigid die is modeled as frictional with a high Coulomb friction coefficient of
0.7.
Figure 5-8b shows the deformed bottle after the pressure has reached 0.25 MPa and the
temperature is still 150'C and Figure 5-8c shows the deformed bottle after cooling down to
25'C while maintaining the pressure. Furthermore, Figure 5-9a shows the temperature field
within the bottle at the midpoint of cooling (300 seconds). Due to the small wall thickness,
the temperature variation is only around 2'C. And Figure 5-9b shows a cross section of
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the blow-formed bottle when the section is revolved. This numerical simulation shows the
robustness of the integration procedure in inhomogeneous and non-isothermal conditions and
its ability to aid in the design of polymeric components.
5.3.3 Three-dimensional cantilever beam subject to a tortuous
loading
As a final numerical simulation, one that is fully three-dimensional and contains contact, we
consider a cantilever beam undergoing large inhomogeneous deformations using the material
parameters for PC. Initially, the cantilever beam is 10 mm long with a 2 mm by 2 mm cross
section. To show the robustness of the numerical procedure, we will prescribe a "tortuous"
deformation to the beam while above the glass transition temperature at 160'C. Then cool
the beam down to 250 C (below the glass transition temperature) over 600 seconds. For the
cooling step, all nodes of the body were prescribed the same temperature profile.
For the finite element simulation, the cantilever beam consists of 320 Abaqus-C3D8HT
thermo-mechanically coupled elements. Figure 5-10 shows the mesh of the cantilever beam
in its initial geometry. Referring to Figure 5-10, for the displacement boundary conditions
on the cantilever beam, nodes on the back face (indicated by filled circles in the figure)
are pinned, and the nodes on the front face (indicated by open circles in the figure) are
in contact with a planar rigid surface to impart the deformation to the cantilever beam.
Contact between the cantilever beam and the rigid surface is modeled as rough (perfectly
sticking). The prescribed displacement of the rigid surface is to compress the beam by 1 mm
in the 1-direction, displace the beam by 1 mm in the 2- and 3-directions, and at the same
time rotate by 300 about the 1-direction over a time of 2500 seconds.
Figure 5-11a and Figure 5-11b show the beam after cooling to 25'C. Starting from the
point of maximum deformation in 5-11 at 160"C, all the way to the point when the polymer
beam has been cooled to 25'C, the numerical procedure is able to compute robustly through
the glass transition temperature (recall L9g=14 50C).
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Table 5.1: Numerical parameters for Zeonex, PC, and PMMA in a temperature range which spans
the glass transition temperature.
000
Stiffness
Flow with
Backstress
Intermolecular Molecular Network
Resistance Resistance
Figure 5-1: A schematic "spring-dashpot" rheological representation of the constitutive model.
Parameter Zeonex-690R PC PMMA
E -- 1 x 10- 2  1 x 10- 2  1 x 10-2
Ac 2 1 x 10-2 1 x 10-1 -1.5 x 10-1
S 
1 x0-2 1 x0-1 1 x0-1
e-1.5 x 102 1.5 x 10-3 1 X 10-1
(2 1 x 10-2 1 x 10-1 1 x 10-2
A1 x 10-2 1 x 10-1 1 x 10-1
A79gi (K) 0.5 0.5 0.5
A?)r (K) 2.0 2.0 2.0
Cg (MPa) 10 10 10
C. (MPa) 0.1 0.1 0.1
Aj (K) 2.0 2.0 1.7
230
1= 1
In
+
0 0 True Strain 1.4
230
a= 2
Cn
0 0 True Strain 1.4
+
230
a= 3
010 True Strain 1.4
230
(1) + .(2) + (3)
-
C2
00 True Strain 1.4
(a) ?9 < 19g
1.7
CA
1.7
0. .0 0 True Strain 1.4
-.7
a =3
0 0 True Strain 1.4
1.7
(1) + U(2) + 5(3)
c
0
0 True Strain 1.4
(b) t9 > g
Figure 5-2: Schematic plots of stress-strain contributions from individual micromechanisms to
an overall simple compression stress-strain response for: (a) a temperature below t9_,; and (b) a
temperature above 0 g. Note the change in scale for the stress axis between the figures in (a) and
(b).
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Figure 5-3: Schematic showing the effect of replacing A by Aj on the stiffness of the tempera-
ture dependence on many of the material parameters and subsequent constitutive equations when
evaluating the material Jacobians.
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Figure 5-4: Numerically predicted stress-strain response in simple shear at various fixed time
steps using the material parameters for PC at 165 C.
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Figure 5-5: Projected view of simple shear with superimposed rigid rotation. The dotted lines
indicate the initial body, and the solid lines the deformed body at various levels of deformation.
The total amount of shear is I' 1.2 and the total rigid rotation is E = 27r rad.
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Figure 5-6: Numerically predicted stress-strain response in simple
rigid rotation using the material parameters for PC at 165 C.
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Figure 5-7: Schematic of the temperature and pressure process history for the blow-forming
operation.
I Axis of
symmetry
Rigid die
(a) (b) (c)
Figure 5-8: (a) Initial geometry and mesh for the blow-forming operation. (b) Deformed mesh
after the maximum pressure is reached and the polymer is still at 150 C. (c) Deformed mesh after
cooling down to 25'C.
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Figure 5-9: (a) Temperature field in the bottle at the midpoint of cooling (300 seconds), and (b)
three-dimensional representation of the blow-formed bottle cross section.
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Figure 5-10: Initial mesh used for the cantilever beam numerical simulation. For the boundary
conditions on the cantilever beam, nodes along the back face (indicated by the filled circles) are
pinned, and nodes on the front face (indicated by open circles) are in contact with the rigid surface
to impart the deformation onto the cantilever beam.
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(a) (b)
Figure 5-11: (a) An isometric view, and (b) view along the 1-direction, of the deformed cantilever
beam after cooling down to room temperature. The deformation was imposed by a rigid surface
which is not shown in the figure while the polymer was at 160'C. Recall that t99=1 4 50 C for PC.
Part III
Shape-memory Polymers
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Chapter 6
Shape-memory polymers
6.1 Introduction
An important class of polymers which has gained significant interest over the last decade
is thermally-activated' amorphous shape memory polymers (e.g., Behl and Lendlein, 2007;
Ratna and Kocsis, 2008). A body made from such a material may be subjected to large
deformations at an elevated temperature above its glass transition temperature 7)g. Cooling
the deformed body to a temperature below g under active kinematical constraints fixes
the deformed shape of the body. The original shape of the body may be recovered if the
material is heated back to a temperature above 9g without the kinematical constraints.
This phenomenon is known as the shape-memory effect. If the shape recovery is partially
constrained, the material exerts a recovery force and the phenomenon is known as force- or
constrained-recovery.
One of the first wide spread applications of shape memory polymers was as heat-shrinkable
tubes (Ota, 1981). Such rudimentary early applications did not necessitate a detailed un-
derstanding or modeling of the thermomechanical behavior of these materials. However,
in recent years shape-memory polymers are beginning to be used for critical biomedical
applications (e.g., Lendlein and Langer, 2002; Maitland et al., 2003; Baer et al., 2007b),
microsystems (e.g., Maitland et al., 2002; Metzger et al., 2002; Gall et al., 2004), re-writable
media for data storage (e.g., Vettiger et al., 2002; Wornyo et al., 2007), and self-deployable
space structures (Campbell et al., 2005). In order to develop a robust simulation-based
capability for the design of devices for such critical applications, one requires an underly-
ing accurate thermo-mechanically-coupled constitutive theory and an attendant validated
numerical implementation of the theory.
'Shape memory polymers which can recover from an imposed deformation by the application of other
external stimuli such as light of a specific frequency also exist (e.g., Lendlein et al., 2005; Jiang et al., 2006);
however, thermally-activated shape memory polymers are most common.
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In the past few years several efforts at experimental characterization of the thermo-
mechanical stress-strain response of a wide variety of shape-memory polymers have been
published in the literature (e.g., Tobushi et al., 1996; Baer et al., 2007a; Gall et al., 2005;
Yakacki et al., 2007; Safranski and Gall, 2008; Qi et al., 2008) In a typical thermo-mechanical
shape memory cycle, the polymer transitions from a viscoelastic rubber-like material into
an elastic-viscoplastic glassy solid during the fixation of the deformed shape, and again into
a rubber-like material when the shape-recovery is actuated. Modeling this complex change
in material behavior poses major challenges. Significant modeling efforts have also been
published (e.g., Liu et al., 2006; Chen and Lagoudas, 2008; Qi et al., 2008; Nguyen et al.,
2008). However, at this point in time, a thermo-mechanically-coupled large-deformation
constitutive theory for modeling the response of thermally-actuated shape-memory polymers
is not widely agreed upon - the field is still in its infancy. The purpose of this chapter is
to present results from of our own recent research in this area.
Specifically, with the aim of developing a thermo-mechanically-coupled large-deformation
constitutive theory and a numerical simulation capability for modeling the response of
thermally-actuated shape-memory polymers, we have
" conducted large strain compression experiments on a representative shape-memory
polymer to strains of approximately unity at strain rates of 10-3 s-1 and 10-1 s-1,
and at temperatures ranging from room temperature to approximately 30 0C above
the glass transition temperature of the polymer;
* formulated a thermo-mechanically-coupled large deformation constitutive theory; and
" calibrated the material parameters appearing in the theory using the stress-strain data
from the compression experiments.
We have numerically implemented our theory by writing a user-material subroutine (UMAT)
for a widely-used finite element program ABAQUS/Standard (2011). In order to validate
the predictive capability of our theory and its numerical implementaion, we have
e conducted representative experiments involving complex three-dimensional geometries.
By comparing the numerically-predicted response in these validation simulations against
measurements from corresponding experiments, we show that our theory is capable of
reasonably accurately reproducing the experimental results.
The plan of this chapter is as follows. In 6.2 we describe results of our simple compression
experiments on a chemically-crosslinked thermoset shape memory polymer - tert butyl
acrylate monomer (tBA) with poly(ethylene glycol) dimethacrylate (PEGDMA) crosslinker.
This polymer is chosen for study because the shape-memory actuation temperature for this
polymer is close to that of body-temperature - the nominal glass transition temperature for
this polymer is Vg ~ 37 C. In 6.3 we give specialized equations for our constitutive theory
and show the quality of the fit of the constitutive theory to the experimentally-measured
stress-strain curves.
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In 6.5 we present results of representative thermo-mechanical cyclic experiments to
validate the predictive capability of our theory and its numerical implementation in complex
three-dimensional geometries. By comparing the numerically-predicted response in these
validation simulations against measurements from corresponding experiments, we show that
our theory is capable of reasonably accurately reproducing the experimental results. As a
demonstration of the robustness of the three-dimensional numerical capability, in 6.6 we
show results from a simulation of the shape-recovery response of a stent made from the
polymer when it is inserted in an artery modeled as a compliant elastomeric tube.
6.2 Experimental characterization of the thermo-mech-
anical response
As a representative thermally-actuated shape-memory polymer we chose to characterize
the mechanical response of a chemically-crosslinked thermoset polymer recently studied by
Yakacki et al. (2007). Following a procedure described by these authors, the shape-memory
polymer was synthesized via photopolymerization (UV curing) of the monomer tert-butyl
acrylate (tBA) with the crosslinking agent poly(ethylene glycol) dimethacrylate (PEGDMA),
in the following specific composition: tBA 90% by weight (mol. weight: 128 g/mol) with
PEGDM 10% by weight (mol. weight: 550 g/mol). 2 This polymer is chosen for study
because the shape-memory actuation temperature for this polymer is close to that of body-
temperature - the nominal glass transition temperature for this polymer is ?) ~ 37 C
(Safranski and Gall, 2008).
We have conducted a set of simple compression experiments on this polymer. The cylin-
drical specimens were 6.3 mm diameter and 3.15 mm tall. The compression experiments were
conducted at true-strain rates of 10-3 s- and 10-1 s-1 at 22 0 C, 30'C, 40'C, 50 0C, and
65 0C, up to true strain-levels of ~ 100%. Fig. 6-1 shows representative true stress-strain
curves3 for the shape memory polymer at strain rate of 10-3 s- at temperatures ranging
from 22 C through 65 0C, while Fig. 6-2 shows a more extensive set of stress-strain curves
at strain rates of 10-3 s-1, and 10-1 s-1, and at temperatures of 22 C, 30 C, 40 C, 50 C,
and 65 0C. Referring to Fig. 6-2, the polymer exhibits two distinctly different responses at
temperatures below and above i9g:
9 The stress-strain curves at 22 0C and 30 C are below V9. At these temperatures the
polymer exhibits a strain-rate and temperature-dependent response typical of a "glassy-
2 The chemicals were mixed in a glass beaker for 2 minutes, and the mixed liquid solution was then
degassed in a vacuum chamber for 10 minutes. The degassed mixture was then injected between two glass
sheets that were separated with spacers. A UV-Lamp was used to photopolymerize the solution at an
intensity of ~ 30 mW/cm2 for 10 minutes. Finally, the polymer was heat-treated at 90 C for 1hour to
complete the polymerization reaction.
3As is customary, in order to calculate the deformed cross-sectional area (and thence the true stress),
we have assumed plastic incompressibility to estimate the stretch in the lateral direction of the compression
specimens.
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polymer". That is, a well-defined yield-peak, followed by strain-softening, and eventual
rapid strain-hardening at large strains. Upon unloading after compression to a strain
level of ~~100%, about 5% of the strain is recovered and the remainder is left as a
"permanent-set" (as long as the temperature is held constant).
* The stress-strain curves at 50 C and 65 C are above V9 . At these temperatures the
material exhibits a "hysteretic-rubber" -like response. That is, the initial stiffness of
the material drops dramatically from its value below Vg, the yield-peak disappears,
and upon unloading there is essentially no permanent set. However, there is significant
hysteresis in the stress-strain response which is significantly rate- and temperature-
dependent.
Of particular interest are the two stress-strain curves at 40 C, a temperature which is in the
vicinity of the nominal glass transition temperature of dg ~ 37 C. At the lower strain rate
of 10- s- the material responds like a "hysteretic-rubber", while at the higher strain rate of
10-1 s 1 the material responds like a "glassy-polymer." Thus, in accordance with the well-
known result from frequency-dependent dynamic-mechanical-tests on amorphous polymers,
this result shows that the "glass transition temperature" z9g is not a constant for a material
- it increases as the strain rate increases.
6.3 Constitutive theory
Amorphous polymers are called thermoplastics when they are not chemically-crosslinked,
and are called thermosets when they are chemically-crosslinked. Both classes of amorphous
polymers behave in a qualitatively similar fashion when deformed below Vg, but their re-
sponse characteristics above 9g are quite different. As shown in Fig. 6-2, at temperatures
above i9g, after a certain amount of deformation, the crosslinked thermoset material recovers
almost fully upon reverse deformation - a response essential to the shape-memory effect.
Unlike a crosslinked thermoset polymer, an amorphous polymer which is not crosslinked
shows permanent set when subjected to a strain-cycle above Vg, and is therefore said to be
"thermoplastic" in character.
In Chapter 4 we have shown that a constitutive theory with M = 3 is able to reasonably
accurately predict the thermo-mechanical response of thermoplastic amorphous polymers in
a temperature regime which spans their glass transition temperature. For modeling the re-
sponse of amorphous thermoset shape-memory polymers, we consider three micromechanisms
and adopt and modify the constitutive theory presented in Chapter 4. For simplicity, we
neglect the "defect energy" associated with plastic deformation which leads to a back-stress.
The defect energy was used in Chapters 2 and 4 to allow for modeling the cyclic -loading
and Bauschinger-like phenomena in polymers. Here, since we do not have any experimental
data on cyclic loading for the tBA/PEGDMA shape-memory polymer, we consider a simpler
theory which does not include defect energy. As a visual aid, Fig. 6-3 shows a schematic
"spring-dashpot" representation of our three micromechanisms model for the shape-memory
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polymer. These three micromechanisms are intended to represent the following underlying
physical phenomena:
" The first micromechanism (a = 1): The nonlinear spring represents an "elastic"
resistance due to intermolecular energetic bond-stretching. The dashpot represents
thermally-activated plastic flow due to "inelastic mechanisms," such as chain-segment
rotation and relative slippage of the polymer chains between neighboring cross-linkage
points.
* The second and third micromechanisms (a = 2,3): In addition to the chemical-
crosslinks which are present throughout the temperature range of interest in thermoset
polymers, at temperatures below Pg we expect that the polymer also exhibits a signifi-
cant amount of mechanical-crosslinking. We conceptually distinguish molecular chains
between mechanical-crosslinks and molecular chains between chemical-crosslinks by in-
troducing two micromechanisms a = 2 and a = 3, respectively. The nonlinear springs
in these two mechanisms represent resistances due to changes in the free energy upon
stretching of the molecular chains between the crosslinks. The mechanical-crosslinks
are expected to be destroyed when the temperature is increased through Pg; the dash-
pot in micromechanism a = 2 represents thermally-activated plastic flow resulting from
such a phenomenon. The micromechanism a = 3 represents chemically-crosslinked
backbone of the thermoset polymer in which the crosslinks do not slip; accordingly we
do not use a dashpot for this micromechanism, and we set FPO) = 1, so that Fe( 3) = F.
As in Chapter 4, our strategy to phenomenologically model the response of the material
as the temperature traverses Pg is as follows:
(i) For temperatures P < Pg, we do not allow any plastic flow in the dashpot associated
with micromechanism a = 2. Thus, since the springs in a = 2 and a = 3 are in
parallel, the three-micromechanism model reduces to a simpler two-micromechanism
model, which we have recently successfully used to model the response of amorphous
polymers for temperatures below Pg in Chapter 2.
(ii) For temperatures P > V9, we allow for plastic flow in the dashpot associated with
micromechanism a = 2, but quickly drop the plastic flow resistance in mechanism
a = 2 to a very small value, so that for all practical purposes in this temperature
range, only mechanisms a = 1 and a = 3 contribute to the macroscopic stress.
The theory relates the following basic fields:
x = X(X, t),
F =VX, J=detF>0,
F = Fe(a)FP(), a 1,2,3,
Fe (a), je (a) = det Fe (a) = J > 0,
FP (c), JP (c) = det FP (a) = 1,
Fe (ct) = Re (a) Ue (ce),
Ce (a) = Fe (a)T Fe (a),
BP (a) = FP (a)FP ()T,
T = _T(), T() = (a)T
T= JTF T ,
(C9 ) = (0 . .,," )
V > 0,
V7,7
qR,
qR,
motion;
deformation gradient;
elastic-plastic decompositions of F;
elastic distortions;
inelastic distortions;
polar decomposition of Fe (O);
elastic right Cauchy-Green tensors;
plastic left Cauchy-Green tensors;
Cauchy stress;
Piola stress;
free energy density per unit reference volume;
scalar internal variables;
absolute temperature;
referential temperature gradient;
referential heat flux vector;
scalar heat supply.
Note that from our constitutive assumption, FP(3) = 1, such that Fe(3) = F for all motions
and all times.
As is well-known, the "glass transition" in amorphous polymers occurs over a narrow
range of temperatures, and whatever the means that are used to define a glass transition
temperature,4 the glass transition temperature also depends on the strain rate to which the
material is subjected. With Do = sym(#F- 1 ) denoting the total deviatoric stretching
tensor, let
v 2|DOJ (6.1)
denote an equivalent shear strain rate. As a simple model for the variation of the glass
transition temperature with strain rate, we assume that
if
if9 9r+n log (
v < V,,
V > 1/,
(6.2)
where V, a reference glass transition temperature at a reference strain rate v,, and n is a
material parameter.
In the following subsections we present constitutive equations for the three micromech-
anisms discussed above. For brevity we do not give a detailed development; the reader is
4 Such as the peak in the tan-6 curve in a DMA experiment.
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referred to Chapters 2 and 4 for the intermediate steps of continuum-mechanical arguments
and derivations.
6.3.1 Constitutive equations for micromechanism = 1
Free energy
We consider the free energy in the special form
0 = NG)(Ice1, 79), (6.3)
where Ice(,) represents a list of the principle invariants of Ce(l) and 4'1 is an energy
associated with intermolecular interactions.
Let
3
Ceol) = (Ae)2 ri e re, (6.4)
i=1
denote the spectral representation of CI, where (Ae, Ae, Ae) are the positive eigenvalues of
Ueu(), and (ri, rg, re) are the orthonormal eigenvectors of Ce(l) and Ue(W. With
3
Ee(l) - Ee re 0 re, Ei = ln Ae, (6.5)
denoting an elastic logarithmic strain measure, we consider an elastic free energy of the form
-e(1)1 +22el)t~ 9
S EO + K(trEe(l))2 - 3K(trEef ))th(t _ 2o) + (9), (6.6)
where f(V) is an entropic contribution to the free energy related to the temperature-dependent
specific heat of the material. The temperature-dependent parameters
G(V) > 0, K(9) > 0, ath(9) > 0, (6.7)
are the shear modulus, bulk modulus, and coefficient of thermal expansion, respectively, and
tO is a reference temperature.
For polymeric materials the magnitude of the elastic shear modulus G decreases drasti-
cally as the temperature increases through the glass transition temperature 0g of the mate-
rial. Following Dupaix and Boyce (2007), we assume that the temperature dependence of
the shear modulus may be adequately approximated by the following function:
G(79) = - (Ggi + Gr) - 6(G 1 - Gr) t anh ('d - 79) - M(9 - Vg), (6.8)
where 7-g is the glass transition temperature, Ggi and Gr (< Ggi) are values of the shear
modulus in the glassy and rubbery regions, and A is a parameter related to the temperature
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range across which the glass transition occurs. The parameter M represents the slope of the
temperature variation of G outside the transition region, with
-
M g < 7' (6.9)
M, 'd > dg.
Next, the temperature dependence of Poisson's ratio vP of the material is assumed to be
1 1 1
vPoi(t) = ( + v p) 2 ( P01 - jroi) tanh ( (,9 - 79g)), (6.10)
with P and v representing values below and above Vg, respectively. The temperature
dependence of the bulk modulus K is then obtained by using the standard relation for
isotropic materials
2(1 + vPoi(V))
K('d) = G(t9) x 3(. v~it) (6.11)3 (1 - 2 vPoi (V))
The coefficient of thermal expansion is taken to have a bilinear temperature dependence,
with the following contribution to the thermal expansion term ath(1 g _ V) in the free energy
relation (6.6):
ath (9 - ,o) = (79 - 190) if 79 < 9 g) (6.12)
agl(d- -0) + (ar - agi)(V - 79g) if 9 > '0 .
Cauchy stress. Mandel stress
Corresponding to the special free energy function considered above, the contribution TV) to
the Cauchy stress is given by
T 1 ) d J- e '() Me() Re ()T, (6.13)
where MeM), the Mandel stress, is obtained from the elastic free energy function by (6.6),
Me(l) = 'Ee() (6.14)
OEeul)'
which yields
Me ) = 2GEe l) + K (trEe(l))1 - 3Kath(79 -- 0)1; (6.15)
note that Me() is symmetric.
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The Mandel stress is the driving stress for plastic flow in the theory. The corresponding
equivalent shear stress and mean normal pressure are given by
1 1 efe( def 1
- M , and p = -- trMe(l), (6.16)3
respectively.
Internal variables
For the micromechanism a = 1, we restrict the list (1) of internal variables to three positive-
valued scalars
~(1) - S., Sb)
where
" The parameters o > 0 and Sa > 0 are introduced to model the "yield-peak" which is
widely-observed in the intrinsic stress-strain response of glassy polymers. A key mi-
crostructural feature controlling the strain-softening associated with the "yield-peak"
in glassy polymers is the local change in molecular-packing due to deformation-induced
disordering. The variable o, a positive-valued dimensionless "order" -parameter, is in-
troduced to represent such deformation-induced disordering; and a stress-dimensioned
internal variable Sa which is coupled to the microstructural disordering of the material,
represents the corresponding transient resistance to plastic flow.
* The internal variable Sb > 0 represents a dissipative resistance to plastic flow to
model "isotropic hardening" at large strains as the chains are pulled taut between
entanglements resulting in increasing interaction between the neighboring chains and
pendant side-groups; this is in addition to any entropic or energetic contribution from
network chain-stretching.
Flow rule
The evolution equation for FP( is
P 1 = DP (1 FP, (6.17)
with DP( given by
DP = 1 (,( 1) where = t F DDPN|. (6.18)
With the mean normal pressure defined by (6.16)2 and an effective stretch defined by
\ def tr
r 
= tC/3 VCe(1) BP(l)/3, (6.19)
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and following our work on amorphous polymers in Chapter 4, we choose a thermally-activated
relation for the equivalent plastic strain rate in the specific form
0 if < 0,
VP = -1 Q re (6.20)
V6 exp exp kB [sinh (if 
where
re -ri - (Sa + Sb + ap), (6.21)
denotes a net shear stress for thermally-activated flow; here ap > 0 is a parameter introduced
to account for the pressure sensitivity of plastic flow. The parameter v( is a pre-exponential
factor with units of 1/time, Q is an activation energy, kB is Boltzmann's constant, V is an
activation volume, and m(') is a strain rate sensitivity parameter. The term exp(-1/()
in (6.20) represents a concentration of 'flow defects," where ( is a dimensionless parameter
referred as normalized equilibrium free-volume in the literature on amorphous polymers (e.g.,
Spaepen, 1977).
Remark 15:
The thermally activated form for the flow function (6.20) with
{v), , C, Q, V} constants, usually holds over a narrow range of temperature. Here, in
order to model the plastic flow response over a range of temperature which spans the glass
transition temperature of the material, (, and Q are taken to be temperature dependent.
With a linear temperature dependence of , the term exp(-1/() represents the famous
Vogel-Fulcher-Tamman (VFT) term, which is used widely to describe the temperature de-
pendence of viscosity of polymeric liquids near their glass transition temperature (Vogel,
1921; Fulcher, 1925; Tammann and Hesse, 1926). Since the variation of ( is expected to be
small for temperatures below tOg, we assume that (= (gl constant for t9 < dg and take the
temperature dependence of ( as
(= i for < (6.22)
(gi + d(79 -,dg) for 9 > dg.
The simple relation (6.22) is well-defined at temperatures lower than 0 g, and has a linear
VFT-type form5 at higher temperatures.
5Instead of the VFT form, Richeton et al. (2005a, 2006, 2007); Nguyen et al. (2008) have used Williams-
Landel-Ferry (WLF)-type temperature-dependent expression for the plastic shear strain rate to extend to
temperatures d9 > 0. The WLF equation (Williams et al., 1955) can be written as
exp (log, 10) x C ( - g)(6.23)
exp ( = exp ( C2 + 19 - V9 ) (.3
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The temperature dependance of the activation energy Q is taken as
1 1 1Q(19) = 2 (Qg + Qr) - 2(Qgl - Q,) tanh (d - 9g)), (6.24)
where, Q = Qgi in the glassy regime, and Q = Q,(< Qgj) in the rubbery regime.
Evolution equations for internal variables
In a general form, the internal variables &() can be presumed to evolve according to the
differential equation
61) = hi(A(1 ) vi(' - 7Zi(A(1 ) , (6.25)
dynamic evolution static recovery
where the functions h0 and R1 isotropic functions of their arguments and
AN (Ce1, BP(1, A,(1,?9). (6.26)
Remark 16:
In (6.25), the functions Ri represent static recovery (or time recovery, or thermal recovery),
since they do not depend on the plastic strain rate. The static recovery terms are important
in long time situations such as creep experiments over a period of hours and days at high
temperatures. Here, we focus our attention on thermal recovery processes that occur in
relatively shorter periods of time (typically less than 10 minutes), in which case the slow
static recovery effects may be neglected. Accordingly, in what follows, as a simplification,
we neglect the effects of any static recovery in the evolution of the internal variables.
Further, the evolution equations for FPM and (1) need to be accompanied by initial
conditions. Typical initial conditions presume that the body is initially (at time t = 0, say)
in a virgin state in the sense that
F(X, 0) = FP() (X, 0) = 1, (4(X, 0) = (= constant), (6.27)
so that by F = Fe(l)FP(l) we also have Fe(l (X, 0) = 1.
Evolution of W and Sa:
We assume that the material disorders, and is accompanied by a microscale dilatation
as plastic deformation occurs, resulting in an increase of the order-parameter W, 6 and this
where C1 and C2 are constants with dimensions of temperature. As is well-known, using suitable manipula-
tions, the VFT and the WLF forms may be shown to be equivalent. Although the WLF and VFT equations
are equivalent, the slightly simpler form of the VFT equation is often preferred.6The microscale dilatation is extremely small, and at the macroscopic level we presume the plastic flow
to be incompressible.
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increase in disorder leads to a change in the resistance Sa, causing a transient change in the
flow stress of the material as plastic deformation proceeds. Accordingly, the evolution of the
resistance Sa is coupled to the evolution of the order-parameter 0. Specifically, we take the
evolution of Sa and W to be governed by
5Sa ha (S* - Sa) vr o), with initial value Sa(X, 0) = Sao, (6.28)
g (* - W) VPS) with initial value W(X, 0) = Po. (6.29)
In the evolution equations for Sa and so, the parameters ha, g, Sao and Wo are constants.
During plastic flow, the resistance Sa increases (material hardens) if Sa < S*, and it decreases
(material softens) if Sa > S*. The critical value S*, of Sa controlling such hardening/softening
transitions is assumed to depend on the current values of the plastic strain rate, temperature,
and the order-parameter W. The function S*, which controls the magnitude of the stress-
overshoot, is taken as
b (s* - s). (6.30)
In (6.29), the parameter o* represents a strain-rate and temperature dependent critical
value for the order-parameter: the material disorders when W < W*, and becomes less disor-
dered when W > W*. We model the temperature and strain rate dependence of W* using the
following phenomenological equation
z (I - !)r (1) if ( < Vg) and (vP(') > 0),
W*(vr ), d) =L9 1/ , - (6.31)
0 if ('9 > Vg) or (vu(') = 0),
with constants (z, r, s).
Thus, gathering the number of material parameters introduced to phenomenologically
model the yield-peak, we have the following rather large list'
(ha, b, Sa, g, WO, z, r, s).
Evolution of Sb:
The experiments above V9 indicate that the nonlinear stress response at large strains is
not purely elastic as the unloading response shows significant hysteresis. It is for this reason
that we have introduced the internal variable Sb to model a dissipative resistance to plastic
flow which arises as the chains are pulled taut between entanglements, and there is increasing
interaction between the long-chain molecules and pendant side-groups; this resistance is in
addition to any entropic contribution from network chain-stretching. For the resistance Sb
7 Modeling the temperature and rate-sensitivity of the yield-peak over a wide-range of temperatures and
strain rates is known to be complex. If a simpler theory with fewer material parameters is desired, and if
it is deemed that modeling the yield-peak is not of interest, then there is no need to introduce the internal
variables <p and Sa, and thereby also the attendant constants in their evolution equations.
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we assume
Sb = Sb + H(A - 1)E, (6.32)
where A may be increasing or decreasing (i.e., loading or unloading). In (6.32) the material
parameter Hb is temperature dependent and is assumed to have the following temperature
dependence
1 +Hb (V) =(Hgl + Hr) - -(Hgl - H,) tanh( (6.33)
where Hgj and H, (< H1 ) are values of Hb in the glassy and rubbery regions near the glass
transition temperature i9g, and L represents the slope of the temperature variation of Hb
beyond the glass transition region, with
) < 99.
'1) > t99.
(6.34)
6.3.2 Constitutive equations for micromechanism a = 2
Free energy
Let
F (2) df j -1/3 Fe( 2)dis- det Fe( 2 ) = 1dis- (6.35)
denote the distortional part of Fe . Correspondingly, let
(6.36)
denote the elastic distortional right Cauchy-Green tensor and consider a free energy function
in the special form8
(6.37)
We use a simple phenomenological form for the free energy function '0(2) proposed by
Gent (1996):
-) _.I) ln (I
where
- I() 3)
and 2 (9) > 3
are two temperature-dependent material constants, with IL(2 ) representing the
rubbery shear modulus of the material, and If$ representing maximum value
associated with the limited extensibility of the polymer chains.
ground
of (I(2)
state
- 3),
Since je (a) = J, and we have already accounted for a volumetric elastic energy for 1b('), we do not allow
for a volumetric elastic energy for b(2) or ().
Ce (2)def (Fe(2 )T Fe(2 ) = J-2/3C ,
with I(2) L tr C ,21 - dis (6.38)
(6.39)
- 799)) - L(t9 - iog),
L = I
Lr
() ()(C , 
(2 7).
A ((1) > 0,
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Experimental results indicate that the rubbery shear modulus P(2) decreases with in-
creasing temperature; the empirical function chosen to fit the experimentally-observed tem-
perature dependence of [(2) is
p(2) (7) = [2) exp(- (6.40)
where p) is the value of p(2) at the glass transition temperature, and N is a parameter that
represents the slope of temperature variation on a logarithmic scale. The parameter I2 is
taken to be temperature-independent constant
I2)(,d) ~constant. (6.41)
Cauchy stress. Mandel stress
Using the free energy (6.38) yields the corresponding second-Piola stress as
_ 
I 3m( iSe(2) = 2 (2 ) j- 2 / 3 A( 2) (i
1tr C(2)
3 'dis )
which gives the contribution T(2) to Cauchy stress as
T() = JFe( 2)e( 2 )Fe( 2 )T _ J-1
-1(2) i (Be ())o
where
Be( 2) LFe( 2)(Fj 2) )T = J- 2/ 3Be (2)
dis dis k' is FeB
denotes the elastic distortional left Cauchy-Green tensor.
The corresponding Mandel stress is
1(2) 3_-
M e(2 ) = Ce(2)Se( 2) _ A (2) (i _ 1 ) (C 2),)0 )
and the equivalent shear stress for plastic flow is given by
d(2) I IMe(2)
P(2) - DP(2 )Fp(
(6.42)
(6.43)
(6.44)
(6.45)
Flow rule. Internal variables
The evolution equation for FP(2) is
(6.46)
(6.47)
N(79 
- Vg)), )
1(21 ) - 3
I M(2)
Ce2 ,1
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with the plastic stretching DP( given by
( Me( 2)
2T(2) , where V N V/2D I (6.48)
is the corresponding equivalent plastic shear strain rate. With S(2 ('O) a positive-valued
stress-dimensioned shear resistance, we take the equivalent plastic strain rate to be
Vp (2) ((2) 1/M(2) (6.49)
where v( is a reference plastic shear strain rate with units of 1/time, and m 2  is a
positive-valued strain-rate sensitivity parameter.
We assume that S(2 ) varies with temperature as
S(,) = _(S( + S2)) I(S( - S 2 ) tanh (d - dg)), (6.50)
where, S 2 ) = S in the glassy regime, and S(2  S( 2)(< S() in the rubbery regime, and
A 2 is a parameter related to the temperature range across which the transition occurs. A
high value of S(2 ) = S(2 ) leads to vP(') ~ 0 when 19 < 9g, and as the temperature increasesg1ig
through the glass transition, the value of S(2 ) smoothly transitions to a very low value,
allowing for plastic flow above Vg. This assumption is meant to reflect the major effect
of the rapid destruction of a large fraction of mechanical cross-links as the temperature
increases beyond g. To ensure a very rapid transition of S(2 ) near dg, we take A 2 = A/20.
Thus, under a macroscopically-imposed deformation history at temperatures greater than a
few degrees higher than Vg, micromechanism a = 2 freely deforms inelastically by relative
chain-slippage, and there is no further increase in the corresponding elastic stretch Ue (2)
and thereby the corresponding stress.
6.3.3 Constitutive equations for micromechanism a = 3
Free energy
Let
Fdis = J-1/3 F, det Fdis = 1, (6.51)
denote the distortional part of F. Correspondingly, let
def= -/C
Cdis = (Fdis)T Fis = J 2 /3C, (6.52)
denote the distortional right Cauchy-Green tensor, and consider a free energy function in
the special form
= (3) - Cdis, 9 . (6.53)
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Similar to the case of micromechanism a = 2, we assume the free energy in the Gent
form as
()= J3) 1(3) in (I -
Ap(3) > 0,
I 33),
with I 3 ) L trCdis,
and r3 > 3
are two material constants. These two material constants are assumed to be temperature-
independent.
Cauchy stress
Using the free energy (6.54) yields the corresponding second Piola stress as
S(3) = j- 2/ 3 A(3) (i - I 7-3)
and the contribution T(3 ) to Cauchy stress as
1
1
3)T(3) = j 1 3) (1
(tr Cdi )
(Bdis)oj
(6.56)
(6.57)
(6.58)
where
def ) -/Bdis= Fdis(Fdis 2 /3 B
denotes the distortional left Cauchy-Green tensor.
6.3.4 Fourier's Law
The heat flux is taken to be given by Fourier's law
(6.59)
with i(d) > 0 the thermal conductivity.
6.3.5 Partial differential equations for the deformation and tem-
perature fields
The partial differential equation for the deformation is obtained from the local force balance
Div T, + boR- = pRX, (6.60)
where
(6.54)
(6.55)
%, = -r, W,
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where boR is the non-inertial body force per unit volume of the reference body, pR > 0 is the
mass density, , and
T, = JTF-T  (6.61)
is the standard first Piola stress, with T given by T = >3 T~
Following the approximations considered in Chapters 2 and 4, (i) we assume that specific
heat depends only on temperature, c = a(t9); and (ii) we neglect the thermoelastic coupling
terms, and assume instead that only a fraction 0 L a 6 1 of the rate of plastic dissipa-
tion contributes to the temperature changes. Under these approximate assumptions, the
simplified partial differential equation for the temperature is
c = -DivqR + q - W (T (1 1,p (1) + T (2) Vp (2)). (6.62)
6.4 Fit of the stress-strain curves and material param-
eters
The material parameters appearing in the specialized model were calibrated by fitting the ex-
perimental stress-strain data for tBA/PEGDMA shown in Fig. 6-2. The stress-strain curves
calculated using the specialized model and the material parameters for tBA/PEGDMA are
plotted in Fig. 6-4 as dashed lines. As shown in this figure, the constitutive model reason-
ably accurately reproduces all the major features of the macroscopic stress-strain response
of the material both in the "glassy-polymer" regime below t0g , and the "hysteretic-rubber"
response above Vg.
Remark 17:
There are very few notable models for the time- and temperature-dependent response of
elastomeric materials in the existing literature (e.g., Lion, 1997; Reese and Govindjee, 1998;
Bergstr6m and Boyce, 1998; Haupt and Sedlan, 2001; Bergstrdm and Boyce, 2001). Consid-
ering the response of the tBA/PEGDMA thermoset shape memory polymer at temperatures
above Vg (cf. Fig. 6-4), we observe a behavior typical of a hysteretic elastomeric material;
there is no yield-peak, and the polymer shows significant temperature- and rate-dependent
nonlinear hysteretic behavior upon unloading after deformation to large strains. The consti-
tutive theory presented here may be used to phenomenologically model the temperature- and
rate-dependent mechanical response of elastomeric materials. In our constitutive theory, at
temperatures above dg: (i) due to lack of yield-peak, the internal variables <p and Sa in mi-
cromechanism a = 1 can be ignored; and (ii) the contribution from micromechanism a = 2
to the overall stress-strain response is very small and it can be neglected. Therefore, for the
special case of hysteretic elastomeric materials, our constitutive theory reduces from three
micromechanisms to two, with only micromechanisms a = 1 and a = 3 contributing to the
overall stress-strain response. This results in a reduced list of material parameters
{ or, nGr, M,, VrP1,ap,1/ )fM(1, VQr,(gi, d, Sb, Hr, Lr, p M I
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to phenomenologically model the mechanical response of elastomeric materials.9
Table 6.1: Material parameters for the tBA/PEGDMA shape memory polymer.
Parameter Value Parameter Value
p (kg m- 3 ) 1020 b (MPa) 5850
ygj (K- 1 ) 13 x 10- 5  g 5.8
ar (K 25 x 10- 5  P 0
Vr (s-) 5.2 x 10-4 z 0.083
"9r (K) 310 r 1.3
n (K) 2.1 s 0.005
A (K) 2.6 Sbo (MPa) 0
Ggi (MPa) 156 Hg9 (MPa) 1.56
G, (MPa) 13.4 Lgi (MPa K- 1 ) 0.44
Mgi (MPa K-') 7.4 Hr (MPa ) 0.76
Mr (MPa K- 1 ) 0.168 L, (MPa K-') 0.006
pol 0.35 1 0.5
0.49 (2 (MPa) 1.38
0.058 N (K-1) 0.045
( (s-1) 1.73 x 10 13  I-r() 6.3
M(1) 0.17 (2 (s-) 5.2 x 10-4
V (M 3 ) 2.16 x 10-27 m(2 ) 0.19
Qgi (J) 1.4 x 10- 19  S(2) (MPa) 58
Qr (J) 0.2 X 10-21 Sr (MPa) 3 X10-4
(gi 0.14 (3) (MPa) 0.75
d (K-1) 0.015 I 5.0
SaO (MPa) 0 W 0.7
ha 230
6.5 Validation experiments and simulations
We have numerically implemented the theory by writing a user-material subroutine for a
widely-used finite element program ABAQUS/Standard (2011). Due to similarities to the
numerical procedure presented in Chapter 5, no procedure is given here for shape-memory
polymers, however the UMAT is presented in Appendix B. In order to validate the predic-
tive capabilities of our constitutive theory and its numerical implementation, in this section
we show the results of two thermo-mechanical experiments that we have performed on the
tBA/PEGDMA shape-memory polymer, and compare the results of macroscopic measure-
9 The model does not account for the phenomenon of stress-softening (Mullins effect) commonly observed
in certain elastomeric materials.
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ments from these experiments against results from corresponding numerical simulations. The
validation experiments considered below are
(i) Measurement of the force-versus-time response of a ring-shaped specimen which was
subjected to the following thermo-mechanical history: the specimen was heated to a
temperature above 79g of the material, the ring was then compressed into an oval shape,
the compression grips were then held fixed while the specimen was first cooled to a
temperature below dg, and then heated back to its initial temperature above g. We
call an experiment of this type a constrained-recovery experiment.
(ii) Measurement of the displacement-versus-time response of a planar specimen in the
shape of a diamond-shaped lattice which was subjected to the following thermo-
mechanical history: the specimen was compressed between two platens at tempera-
ture above dg of the material, the compression platens were then held fixed while the
specimen was cooled to a temperature below g. The constraint of the platens was
then removed, and the specimen was heated to a temperature above 'lg and allowed to
freely recover its shape. We call an experiment of this type an unconstrained-recovery
or a free-recovery experiment.
Both thermo-mechanical experiments were conducted on an EnduraTEC Electroforce 3200
testing machine equipped with a furnace. The temperature of the polymer was measured
by using a thermo-couple attached to the specimen. Transient heat conduction within the
polymer was neglected since the effect was small. Consequently, in the numerical simulations
we prescribed the measured temperature profile to all nodes in the finite element mesh.
6.5.1 Force-time response of a ring-shaped specimen subjected to
a constrained-recovery experiment
The flat specimen, 3 mm thick, was ring-shaped with two extension arms which were used for
gripping the specimen. The ring portion of the specimen had an outer diameter of 11.9 mm
and an inner diameter of 6.3 mm, while the extension arms were each 12.7 mm long and
4.1 mm wide. The experimental set-up with the tBA/PEGDMA specimen mounted in place
within the furnace of the EnduraTEC testing machine is shown in Fig. 6-5. The top and the
bottom flat surfaces of the extension arms were rested against the base of the grips, and the
vertical sides were securely tightened in the grips.
The specimen was subjected to the following thermo-mechanical history: (i) it was heated
to 58 C and gripped; (ii) the bottom grip was fixed in place while the top grip was moved
downwards at a velocity 0.01 mm s- for a total displacement of 2.5 mm to deform the ring;
(iii) the grips were then held fixed in their positions and the specimen was first cooled to
32 C and then heated back to 58 C. The displacement and temperature histories for the
experiment are shown in Fig. 6-6a. The reaction forces during the experiment were recorded
using a load-cell, and the measured force-versus-time curve is shown in Fig. 6-6b.
For the finite element simulation of this constrained-recovery experiment we make use
of the symmetry of the geometry, and only mesh one-eighth of the geometry using 537
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ABAQUS-C3D8HT thermo-mechanically-coupled elements; Fig. 6-7a. Referring to this fig-
ure, all the nodes on the surface formed by CD extending into the 3-direction were prescribed
displacement boundary conditions which enforced symmetry in the 1-direction, all the nodes
on the surface formed by AB extending into the 3-direction were prescribed symmetry in the
2-direction, and all the nodes on the front surface defined by ABCD were prescribed sym-
metry in the 3-direction. A displacement history was prescribed to the highlighted nodes on
the outer surface of the extension arm such that the displacement history for the complete
geometry matched that of the experiment. The experimentally-measured temperature his-
tory was prescribed to the whole mesh. Fig. 6-7b shows the deformed mesh at the end of
the compression step.
Fig. 6-6b compares the experimentally-measured and the numerically-predicted force-
versus-time curves. The measurements from the experiment show that a compressive force
was generated during the deformation at 58 'C. Subsequently, under the fixed-grip conditions,
upon cooling to 32 0C the compressive force gradually reduces and transitions to a state of
tension; and finally, upon heating back to 58 C, the reaction force transitions back to a
compressive state. As shown in Fig. 6-6b, the simulation is able to reasonably accurately
predict the force-versus-time response for the constrained-recovery experiment.
6.5.2 Displacement-time response of a diamond-lattice-shaped spec.
imen subjected to an unconstrained-recovery experiment
The flat diamond-lattice-shaped specimen, Fig. 6-8a, was 50 mm wide, 35 mm tall, and 3 mm
thick. Each diamond-shaped cut-out was a square with 6.5 mm sides with a 1 mm fillet-radius
at the corners; the width of the ligaments forming the lattice was 2.16 mm.
The specimen was subjected to the following thermo-mechanical history: (i) it was com-
pressed between two platens at 60 'C at a relative platen velocity of 0.02mm s-4, and the
height of the specimen was reduced from 35 mm to 20.5 mm - this resulted in an increase
in its width from 50 mm to 59.5 mm; (ii) the platens were held in place and the speci-
men was cooled to 21*C - the deformed shape is shown in Fig. 6-8b; (iii) the compres-
sion platens were then removed and the specimen was heated to 58 C according to the
temperature-versus-time history shown in Fig. 6-9. The dimensional changes in the spec-
imen during this unconstrained-recovery phase were measured using a video-extensometer.
The experimentally-measured stretches (L/LO) in the 1- and 2-directions as functions of
temperature and time during the unconstrained heating phase of the experiment are shown
in Fig. 6-10 and Fig. 6-11, respectively.
For the finite element simulation of this experiment we make use of the symmetry of
the geometry and only mesh one-eighth of the geometry, using 1962 ABAQUS-C3D8HT
thermo-mechanically-coupled elements, Fig. 6-12. Referring to this figure, all the nodes on
the 2-3 symmetry plane were prescribed symmetry displacement boundary conditions in the
1-direction, all the nodes on the 1-3 symmetry plane were prescribed symmetry boundary
conditions in the 2-direction, and all the nodes on the front surface were prescribed symme-
try boundary conditions in the 3-direction. The displacement history was prescribed to the
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highlighted nodes on the top surface during the hot-deformation and cooling steps. Our nu-
merical simulation included all the steps described above for the thermo-mechanical history,
including the initial hot-deformation, cooling, and finally the unconstrained shape-recovery
with the applied temperature change. The results from the numerical simulation for the
stretch in the 2-direction versus the temperature for the complete thermo-mechanical cy-
cle are shown in Fig. 6-13. Fig. 6-10 and Fig. 6-11 compare the numerically-predicted and
experimentally-measured stretches in the 1- and 2-directions versus temperature and time,
respectively, during the unconstrained heating phase of the experiment. The numerically-
predicted results are in good agreement with experimental measurements.
Finally, the left pane in Fig. 6-14 shows images of the specimen at various temperatures
during unconstrained shape-recovery, while the right pane in this figure shows corresponding
predictions from the numerical simulations.10 The shapes at various temperatures predicted
by the numerical simulation closely match those which were observed in the experiment.
6.6 Numerical simulation of insertion of a stent in an
artery
Shape-memory polymers have been proposed as potential materials for stents which expand
and/or support blood vessels, and several experimental demonstrations of this concept have
been published in the literature (e.g., Wache et al., 2003; Yakacki et al., 2007; Baer et al.,
2007b). However, to the best of our knowledge, no reports of a numerical-simulation capa-
bility that can aid in understanding the performance of shape-memory-polymer-based stents
exist in the current literature. As a demonstration of the robustness of our three-dimensional
numerical-simulation capability in what follows we show results from a simulation of the
shape-recovery response of a stent made from tBA/PEGDMA when it is inserted in an
artery, with the latter modeled as a tube made from a nonlinear elastic material.
In our simulation we considered a cylindrical stent made from tBA/PEGDMA with
diamond-shaped perforations, similar to those in the planar geometry considered in the
previous subsection. The stent was modeled to have an initial length of 8 mm, and the outer
and inner diameters of the stent were modeled as 8 mm and 7 mm, respectively. For the
artery, we assumed a tubular geometry with an inner diameter of 5 mm, a wall thickness
of 0.35 mm, and a length of 50 mm. The artery was modeled as an incompressible elastic
Neo-Hookean material with a shear modulus of 33.33 kPa.
The stent was subjected to the following thermo-mechanical history: (i) it was radially
compressed above d9 at 60 C to reduce its outer diameter to 4.7 mm; (ii) cooled under
kinematical constraints to 22 C at a rate of 0.1 C s- 1 to fix its deformed shape; (iii) the
constraints were removed; (iv) following which it was inserted into an arterial tube; and (v)
"In Fig. 6-14, for ease of visualization, we have mirrored the simulation results along the symmetry planes.
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was heated back to 60 C at a rate of 0.1 0C s- 1 to allow the stent to attempt to recover its
initial shape under the constraints imposed by the artery."
Due to the symmetry of the problem in our simulation we considered only one-eighth of
the stent geometry, which was modeled using 1077 ABAQUS-C3D8HT thermo-mechanically-
coupled elements, Fig. 6-15. The displacement boundary conditions prescribed to the stent
were as follows: symmetry in the 1-direction for all the nodes on the surface defined by
edge CD extending into the 3-direction; symmetry in the 2-direction for all the nodes on the
surface defined by edge AB extending into the 3-direction; and symmetry in the 3-direction
for all the highlighted nodes on the front surface. To apply the initial deformation above dg,
all of the nodes at the outer diameter were given an inward radial displacement.
The finite element mesh for the artery consisted of 1500 ABAQUS-C3D8H elements: 2
elements through the thickness, 50 elements along the length, and 15 elements around the
one-quarter circumference. For the artery, the displacement boundary conditions ul = 0,
U2= 0 and U3 = 0 were applied for all the nodes on the face perpendicular to the 3-direction
and away from the stent; symmetry in the 3-direction was applied to all the nodes that were
on the face perpendicular to the 3-direction and close to the stent. Contact between the
stent and artery was modeled as frictionless.
Predictions from the numerical simulation for the outer-diameter of the stent at different
temperatures during the imposed thermo-mechanical history of insertion of a stent in an
artery are shown in Fig. 6-16. The simulation results in Fig. 6-16 show that the outer
diameter of the stent recovered from 4.74 mm to 6.06 mm by the time the temperature
reached 47 C during heating; further heating to 60 C only increased the outer diameter
from 6.06 mm to 6.22 mm; that is, 90% of the total shape-recovery occurred by the time the
stent was heated to 47'C. Fig. 6-17a shows the initial undeformed stent, while Fig. 6-17b
shows the deformed stent after radial compression at 60 C. Fig. 6-17c shows snapshots of
the stent inside the artery during shape-recovery at 22 C, 42 C, and 60'C.
"We emphasize that this a purely numerical exercise; no actual stent for application in humans is expected
to be heated to 60'C!
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Figure 6-1: Stress-strain curves in simple compression for the shape memory polymer at various
temperatures ranging from 22 'C to 65 'C, at a strain rate of 10-3 S-1: (a) for temperatures below
og ~ 37 C; (b) for temperatures above 0 g. Note the change in scale for the stress axis between the
two figures.
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6-2: Stress-strain curves in simple compression for the shape memory polymer at strain
10-3 s- 1 and 10-1 s-1, and at temperatures of 22'C, 30*C, 40'C, 50'C, and 65'C. Note
the change in scale for the stress axis between various figures.
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Figure 6-3: A schematic "spring-dashpot" representation of the constitutive model.
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Figure 6-4: Fit of the model to experimental stress-strain curves for the shape memory polymer
at strain rates of 10-3 s- 1 and 3x10- 3 s-I, and at temperatures of 22 C, 30 0 C, 40 'C, 50 C, and
65 C. The experimental data is plotted as solid lines, while the fit is shown as dashed lines.
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Figure 6-5: Experimental set-up for a thernio-mechanical constrained-recovery experiment on a
ring-shaped specimen of tBA/PEGDMA.
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Figure 6-6: (a) Histories of the specimen-temperature and the relative-displacement of the grips:
the specimen, initially at 58 C, was compressed and the grips were then fixed in position while the
specimen was first cooled to 32 'C and then heated back to 58 'C; corresponding reaction forces were
measured by a load-cell. (b) The solid line shows the experimentally-measured force-versus-time
curve for the constrained-recovery experiment. The corresponding numerically-predicted response
is shown as a dashed line.
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Figure 6-7: (a) One-eighth symmetry finite element mesh for the ring-shaped polymer. All the
nodes on the surface formed by CD extending into the 3-direction were prescribed symmetry in the
1-direction, all the nodes on the surface formed by AB extending into the 3-direction were prescribed
symmetry in the 2-direction, and all the nodes on the front surface defined by ABCD were prescribed
symmetry in the 3-direction. A displacement history was prescribed to the highlighted nodes on the
outer surface of the extension arm such that the displacement history for the complete geometry
matched that of the experiment in Fig. 6-6b. (b) Deformed mesh.
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Figure 6-8: Di anion d-lattice-shaped specimen: (a) Undeformed specimen. (b) Deformed specimen
in its "temporary shape" at room temperature
and constraints removed.
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Figure 6-9: Time-temperature history for the diamond-lattice-shaped specimen during the un-
constrained heating phase of the experiment.
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Figure 6-10: The solid lines show the experimentally-measured stretch-versus-temperature curves
in the 1- and 2-direction during the unconstrained heating phase of the experiment. The dashed-
lines are the corresponding numerically-predicted results.
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Figure 6-11: The solid lines show the experimentally-measured stretch-versus-time curves in the
1- and 2-direction during the unconstrained heating phase of the experiment. The dashed-lines are
the corresponding numerically-predicted results.
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Figure 6-12: One-eighth symmetry finite element mesh for the diamond-shaped lattice geometry.
All the nodes on the symmetry plane 2-3 were prescribed symmetry in the 1-direction, all the nodes
on the symmetry plane 1-3 were prescribed symmetry in the 2-direction, and all the nodes on the
front surface were prescribed symmetry in the 3-direction. A displacement history was prescribed
to the highlighted nodes on the top surface to obtain a temporary shape that closely matches that
from the experiment.
.4
Cn
.0
,0
9-
Deformation
above O,,
Heating
7 Constraint
removal
. . .Cooling
30 40 50
Temperature (C)
60
Figure 6-13: Numerical simulation results for the complete thermo-mechanical shape-recovery
cycle of the lattice geometry. The lattice was deformed in the 2-direction at 60 C; after which
it was constrained in the 2-direction and was cooled to 21 'C; the constraints were then removed
which resulted in a small elastic recovery; finally, the lattice was heated to 58 'C during which, it
recovered almost to its original shape.
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Figure 6-14: Comparison of (a) the experimentally-observed, and (b) the numerically-predicted
recovered shapes at various temperatures during the unconstrained-recovery phase of the experi-
ment.
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Figure 6-15: One-eighth symmetry finite element mesh for a vascular stent. The displacement
boundary conditions prescribed were: symmetry in the 1-direction for the nodes on the surface
formed by edge CD extending into the 3-direction; symmetry in the 2-direction for the nodes on
the surface defined by edge AB extending into the 3-direction; and symmetry in the 3-direction for
the highlighted nodes on the front surface.
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Figure 6-16: Predictions from the numerical simulation for the outer-diameter of the stent at
different temperatures during the imposed thermo-mechanical history of insertion of a stent in an
artery: (i) the tBA/PEGDMA stent was radially compressed at 60'C to reduce its outer diameter
from its initial 8 mm value to 4.7 mm; (ii) the compressed stent was cooled to 22 'C; (iii) the
constraints were then removed and the stent recovered to a diameter of 4.74 mm at 22 'C; finally
(iv) the stent was inserted into an artery and was heated to 60 'C during which its outer diameter
recovered to a value of 6.22 mm.
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Figure 6-17: Numerically-predicted thermo-mechanical shape-recovery cycle for the vascular
stent; for clarity the mesh has been mirrored along relevant symmetry planes to show the full
stent and artery. (a) Undeformed original stent. (b) Deformed stent. (c) Shape-recovery of the
stent inside the artery with temperature.
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Chapter 7
Summary of the coupled fluid
permeation and large deformation
theory for incompressible elastomeric
materials
7.1 Introduction
Elastomeric materials consist of a three-dimensional network of long polymer molecules which
are laterally attached to one another at occasional points along their length; the attachment
points are called cross-links. The basic physical elements of the network are the portions
of molecules reaching from one cross-linkage to the next, and are called the chains in the
network. The elastic reactive forces in such materials arise principally from the decrease in
the configurational entropy of the chains as the material is stretched.
There are numerous elastomeric materials which can absorb large quantities of suitable
fluids without the essential skeletal network structure of the elastomer being disrupted by
the action of the fluid. Such a polymer network, together with the fluid molecules, forms a
swollen aggregate called an elastomeric gel.' Elastomeric gels are ubiquitous; they are found
in foods and medicines, and they find use in several important and diverse applications
including valves for microfluidic devices, and tissue engineering. Indeed, many body parts
in humans and other animals are gel-like in constitution.
Early studies of swelling of gels are due to Tanaka and co-workers (cf. e.g., Tanaka and
Fillmore, 1979) , and in recent years there have been several notable attempts to formulate
a coupled deformation-diffusion theory for describing more complete aspects of the response
' Gels can also be made from colloidal solutions, and such gels are called colloidal gels. In this paper we
restrict our attention to elastomeric gels, and within this class of materials we further restrict our attention
to non-ionic gels.
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of gels, including swelling and drying, squeezing of fluid by applied mechanical deformation,
and forced permeation; cf. e.g., (Durning and Morman, 1993; Baek and Srinivasa, 2004;
Hong et al., 2008; Doi, 2009) and the recent paper Duda et al. (2010), and references to the
vast literature therein. However, a suitable theory appears still not to be widely agreed upon.
The purpose of this paper is to develop a thermodynamically-consistent, large-deformation,
continuum-mechanical theory to describe the mutual interaction of mechanics and chemistry
for solids capable of absorbing fluid-like chemical species, when the fluid-solid mixture is
treated as a single homogenized continuum body which allows for a mass flux of the fluid.2
Although differing in the details of its development, our theory has many similarities to the
recent theories of Hong et al. (2008) and Duda et al. (2010).3
An essential kinematical ingredient of our theory is a multiplicative decomposition
F = F'F8 , with F8 = AS1, As > 0,
of the deformation gradient F into elastic and swelling parts F' and F, respectively, with
the swelling taken to be isotropic, where A is the swelling stretch.4  The roots of this
kinematical decomposition of F for discussing the swelling and mechanical stretching of
elastomeric materials are attributed to (Flory, 1950).' Following (Flory, 1950, 1953; Boyce
and Arruda, 2001; Duda et al., 2010), we adopt this kinematical decomposition of F in
formulating our coupled deformation-diffusion theory.
In what follows, we review the basic laws for the balance of forces and the balance of
fluid content, and formulate a frame-indifferent and thermodynamically-consistent coupled
deformation-diffusion theory for elastomeric gels. In discussing special constitutive equa-
tions, we limit our attention to isotropic materials, and consider a model for the free energy
based on a Flory-Huggins theory for the free energy change due to mixing of the fluid with
the polymer network (cf., e.g., (Doi, 1996, 2009)), and a statistical-mechanical model for the
change in configurational entropy of the polymer chains as they are stretched. It has been
common practice in the recent literature on the swelling of gels ((Baek and Srinivasa, 2004;
Hong et al., 2008; Doi, 2009; Duda et al., 2010)) to model the changes in configurational
entropy due to mechanical stretching, based on classical Gaussian-statistics, which unfor-
2 And not as a multi-component mixture, as in the Theory of Mixtures (cf. e.g. (Bowen, 1969; Truesdell,
1984; Rajagopal, 2003)); as is well-known, there are inherent difficulties associated with specifying boundary
conditions within the context of a mixture theory.
3 However, we do note that while the basic balance laws are deduced by (Duda et al., 2010) by adapting
a virtual-power format proposed by (Podio-Guidugli, 2009), here we follow a different, more traditional and
direct approach, which is in the spirit of the developments of (Fried and Gurtin, 1999, 2004) for coupled
elastic deformation and diffusion of atomic/molecular species.
4 Such a decomposition is widely used in plasticity theories, where F8 is written as FP, and represents the
plastic part of F (Krdner, 1960; Lee, 1969); in plasticity theory FP is of course not taken to be spherical.
Also see (Lubarda, 2004), who discusses the history and use of such a multiplicative decomposition of the
deformation gradient in a variety of situations, including isotropic thermoelasticity, and isotropic growth in
bio-mechanics.
5 An explicit decomposition of the deformation gradient is not apparent in the paper by (Flory, 1950);
although, writing a for the stretch, he does distinguish between a total stretch a, and a swelling stretch a.
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tunately is valid only for small stretches. For larger stretches, as are typically encountered
in highly-swollen gels, it is necessary to use non-Gaussian statistics to account for the lim-
ited extensibility of the polymer chains. Thus, unlike the recent theories in the literature,
here we consider a mechanical contribution to the free energy based on the more realistic
non-Gaussian statistics (cf., Treloar, 1975; Arruda and Boyce, 1993a; Anand, 1996; Bischoff
et al., 2001).
As representative examples of application of the theory, in Section 7.10 we study (a)
isotropic three-dimensional swelling-equilibrium of an elastomeric gel in an unconstrained,
stress-free state; and (b) the following one-dimensional transient problems: (i) free-swelling of
a gel; (ii) consolidation of an already swollen gel; and (iii) pressure-difference-driven diffusion
of organic solvents across elastomeric membranes. For the last example, we also compare
results from our numerical calculations, against corresponding experimental results of (Paul
and Ebra-Lima, 1970) for the steady-state diffusion across a membrane.
7.2 Kinematics
Consider a fluid-free (dry) macroscopically-homogeneous elastomeric body. In what follows,
the spatially-continuous fields that define our continuum theory represent averages meant
to apply at length scales which are large compared to the length scales associated with the
molecular network and its microscopic-scale free-volume. We identify such a macroscopically-
homogeneous body B with the region of space it occupies in a fixed reference configuration,
and denote by X an arbitrary material point of B. A motion of B is then a smooth one-to-one
mapping x = X(X, t) with deformation gradient, velocity, and velocity gradient given by6
F = VX, v =j , L = gradv = FF- 1. (7.1)
We base the theory on a multiplicative decomposition of the deformation gradient
F = FeFS, with FS - A'1, AS > 0. (7.2)
Here, suppressing the argument t:
e F-(X) represents the local distortion of the material at X due to swelling, and A' is the
swelling stretch. This local deformation accounts for the swelling of the material due to
absorbed fluid molecules which are pinned to the coherent polymer network structure
that resides in the structural space7 at X (as represented by the range of Fs(X));
6Notation: We use standard notation of modern continuum mechanics (Gurtin et al., 2010). Specifically:
V and Div denote the gradient and divergence with respect to the material point X in the reference config-
uration; grad and div denote these operators with respect to the point x = X(X, t) in the deformed body; a
superposed dot denotes the material time-derivative. Throughout, we write Fe- 1 = (Fe)-1, Fe-T = (Fe)-T,
etc. We write tr A, symA, skw A, A0 , and sym0 A respectively, for the trace, symmetric, skew, deviatoric,
and symmetric-deviatoric parts of a tensor A. Also, the inner product of tensors A and B is denoted by
A: B, and the magnitude of A by IAl I = V'A:A.
7Also sometimes referred to as the intermediate or relaxed local space at X.
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9 F'(X) represents the subsequent stretching and rotation of this coherent swollen net-
work structure, and thereby represents a corresponding mechanical elastic distortion.
We refer to FS and F' as the swelling and elastic distortions. Figure 7-1 schematically shows
the mapping properties of F, Fs, and F'.
We write
defJ = detF > 0, (7.3)
and hence, using (7.2),
where Je = det Fe > 0 and J= det Fs > 0.
Thus, using (7.2)2,
Ja - (As) 3 .
As is standard,
and Fe = ReUe = VeRe,
denote the right and left polar decompositions of F and F', respectively, with U, V, Ue and
Ve symmetric and positive definite tensors, and R and Re rotations. Also, the tensors
C = U 2 = FTF, B = V 2 = FFT, and Ce = Ue2 = FeTFe, Be - Ve2 = FeFeT,
(7.7)
denote the total and elastic right and left Cauchy-Green tensors.
Next, by (7.1)3 and (7.2),
L = Le + FeLsFe-1,
with
(7.8)
(7.9)Ls = PsFs~1
As is standard, we define the elastic and swelling stretching and spin tensors through
De = symLe,
Ds = symLs,
W e = skw Le,
WS = skw L',
so that L' = D' + We and Ls = Ds + Ws.
Further from (7.2), (7.9)2, and (7.10)
and W8 = 0;
Js 
_ JstrDs,
we also have
Ds = (Jss-1)1.
j = JeJs
F = RU = VR
(7.4)
(7.5)
(7.6)
L e - PeFe-1
Ds = W'\S-1)
and since
(7.10)
(7.11)
(7.12)
(7.13)
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7.3 Frame-indifference
A change in frame, at each fixed time t is a transformation - defined by a rotation Q(t)
and a spatial point y(t) - which transforms spatial points x to spatial points
X =F(x), (7.14)
= y(t) + Q(t)(x - o), (7.15)
the function .F represents a rigid mapping of the observed space into itself, with o a fixed
spatial origin. By (7.15) the transformation law for the motion x = X(X, t) has the form
X*(X t) = y (t) + Q (t)(X(X, t) - o). (7.16)
Hence the deformation gradient F transforms according to
F* = QF. (7.17)
The reference configuration and the intermediate structural space are independent of the
choice of such changes in frame; thus the fields
Fs = As1, J, and Ls - D' - (isJs1)1 are invariant under a change in frame,
(7.18)
which also of course follows from the fact that Fs is spherical. This observation, (7.2), and
(7.17) yield the transformation law
F e* = QFe. (7.19)
7.4 Balance of forces and moments
Throughout, we denote by P an arbitrary part (subregion) of the reference body B with n,,
the outward unit normal on the boundary OP of P.
Since time scales associated with fluid diffusion are usually considerably longer than those
associated with wave propagation, we neglect all inertial effects. Then standard considera-
tions of balance of forces and moments, when expressed referentially, give:
(a) There exists a stress tensor TR, called the Piola stress, such that the surface traction
on an element of the surface OP of P, is given by
s(na) = TRnR. (7.20)
(b) T, satisfies the macroscopic force balance
DivTR + bR - 0, (7.21)
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where b, is an external body force per unit reference volume, which, consistent with
neglect of inertial effects, is taken to be time-idependent.
(c) T, obeys the the symmetry condition
TF T = FTT, (7.22)
which represents a balance of moments.
Further, under a change in frame T, transforms as
= QTR. (7.23)
Finally, as is standard, the Piola stress T, is related
stress T in the deformed body by
TR = JTFT ,
to the standard symmetric Cauchy
(7.24)
so that
T = J-TF T . (7.25)
7.5 Fluid content. Balance law for the fluid content
Let
CR(X, t) (7.26)
denote the number of fluid molecules absorbed by the elastomer, reckoned per unit reference
volume of the dry reference configuration. We call C the fluid content.
Define a fluid flux j,, measured per unit area, per unit time, so that - fap j nRdaR
represents the number of fluid molecules entering P across 9P, per unit time. In this case
the balance law for fluid content takes the form
J CRd vR =- jJR- nda, (7.27)
for every part P. Bringing the time derivative in (7.27) inside the integral and using the
divergence theorem on the integral over OP, we find that
(6R+ DVjR)dvR = 0. (7.28)P
Since P is arbitrary, this leads to a (local) balance law for fluid content
CR = -DivjR. (7.29)
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7.6 Free energy imbalance
We consider a purely mechanical theory based on an energy imbalance that represents the
first two laws of thermodynamics under isothermal conditions. This imbalance requires that
the temporal increase in free energy of any part be less than or equal to the power expended
on that part plus the free energy carried into P by fluid transport. Thus, letting 'bR denote
the free energy per unit reference volume, the second law takes the form
j ) RdvR < TnR -j daR + bR - dvR + T(P), (7.30)
OP s(nR) P
for each part P, where the term T(P) represents the free energy flow due to fluid transport.
We characterize this flow through a chemical potential p; specifically, following (Gurtin,
1996) and (Fried and Gurtin, 1999, 2004), we assume that the fluid flux jR carries with it a
flux of energy described by ,jUR, so that
T(P) = - -j - nRdaR. (7.31)
OP
Thus, using (7.31) in (7.30) we are led to
jP RdVR R R -. daR +JbR -dVR -J/jR nRdaR. (7.32)
OP P aP
Bringing the time derivative inside the integral, and using the divergence theorem on the
integrals over OP, reduces (7.32) to
J R dVR J (TR:PN -[tDivj, - j -Vp) dvR + (DivTR+bR) -i dv,. (7.33)
P P
Using (7.21) and (7.29), and since P is arbitrary, (7.33) yields the local free energy imbalance
'RTR: P [ LjR + R i<0- (7.34)
Next, using (7.2) , (7.9)2 and (7.24),
TR:F= TR: (FeF+ FeFS)
= (TRF8 T ): Ne + (F T TR)- F,
= (TRFST ): Pe + (FeT TRFS T ): Ls,
= (JTFe-T ): Pe + (JFeT TFe-T ): L'.
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For convenience, we define two new stress measures
Te = JTF- T
Then
T,: -e: PF + Me: Ls.
Next, recalling (7.11)2 and (7.13), we may write (7.36) as
1
TR :F = Te : F + -JS-l(trMe)jS3
Let
def 1 1)p = -- Js-l(trMe) - --- ltr(JFT TF- T )3 3
= J'trT,
3
define a mean normal pressure. Then, using (7.38), the stress-power (7.37) may
as
T,:F = Te: Fe - pJs.
Hence, using (7.39) in (7.34), the local free energy imbalance may be written as
R- Te: Pe +s + -R + jR VfL < 0.
7.6.1 Kinematical constraint between CR and J for elastomers
Now,
Js - 1
represents the change in volume per unit reference volume due to swelling.
(7.41)
We assume that
this change arises entirely due to the change in the fluid content, so that with v denoting
the volume of a fluid molecule (presumed to be constant) we have the important swelling
constraint
J8 = I+vcR,
or equivalently that
is= V.
Note that on account of (7.5), the constraint (7.43) may also be stated as
A = (1 + vcR) 1 /3
Upon enforcing the constraint (7.43), the free energy imbalance (7.40) becomes
, - TF e: Pe - Pc R + jR -Vp < 0
where we have written
Pact A - P ,
and M= i JF TTFeT (7.35)
(7.36)
(7.37)
(7.38)
be written
(7.39)
(7.40)
(7.42)
(7.43)
(7.44)
(7.45)
(7.46)
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for an active chemical potential.
7.6.2 Kinematical constraint of elastic incompressibility
Next we assume that both the polymer and fluid are incompressible, 8 an assumption em-
bodied in the constraint that
J = detFe = 1, (7.47)
or equivalently that
je _etr (FeFe-1) = 0 tr(FeFe-1) = 0. (7.48)
The essential change induced by the constraint of elastic incompressibility lies with how the
elastic stress power T': F enters the free energy imbalance (7.45). Recalling (7.35)1 and
using (7.47),
T= JTFe T  JsTFe T  (7.49)
Defining an extra Cauchy stress S and the pressure p through
S = T + p1 and p = -i(trT)1, (7.50)
so that
trS = 0. (7.51)
Next, using (7.49) and (7.50) we see
Te: Fe (JSSFe- T - JS pFe- T ): Pe
- J"SFe- T -e - jS pFe- T - e
= JsSFe-T: e - JSp 1: (FeFe-).
On account of (7.48),
1: (FeFe-l) = tr (NeFe-l) = 0,
and we therefore have a central consequence of elastic incompressibility:
9 in the motion of an elastically incompressible body, the pressure p expends no power
and hence performs no work.
It then follows that
Te: Pe - JsSFe-T: e. (7.52)
8 As is standard, we consider the permeating fluid to be incompressible. Next, for most elastomeric
materials the bulk modulus is two or more orders of magnitude higher than the shear modulus, and these
materials are typically also approximated to be mechanically incompressible. Accordingly, we consider the
overall mechanical or "elastic" response of the elastomeric gels under consideration here to be elastically
incompressible.
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Next, using (7.50), in (7.52), we have that for an elastically incompressible material
Te: F - JsTFe T . Fe + JspFe-T Fe .
=Te s
Define scalar field P by
and let
PdJS ,
Te d Te + PF e-Tact
define an active elastic stress. Then we may write the elastic stress-power (7.53) as
Te:e -- e -F'.
Thus, accounting for the elastic incompressibility constraint, the
(7.45) becomes
R- Tect : ac Fe- Rmo + jR - V < 0.
free energy imbalance
(7.57)
In what follows we shall prescribe a constitutive equation for T'.. The field P (like the
pressure p) does not expend power internally and does not enter the free-energy imbalance
(7.57); it is irrelevant to the internal thermodynamic structure of the theory and for that
reason is considered indeterminate - that is, it is not specified constitutively, but rather
obtained from equilibrium and the boundary conditions.
Using (7.17) and (7.23), we note that T' transforms as
T e* = QTeatact~ (7.58)
under a change in frame, and also that
0,, p, [ and V[p are invariant under a change in frame; (7.59)
bR, P, and p because they are scalars, and Vp because V is a referential gradient.
(7.53)
(7.54)
(7.55)
(7.56)
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7.7 Constitutive theory
7.7.1 Basic constitutive equations
Guided by the dissipation inequality (7.57), we assume that the free energy, OR, the active
stress, Te ,the active chemical potential, pact, and the fluid flux, jR, are given by
O = 4'(Fe, cR),
T e = Tet(Fe, CR),
act ac e(7.60)
Pact = tact (Fe, CR),
jR jR(F, CR, VCt);
with F' constrained to satisfy det Fe = 1. For simplicity, from the outset we have assumed
that the constitutive equations for the free energy, active stress, and active chemical potential
are independent of Vp, and depend only on the mechanical deformation gradient F' and the
fluid content cR.
7.7.2 Consequences of the principle of material frame-indifference
The principle of material frame-indifference asserts that the constitutive equations (7.60)
must be independent of the observer. Using the transformation rules (7.19), (7.58) and
(7.59), we find that the constitutive equations must satisfy
R = <R(QF, CR),
T ec = QT Te t (QF e, c)act acT eQ ) CR) (7.61)
Pact = Atc(QFe, CR),
JR = JR(QFe, CR, VIA)
for every rotation Q and all F', CR, and VIt in the domain of the constitutive functions.
By the polar decomposition theorem, Fe = ReUe, where Re is a rotation, and U is
symmetric and positive definite. Since (7.61) must hold for all rotations Q, they must hold
when Q takes the value R', in which case we obtain
TR = R(U, CR),
act = (UeCR), 1(7.62)
Pact = Aact(Ue, CR),
jR = jR(Ue, CR,'V).
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Recall (7.7)3, viz.
Ce = FeTFe, (7.63)
and in (7.61) replace Re by FeUe-l and Ue by ve; this reduces (7.62) to
OR = ,(Ce, CR),
T e = F e''e (c, ce )
)CR) (7.64)
JR = JR(C, CRI'7),
7.7.3 Thermodynamic restrictions
With a view towards determining the restrictions imposed by the local free energy imbalance
(7.57), note that
OC : e + R CR. (7.65)
ace OCR
Further, using the symmetry of 0'R/&CC,
OR R -(2FeTFe) = 2 FPe
ace ace aCe)
Thus,
4R = (2Fea ) -e :  . (7.66)
If we substitute (7.64) and (7.66) into (7.57) we find that
2Fe &4R - Fere t) -Pe + - JR(Ce, CR, V) - V < 0. (7.67)
&Ce act OCR t
This inequality is to hold for all values of C', CR, and Vpt. Since F' and R appear linearly,
their "coefficients" must vanish, for otherwise Fe and 6R, may be chosen to violate (7.67).
We are therefore led to the thermodynamic restrictions that the free energy determines the
active stress Te and the active chemical potential pt through the "state relations"
Te - 2 Fe OOR(Ce, CR)
act c }(7.68)
04,R(Ce, CR)
and that the response function jR satisfies the fluid-transport inequality
(7.69)jR(C', CR, V[p) - V- < 0.
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We assume henceforth that the fluid-transport inequality is strict in the sense that
jR(C, CR, V) - Vp < 0 when V$ 0.
Recalling (7.46) and (7.55), the state relations (7.68) yield
Tpe = 2 Fe&)R (Ce, CR) _ PFe-T
aCe
A1 0PR (C, CR) -
OCR
Further, recalling that
J e = , J -- J = ( + VCR), Te = JTFe- and TR = TeFs-T
(7.71) gives
T = J- [2 Fe O R(c, CR) FeT -P1 ,
and
TR = 2 F' aR(C e CR) Fs-T - PF- T.
aCe
Also, from (7.38) and (7.73),
p= - J 2 Ce: O R(C , CR)) P.
For later use, we note that from (7.71)2 and use of the chain-rule, that
it -! = (2R(Ce CR)) : + ( 2  R(Ce CR) R.
R
For convenience, we introduce a scalar modulus A(Ce, cR), and a tensor modulus A(Ce, cR),
defined by
e def 2 R (Ce, CR))A(Ce , cR) = 2
d Adef ( 2  (CeICR)and A (C, cR) = ( cRa8
We assume further that the scalar modulus A(Ce, CR) is non-zero, so that by (7.76), 6R May
be related to changes in M, p and C by
CR = A(Ce, cR)-l
(A
pv - A(C', CR)
(7.70)
(7.71)
, (7.72)
(7.73)
(7.74)
(7.75)
(7.76)
(7.77)
(7.78)
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7.7.4 Fluid flux
We assume henceforth that the constitutive equation (7.64)4 for the fluid flux obeys a Darcy-
type relation. That is, the fluid flux j, depends linearly on the chemical potential gradient
Vt,
jR = -M(Ce, CR) Vp, (7.79)
where M is a mobility tensor. Note that on account of (7.70), the mobility tensor is positive
definite.
7.7.5 Isotropic materials
Henceforth we confine our attention to isotropic materials. In this case 7(Ce, CR) is an
isotropic function of Ce, it has the representation
4(Ce, CR) = Ice, CR) (7.80)
where
S= (1 (C e) , I2 (C e)) (7.81)
is the list of principal invariants of Ce for an elastically-incompressible material.
Also, the mobility tensor M has the representation
M(C , CR) = m(Ice, cR), with m(Ice, cR) > 0 (7.82)
with m a scalar mobility of the fluid. In this case (7.79) becomes 9
jR = -m(ICe, cR)7V. (7.83)
7.8 Specialization of the free energy function /
The constitutive equations considered thus far are fairly general. With a view towards
applications we now specialize the theory by imposing additional constitutive assumptions.
We begin by assuming that the free energy 0,R may be written in a separable form as (cf.,
e.g., Flory, 1953)
)R(C, CR) = PCR + 4 'R,mixing(CR) + VR,mechanical (Ce, CR), (7.84)
where p1 is the chemical potential of the unmixed pure solvent, 4R,mixing(CR) is the change in
free energy due to mixing of the solvent with the polymer network, and 7p,mechanical(Ce, CR)
9 Note that our eq. (7.83) for the referential fluid flux differs from eq. (67) of (Duda et al., 2010), who
presume an equation of the form j = -rn(c)grad t in the deformed body (cf., also Section 4 of (Hong et al.,
2008)). In our theory, material symmetry considerations involving rotations of the referential and structural
space directly lead to (7.83).
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is the contribution to the change in the free energy due to the deformation of the polymer
network.
Estimate for ',mixing
In the literature on swelling of elastomers, the quantity
def - s l
#5 (1 + vcR 1  (As)- 3 _J- 1 , 0 < < 1, (7.85)
is called the polymer volume fraction. The dry state corresponds to # = 1, and q < 1
represents a swollen state.
Following (Doi, 1996, 2009), we adopt the following form of the Flory-Huggins (Flory,
1942; Huggins, 1942) theory for the contribution to the free energy due to mixing
VaR,mixing = kB9 1(( 1 - ) ln(1 - q) + xq(1 - 4 )), (7.86)
where kB is Boltzmann's constant, d is the absolute temperature, and X is a dimensionless
parameter (called the chi-parameter, or interaction parameter), which represents the dis-
affinity between the polymer and the the fluid;
e if X is increased the fluid molecules are expelled from the gel and the gel shrinks, while
if x is decreased, the gel swells.
The expression (7.86) for the mixing energy when expressed in terms of cR is
a,mixing(CR) = kBR (n(1VCR R (7.87)
Estimate for 0a,mechanical
In elastomeric materials, the major part of 'a,mechanical arises from an "entropic" contribution.
Let
def1
v/tr5 (7.88)
define an effective stretch, then classical statistical mechanics models of rubber elasticity
(cf., Treloar, 1975; Arruda and Boyce, 1993a; Anand, 1996; Bischoff et al., 2001) provide the
following estimates for the entropy change due to mechanical stretching:
1. For small to moderate values of A, based on Gaussian statistics,
3
G7R,mechanical = NR kB A 2 - 1) + NR kB ln J, (7.89)
where NR represents the number of polymer chains per unit reference volume.
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2. For larger values of A it is necessary to use non-Gaussian statistics to account for the
limited extensibility of the polymer chains, and for these circumstances the entropy
change is given by
77R,mechanical = -NRkB4 2 + In . - In .
AL sNhB An s (h790
+ NakB In J, (7.90)
with
# /def L 1 , and 00 = L--1 ,
where C-1 is the inverse of the Langevin function L(x) = coth(x) - (x)-1. This
functional form for the change in entropy involves two material parameters: NR, the
number of polymer chains per unit reference volume, and AL, the network locking
stretch.10
In what follows, we consider the more general form (7.90) for the entropy change, but when
needed we also specialize our results for the simpler estimate (7.89) based on Gaussian
statistics.
Let V denote the constant temperature under consideration. Then, neglecting any ener-
getic contribution to mechanical stretching (as is typically assumed), using (7.4), (7.89) -
(7.91), Je = 1, the identities
tr C = (A') 2 tr (C') = (1 + Vc)2/3 tr (C),
and writing
ln J = ln(1 + vcR),
defGo= NRkB 79)
for a ground-state shear
the estimate
10R,mechanical (C, c ) =
modulus at the constant temperature under consideration, we obtain
GoA2 [ ( + In /3o - In (.nh/3O
AL smnh At smL I
- Go ln(1 + vcR), (7.94)
with
= -1 - ,(AL and 00 = 1 (7.95)
"In the non-Gaussian model, the network locking stretch AL is related to the number of links n in a
freely-jointed chain by AL = V/T.
(7.91)
(7.92)
(7.93)
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where, using (7.88) and (7.92),
-- 1A = A(Ce, c) = -(1 + vcR) 1 3  trCe. (7.96)
Total free energy, stress, chemical potential
Thus, using (7.87) and (7.94) in (7.84), a simple form of the free energy function which
accounts for the combined effects of mixing, swelling, and elastic stretching is
OR/ - A0cR + k79cR ln VCR)(1
(I +VR 1( +'CR
+ GoA42 ( + ln( . ( )/3o-ln( . ]- Go ln(1 + VcR).L AL smnh # AL smnh 00
(7.97)
Then, using (7.73), we find that the Cauchy stress tensor is given by
T = J-' [G (1 + VC,) 2 / 3 Be - P1], (7.98)
where
def def(AL i(ANG = Go( with 3 A (7.99)
is a generalized shear modulus, and Be is the elastic left Cauchy-Green tensor. Note that
since L- 1 (z) -> oo as z -> 1, the stretch-dependent shear modulus G -+ oo as (A/AL) -> 1.
Also, since the first two terms in the series expansion of the inverse Langevin function are
L-1(z) = 3 z+ (9/5) z3 +..., for small departures of the effective stretch form unity we have
r% 1, and hence that G = Go.
Next, on account of (7.5) and (7.43),
(1 + VcR) 2/ 3  (As) 2
and also since
B = (As) 2 Be, (7.100)
where B = FFT is the left Cauchy-Green tensor, (7.98) reduces to
T = J-1 [GB - P1]. (7.101)
Hence the Piola stress, TR = JTFT, is given by
TR = GF - PF-T . (7.102)
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Also using (7.71)2 and (7.97) the chemical potential p is given by
A = Ap0 + kB79 In VR + I + X 1)(I + ck l (n + VCRjj(I)+ VCR (7.103)
+GA 2 (1+ vcI-1 v-Go(1 +VCR)-V+P.
Further, from (7.38), (7.101), (7.96) and using (7.85), viz.
J-=Js = (1 + VCR)' -
we obtain
P = -JS-1 G 1(1 + VCR)2/3trBe - P,
= -GA 2 (1 + VcR)-' + P, (7.104)
use of which in (7.103) gives
f = P + kB (ln1 -- 0) + +k) -XvGo + vP. (7.105)
Remark 18:
For a theory based on Gaussian statistics for configurational changes in entropy, cf. eq.
(7.89), the generalized shear modulus is no longer stretch-dependent, so that G = Go, and
the expression (7.101) for the stress, reduces to
T = J-(GoB - P1), (7.106)
while the expression (7.105) for the chemical potential remains unchanged. In Section 7.10
where we discuss a few applications of our theory, we will compare results using a theory
based on Gaussian statistics against those based on the more general non-Gaussian statistics.
7.9 Governing partial differential equations for the de-
formation and fluid content fields. Boundary con-
ditions
The governing partial differential equations consist of
1. The swelling constraint (7.42) (with detFe = 1),
det F = (1 + VcR). (7.107)
2. The local force balance for the macroscopic Piola stress,
DivTR + bR= O,
with TR given by (7.102).
3. Use of (7.83) in the balance equation (7.29) for the fluid content gives
6R = Div (mVpt),
in which m = m(Ice, cR) > 0 is the scalar fluid mobility, and
is given by (7.105).
In applications it may be advantageous to use (7.78), (7.83),
express (7.109) as
t = A Div (mVp) + v + A: Ce,
with the moduli
A ef 02(Ce, Ca)
R)
kB LcR +vc) (1 + vcR)2
1 G ( >2 
_ -3 v2
3 1A. (19 +vc I
the chemical potential IL
(7.96), and (7.103) and
(7.110)
2X
(1+ vCR)3
+ Go V
+ vCR) 2 '
(7.111)
(7.112)
and
def (21 c )'j e IA
9CajCe 6 (1 + CR)13 A 1, (7.113)
calculated from the free energy function (7.97).
We also need initial and boundary conditions to complete the model. Let Si and S2 be
complementary subsurfaces of the boundary oB of the body B in the sense &B = S, U S2
and Si n S2 = 0. Similarly let S,, and Sj be complementary subsurfaces of the boundary:
0B = S, U Sj and S,, n Sj = 0. Then for a time interval t C [0, T] we consider a pair of
boundary conditions in which the motion is specified on Si and the surface traction on 32:
X = on S, x (0, T),
TRnR tR on S 2 x (0, T),
(7.114)
and another pair of boundary conditions in which the chemical potential is specified on S,,
and the fluid flux on Sj
(7.115)
A = p on S, x (0, T),
-m(Vpt) - n. = - on Sj x (0, T),
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(7.108)
(7.109)
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with X, tR, P, and JR prescribed functions of X and t, and the initial data
X(X,0) = y0 (X) and p(X,0) = yo(X) in B. (7.116)
The coupled set of equations (7.107), (7.108), and (7.110), together with (7.114), (7.115)
and (7.116) yield an initial boundary-value problem for the motion X(X, t) and the chemical
potential [(X, t).
In applications, for the case in which the environment consists of a pure and incompress-
ible liquid, the boundary condition on chemical potential j is given by
A = Ip + pav, (7.117)
where pO is a reference chemical potential, pa is the hydrostatic pressure of the liquid (ex-
pressed referentially), and v is the volume of a liquid molecule. Also, if a portion of the
boundary is impermeable to the liquid, then on that portion the prescribed flux j vanishes.
7.10 Applications
In this section, as representative examples of application of the theory, we study (a) isotropic
three-dimensional swelling-equilibrium of an elastomeric gel in an unconstrained, stress-free
state; and (b) the following one-dimensional transient problems: (i) free-swelling of a gel;
(ii) consolidation of an already swollen gel; and (iii) pressure-difference-driven diffusion of
organic solvents across elastomeric membranes. For the last example, we also compare
results from our numerical calculations, against corresponding experimental results of (Paul
and Ebra-Lima, 1970) for the steady-state diffusion across a membrane.
We begin by specializing the mobility m. Referring to (7.82) we recall that the mobility
for an isotropic material is in general a function of the invariants of the elastic Cauchy-Green
tensor Ce and the fluid content CR,
m = f( C CR).
Not much is experimentally known about the dependence of m on Xce, and since the dom-
inant dependence of the mobility is expected to result from the amount of swelling JS, or
equivalently CR, for the applications discussed below we content ourselves with the assump-
tion that
m= R (cR). (7.118)
In fact, following (Baek and Srinivasa, 2004; Duda et al., 2010) we assume that the depen-
dence of m on CR is of a simple power-law form
m Oc c(1 (7.119)
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with n > 1 a constant; this choice for the dependence of m on c, models an increase in the
mobility of fluid permeation as the polymer network is "opened" by an increase in the local
fluid content.
Since the polymer volume fraction 0 is dimensionless and is a comfortably-bounded quan-
tity between zero and unity (cf. (7.85)),
def
0=(1 VCR)-, with 0<0< 1,
for the applications considered in this section we find it convenient to use # rather than the
fluid content c, in the field equations (7.107) and (7.109).
Also, since
(7.121)CR - )
instead of (7.118) and (7.119), we assume that
(7.122)
where D > 0, a constant, represents a permeability coefficient.
Next, using (7.120) and the resulting relation
6R = (7.123)
the field equations (7.107), (7.108) (neglecting body forces),
written as
qdetF= 1,
DivTR = 0,
= -v02Div (mVp),
with TR given by (7.102), m = in(#) given by (7.122), and
and (7.109) may be alternatively
(7.124)
p = &(#) given by (7.105).
7.10.1 Isotropic stress-free equilibrium swelling
First, we consider the simple case of three-dimensional isotropic swelling-equilibrium of an
elastomeric gel in a stress-free state. For isotropic swelling the deformation gradient F has
the simple form
F(Xt) = A(Xt)1,
and application of the swelling constraint (7.124)1 gives
(7.125)
(7.126)A(X, t) = #(X, t)- 1/ 3 ,
(7.120)
- D 1-M = 7n(o) =,
vkB1 #
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Substituting (7.125) and (7.126) in eq. (7.102) for the stress, and using the fact that we are
considering stress-free swelling, we have
Go-1/31 _ p01/ 3 1 = 0, (7.127)
so that the field P is given by
P = Gq- 2 /3. (7.128)
Use of (7.128) in (7.105) gives
0 = iO+ kB (n(1 -+ X 2) vGo(b#1/3 -).(7.129)
Swelling-equilibrium is attained when the chemical potential P throughout the gel reaches
the chemical potential [L0 of the pure solvent surrounding the gel (Flory, 1953),
A = A. (7.130)
Thus, from (7.129) the value of the polymer volume fraction after equilibrium has been
attained, 0e, may be determined by solving the implicit equation
kB9 ( ln(1 - Oe) -+ ex+ ) + vGo((>i/3 - Oe) = 0, (7.131)
and thence Ae = qe1/ 3 , and also Je = A3 may also be determined.
Parameter Gaussian non-Gaussian
Go 0.1 MPa 0.1 MPa
AL - 2.5
v 1.7 x10- 28 m 3 1.7x10- 28 m 3
x 0.1 0.1
A 0.OJ 0.0 
Table 7.1: Material parameters for a representative elastomeric gel.
Table 7.1 lists plausible values for the material properties of a polymeric gel at room
temperature, 20 C. Specifically, the ground state shear modulus for the polymer, Go, is
chosen to have a value 0.1 MPa, and the locking stretch parameter is taken to have a value
AL = 2.5, so that the effects of chain-locking are easily observable when we compare results
from a theory based on non-Gaussian statistics against results based on a theory which uses
Gaussian statistics. The volume of a solvent molecule is taken as v = 1.7 x 10- 28m 3 -
100.0 cm3 /mol. Additionally, we have chosen a value of X = 0.1 for the Flory-Huggins
interaction parameter - a value which is favorable for a high degree of swelling. Using the
material parameters in Table 7.1, solutions of (7.131) give
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" Case 1, Gaussian theory:
oe = 0.0566, Ae = 2.6045, J = 17.667. (7.132)
" Case 2, non-Gaussian theory:
oe = 0.1552, Ae = 1.8608, Je = 6.44. (7.133)
These results clearly show that the non-Gaussian theory, which accounts for the effects of
limited chain extensibility, predicts a significantly smaller amount of swelling at equilibrium
than the classical Gaussian-statistics-based theory.
Remark 19:
At a given temperature V, the ground-state shear modulus Go = Nakb is proportional to
the number of chains per unit reference volume, NR, in an elastomer, and N itself is directly
proportional to the degree of cross-linking (which determines the mean number of segments
in a polymer chain connecting two neighboring junction points in an elastomer). In order
to get a physical feel for how N, and the X-parameter affect the swelling behavior of a
gel, consider the Gaussian theory (( = 1), and a gel which shows a high degree of swelling
(e < 1); under these circumstances, using the approximation ln(1 -qe) = -# - 0'/2, and
neglecting the term 4, as compared to in (7.131), one obtains
vN, 3/5
e (~ vR)3 . (7.134)
Thus,
" For a given value of X < 1/2, we find that e cc N3/, and hence if the gel is made from
a weakly crosslinked polymer so that N is small, then the equlibrium volume fraction
of polymer 0e is small, or the amount of swelling is large.
" Also, for a given value of NR, as X becomes much smaller than 1/2, the value of
#e decreases, and the amount of swelling increases. On the other hand, as x -+ }
the amount of swelling decreases until the solvent and polymer network are no longer
miscible with each other. On a cautionary note, a possible conclusion from (7.134) that
x must be less than 1/2, is based on an approximative analysis; in actual applications
one may encounter x > - (cf., Section 7.10.4.)
7.10.2 One-dimensional transient swelling
Next, we consider the transient swelling of a gel in a one-dimensional setting. With respect to
Figure 7-2, the one-dimensional reference body B is in the form of a cylinder of dry polymer
with axis aligned with the ei-direction and of height H0 , placed in a rigid container. The
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reference body occupies the region 0 < X1 < Ho, and the polymer is in contact with the
solvent at the surface X1 = Ho, which is traction-free. The body is constrained in the lateral
e2- and e3-directions, so that the motion of the body, as it absorbs the fluid and swells is, of
the form
Xi = X(X1, t), X2 = X2, X3 = X3, (7.135)
and the axial stretch is given by
def x(X t)A = \(X1,7 t) = ', .(7.136)
We assume that the displacement of the gel surface at X1 = 0 is zero, and that all the
walls of the container are frictionless and impermeable to fluid flow. Thus, the boundary
conditions for displacement, tractions, and chemical potential in this problem are:
" On the surface X, = 0:
X1 = X1, -Vu -el = 0. (7.137)
" On the surface X1 = Ho:
A = po Taej = 0. (7.138)
" On the lateral surfaces:
- 7t - e2 = 0, -VA - e3 = 0, el - (Tae2) = 0, el - (TRe3 ) = 0. (7.139)
From (7.135) and (7.136), the deformation gradient has the matrix representation
A 0 0
[F]= 0 1 0]. (7.140)
0 0 1
Thus det F = A, and use of the field equation (7.124)1 (the swelling constraint) gives 0A = 1,
or equivalently that the polymer volume fraction is related to the axial stretch by the relation
#(X 1 , t) = A(X 1, t)-. (7.141)
Next, recalling the relation (7.102) for the Piola stress, viz.
T, = GF - PF-T , (7.142)
and using (7.140) and (7.141), we have that the pertinent components of the Piola stress are
(TR)1l = G#-' - PO,
(TR) 2 2 = G - P, (7.143)
(T) 3 3 = G - P.
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Further, the equation of equilibrium, (7.124)2 gives the following non-trivial equilibrium
equation to be satisfied
a
(GO-' - PO) = 0; (7.144)
which is satisfied, provided
GO-'- PO= C7(7.145)
with C independent of X1.
Next, using (7.143), and applying the traction-free boundary condition Tael = 0 at
X, = HO, requires that
(TR)11 IX=HO = [G#-' - PO = 0, (7.146)
and thus, using (7.145), that also
C = 0.
Hence, from (7.145) we obtain that the field P is given by
P= GO 2 . (7.147)
Use of (7.147) in (7.143) gives
(TR)11 = 0,
(TR) 2 2 = G(1 - 0-2) = -G(A 2 - 1), (7.148)
(TR) 3 3 = G(1 - #-) = -G(A 2  1).
The stress field (7.148) satisfies the equation of equilibrium (7.124)2 and the boundary con-
ditions (7.138)2, (7.139)3, and (7.139)4. Note that in the present case of swelling (A > 1),
(7.148) shows that the lateral stresses (TR) 22 and (TR)33 are compressive.
Having satisfied the first two field equations (7.124)1 and (7.124)2, we turn our attention
next to the remaining field equation (7.124)3 for the transient swelling response of the gel.
Recalling the relation (7.105) for the chemical potential, and substituting for P from (7.147),
we have the following expression for the chemical potential in terms of the polymer volume
fraction q,
A = A + k7ln(1 - ) + # + x#2 + vGo((#-' - 0), (7.149)
with
(=()= where \ = -/4-2 +2, (7.150)
as defined before in (7.99)2 and (7.88). Since the partial differential equation (7.124)3 is
phrased in terms of # rather than y, we next rewrite the initial and boundary conditions in
terms of 0. Accordingly:
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" The initial condition for the polymer volume fraction is
O(X1,70) = 1.0,
so that at time t = 0 the reference body is a dry polymer."
" The boundary condition for # at the free surface #(HO, t) is denoted by OH., a time-
invariant constant.'12
implicit equation
Therefore, using (7.149) we can determine OHO by solving the
kB79 [n(1 _ OH0 ) + HO X2H +vGo((HOO - OH0 ) = 0, (7.151)
where (HO = ((OH 0 ). Note that OH, will also correspond to the equilibrium value of 4
in the whole body as t -+ oo.
* Since the flux in the el-direction is
__(_ _ Df(4) &q#JR-=-rn(#) = m(5)8X1Oq$ OX1' (7.152)
the no-flux boundary condition (7.137)2 is enforced by setting &q/aX1 = 0 at X, = 0.
The partial differential equation (7.124)3 with m =
by (7.149) and (7.150), and the boundary conditions
for #(X1, t) using a finite-difference scheme.
rn() given by (7.122), /t = A(O) given
listed above, may be solved numerically
Parameter Gaussian non-Gaussian
Go 0.1 MPa 0.1 MPa
AL- 2.5
v 1.7x10- 28 m 3  1.7x 10- 2 8 m 3
D 5.0x10- 9 m2 /sec 5.0x10- 9 m2 /sec
n 1.0 1.0
x 0.1 0.1
A 0 0.0 J 0.0 J
Table 7.2: Parameters used in the transient swelling and squeezing problems.
The material parameters in our simulation for the transient free-swelling problem were
chosen to be representative of a generic polymeric gel at room temperature, 20 C, and are
listed in Table 7.2. Values for the list {Go, AL, V, x, p} are taken from the previous example,
"In practice, we have used O(X1 , 0) = 0.999 rather than 1.0 to eliminate numerical difficulties with the
ln(1 - 0) term in (7.149). This approximation has no noticeable effect on the final numerical results.
12 The boundary condition OH,, is time-invariant since, at time t = 0 the surface of the body is in contact
with the solvent, and correspondingly, the chemical potential on the surface X1 = HO is in equilibrium with
that of the pure solvent, p(Xi = HO, t) = J.-
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and to that list we append the permeation-related parameters (D, n) for simulation of the
transient response. We have chosen a value D = 5.0 x 10 9 m 2/sec for the permeability
coefficient, and n = 1. The initial height of the dry polymer is taken as HO = 0.01 m.
" Case 1: We first consider results from simulations which use the material parameters
listed in Table 7.2 for a free energy which neglects chain-locking, and uses Gaussian
statistics to account for the change in entropy due to stretching.
Figure 7-3a and Figure 7-3b, respectively, show plots of the polymer volume fraction
# and the axial stretch A as functions of the normalized axial coordinate X1 /Ho in the
reference body, at different instances of time; the total time of our simulations is 24
hours. Figure 7-3a shows that the body begins as 100% polymer, and after 24 hours
the top of the body (X1/HO = 1) is only 19.97% polymer and 80.03% fluid, while the
bottom of the body (X1 /Ho = 0) is ~ 30% polymer and ~ 70% fluid. Note that we
did not carry out our numerical simulations for periods of time which are long enough
to have led to a situation of equilibrium swelling. At equilibrium the polymer volume
fraction in the whole body is 0(-- OH,) = 0.1997 (cf. (7.151)), and the corresponding
equilibrium stretch is A = 5.0075; these equilibrium values are plotted as dashed
lines in Figures 7-3a,b.
* Case 2: Next we consider results from simulations which use the material parameters
listed in Table 7.2 for a theory which uses non-Gaussian statistics to account for the
change in entropy due to stretching.
Figure 7-4a and Figure 7-4b, respectively, show plots of the polymer volume fraction
# and the axial stretch A as functions of the normalized axial coordinate X1 /HO in the
reference body, at different instances of time; as before, the total time of our simulations
is 24 hours. Figure 7-4a shows that the body begins as 100% polymer, and after 24
hours the top of the body (X1/Ho = 1) is 28.65% polymer and 71.35% fluid, while
the bottom of the body (X1/Ho = 0) is ~ 33% polymer and ~~ 67% fluid. Note that
as before, we did not carry out our numerical simulations for periods of time which
are long enough to have led to a situation of equilibrium swelling. At equilibrium, the
polymer volume fraction in the whole body is #(= #H) = 0.2865 (cf. (7.151)), and
the corresponding equilibrium stretch is A = q5 = 3.49; these equilibrium values are
plotted as dashed lines in Figures 7-4a,b.
To provide a more physical picture of the swelling process, Figure 7-5 shows representative
images of the time history of the deformed body during transient swelling; Figure 7-5a shows
the results from numerical simulations which use the Gaussian statistics-based theory, and
Figure 7-5b shows the results from the non-Gaussian theory. At each time, the dashed
rectangle represents the reference body, and the filled rectangle represents the deformed
(swollen) body. Also shown plotted on the deformed body are contour plots of the polymer
volume fraction #. Note that at each of the times shown in Figure 7-5, the non-Gaussian
theory exhibits a significantly smaller amount of swelling due to the effects of limited chain
extensibility.
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7.10.3 Squeezing/Consolidation of an initially swollen gel
Next we consider the gels from the previous example, which have been held long enough
to have reached their "equilibrium" swollen configurations. Thus, using the equilibrium
solutions from the previous example, the initial heights Ho of the specimens are now taken
as
* Ho = 5.0075 x 10-2 m, for the Gaussian theory, (7.153)
" Ho = 3.4904 x 10-2 m, for the non-Gaussian theory,
and the initial conditions for the polymer volume fraction are taken as
" #(Xi, t = 0) = 0.1997, for the Gaussian theory, (7.154)
* #(Xi, t = 0) = 0.2865, for the non-Gaussian theory.
In the problem studied here, these swollen gels are subjected to a compressive normal traction
of magnitude S to the upper surface via a permeable plate; Figure 7-6 shows a schematic
of the geometry and boundary conditions for the problem. Under the applied compressive
normal traction S, we expect that the fluid squeezes out of the gel, so that the polymer
volume fraction of the gel increases and height of the gel decreases, both as a function of
relative position X1 /H0 and time t.13
The boundary conditions for the displacements, tractions, and chemical potential for this
example are:
" On the surface X1 = 0:
x1 = X1, -V - el = 0, (7.155)
" On the surface X1 = HO:
A = P0 , Te1 = -Se 1 , (7.156)
" On the lateral surfaces:
- V[t - e2 = 0, -Vp -e 3 = 0, el. (T e2) = 0, el - (Tae3 ) = 0. (7.157)
Mimicking the steps of the previous example, and accounting for the boundary condition
TRel = -Se 1 , we find that in this case
(TR)11 = -S, (7.158)
throughout the height of the gel (instead of (T),l = 0), the scalar field P is now given by
P = G + S#-1, (7.159)
'
3 A similar problem was first analyzed by Terzaghi (1923, 1943) in the context of one-dimensional linear
poro-elasticity, and by Biot (1941) in the context of complete theory of linear poro-elasticity; the problem
has also been recently analyzed by Hong et al. (2008) in the context of gels.
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and the lateral stresses are given by
(TR) 2 2 = (TR) 33 = G(l - #- 2 ) _ SO-1. (7.160)
Also, use of (7.159) in (7.105) shows that the chemical potential inside the body given by
A = AO + kBd I n(1 - 0) + q + Xy2 + vGo((4O' - #) + vS, (7.161)
with = ((0) given in (7.150). As in the previous example,
" The boundary condition for q at the top surface is denoted by OH., and following
arguments similar to those in the previous example, OH, is determined by solving the
implicit equation
kBV In(1 -- HH]) 0  + q5 vj H VGo((HO I' - OHO) -vS = 0, (7.162)
where (HO = 4(Ho). Note that OH, will also correspond to the equilibrium value of q
in the whole body as t -+ oo.
" The no-flux boundary condition (7.155)2 is enforced by setting 00/&X1 = 0 at X, = 0.
The field equation (7.124)3 is solved numerically by using the same finite-difference proce-
dure as in the previous example. The material parameters are taken to be the same as those
used in the previous example, and given in Table 7.2. Further, we have used a compressive
stress of S = 3 MPa.
* Case 1: As before, we first consider results from simulations which use the material
parameters listed in Table 7.2 for a free energy which uses Gaussian statistics.
Figure 7-7a and Figure 7-7b, respectively, show plots of the polymer volume fraction
# and the axial stretch A as functions of the normalized axial coordinate X1/HO in
the reference body, at different instances of time; the total time of our simulations is
24 hours. Figure 7-7a shows that the body begins as 19.97% polymer, and after 24
hours the top of the body (Xi/Ho = 1) is 45.38% polymer, while the bottom of the
body (X1/HO = 0) is ~ 30% polymer. As before, we did not carry out our numerical
simulations for periods of time which are long enough to have led to an equilibrium
situation. The equilibrium value of polymer volume fraction is 0(= OH") = 0.4538
in the whole body, and the corresponding equilibrium stretch is A = 2.2036; these
equilibrium values are plotted as dashed lines in Figures 7-7a,b.
" Case 2: Next we consider results from simulations which use the material parameters
listed in Table 7.2 for a free energy which uses non-Gaussian statistics.
Figure 7-8a and Figure 7-8b , respectively, show plots of the polymer volume fraction
q and the axial stretch A as functions of the normalized axial coordinate X1 /HO in the
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reference body, at different instances of time; as before, the total time of our simulations
is 24 hours. Figure 7-8a shows that the body begins as 28.65% polymer, and after 24
hours the top of the body (X1 /HO = 1) is 45.82% polymer, while the bottom of the
body (X1/Ho = 0) is ~ 42% polymer. The equilibrium value of polymer volume
fraction is 0(- qH )= 0.4582 in the whole body, and the corresponding equilibrium
stretch is A = 2.1825; these equilibrium values are plotted as dashed lines in Figures
7-8a,b.
The results clearly show that in both cases the fluid has been "squeezed" out of the body
due to the applied compressive normal traction. Finally, to provide a more physical picture
of the squeezing/consolidation process, Figure 7-9 shows representative images of the time
history of the deformed bodies during transient consolidation; Figure 7-9a shows the results
from numerical simulations which use the Gaussian statistics-based theory, and Figure 7-9b
shows the results from the non-Gaussian statistics theory. At each of the times depicted in
Figure 7-9 the dashed rectangle represents the initially swollen reference body, and the filled
rectangle represents the deformed (squeezed) body. Also shown plotted on the deformed
body are contour plots of the polymer volume fraction # at the different instances of time.
7.10.4 Diffusion across a membrane
As a final example, we consider the problem of pressure-difference-driven diffusion of flu-
ids across polymer membranes." The specific problem discussed here is the transport of
organic liquids through a highly-swollen rubbery membrane, a problem which has been ex-
perimentally studied by (Paul and Ebra-Lima, 1970). This problem has also been previously
analyzed by (Rajagopal, 2003) (who used a mixture-theory approach), (Baek and Srinivasa,
2004) and (Duda et al., 2010). The analysis presented here is a simplified version of the
analysis presented by (Duda et al., 2010).
Figure 7-10 shows a schematic of the geometry and boundary conditions for this problem:
a gel of initial height H is placed on a permeable plate on a container with frictionless rigid
walls, and the top and bottom faces of the gel are subjected to pressures p(Xi = HO, t) = pH
and p(X1 = 0, t) = po = 0, to obtain a pressure difference Ap = pHO - po > 0 across the
membrane. We analyze two situations:
* First we consider the transient response of the system.
" Next, we consider the steady-state response of the system, and compare our theo-
retical result for the steady-state flux as a function of the pressure difference against
corresponding experimental data from (Paul and Ebra-Lima, 1970).
Since in this example the stretches are relatively small, we use only the theory based on
Gaussian statistics.
14Useful practical applications of such a phenomenon are encountered in diverse applications such as water
purification - especially desalination by reverse osmosis.
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Transient diffusion across a membrane
The boundary conditions for this problem are:
" On the surface Xi = 0:
" On the surface X1 = Ho:
X, = Xi, A = [0,
TRel = -pHei, S= p0 + VPHO,
e On the lateral surfaces:
- Vp -e 2 = 0, -Vp - e 3 = 0, el - (Tae2 ) = 0, el - (Te3 ) = 0.
Following a procedure similar to that in the previous examples, the state of stress inside
the body is given by
(TR)11 -PHO = -A
(TR) 2 2 = Go(1 - 2) - AP 0- 1 ,
(TR) 3 3 = Go(1 - 2 - J
Also, the chemical potential inside the body given by
A = P0 + kB79 [n(1 -$) - -- X02 +vGo(' - $) +vAp.
(7.166)
(7.167)
Since the partial differential equation (7.124)3 is phrased in terms of q rather than p, we
next rewrite the initial and boundary conditions in terms of #:
o The reference body is taken to be a fully-dry polymer at the start of the simulation,
so that q obeys the initial condition
O(X1 , 0) = 1.0, 0 _< Xi ; Ho.
* Since the body is in contact with the solvent at both surfaces X, = 0, and X1 = H0 ,
we must prescribe boundary conditions q = 0 at X1 = 0, and 0 = OH" at X1 = Ho,
respectively. These are obtained by solving the following set of implicit equations
kB79 I -nI 0] + vGo(0 1 - 0) + vAp = 0
kBi9 [n(1 - HO  x ] + vGo($0 - OHO) = 0
at Xi = 0, and
(7.169)
at X1 = Ho.
(7.170)
(7.163)
(7.164)
(7.165)
(7.168)
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Parameter Toluene o-Xylene iso-Octane
Go, MPa 0.2669 0.2669 0.2669
v, m 3  1.8 x 10-28 2.01 x 10-28 2.81 x 10-28
D, m2 /sec 1.3x0-9 1.4 ix0~9 0.9 X10-9
n 3 2 3
x 0.425 0.408 0.572
F0 0.0 0.0 0.0
Table 7.3: Material parameters used in the pressure-difference-induced diffusion problem. The
polymeric network is a cross-linked pure gum rubber, and the solvents are Toluene, o-Xylene, and
iso-Octane. The initial thickness of the membrane is HO = 0.0265 cm and the temperature is 30 C.
Data estimated from (Paul and Ebra-Lima, 1970).
The field equation (7.124)3 for the transient diffusion problem is solved numerically using
the same finite-difference procedure used in the previous examples. The material parameters
used in the numerical solution are those for natural gum rubber immersed in toluene listed
in Table 7.3, and estimated from the experimental data of (Paul and Ebra-Lima, 1970).
Further, we have used a pressure difference of Ap = 500 psi.
Figure 7-11a and Figure 7-11b, respectively, show plots of the polymer volume fraction
# and the axial stretch A as functions of the normalized axial coordinate X1 /HO in the
reference body, at different instances of time; the arrows show increasing time, with the last
curve shown in each figure almost at steady-state. Note that at steady-state the polymer
volume fraction at the top of the gel is OH, = 0.3576, while that at the bottom of the gel is
#o = 0.6114, and correspondingly the stretch at the top of the gel is A(X 1 = HO, t) = 2.80,
while that at the bottom of the gel is A(X1 = 0, t) = 1.64.
Steady state diffusion across a membrane
At steady-state, the polymer volume fraction varies with X1 , as shown in Figure 7-11a.
Presume that we have calculated 0 and #H0 for a given Ap. We now wish to calculate the
steady-state flux of the fluid across the membrane.
Recall (7.152), viz.
jR= -7h (0) (7.171)
With a function g(o) defined by the relation
ag(#) def ____
=m(#) (7.172)
we may write (7.171) as
Og(o)
J = ax . (7.173)aX'
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At steady-state the flux is constant, j, = js. Therefore integration of (7.173) between the
limits X1 = 0 and X, = Ho gives15
j. H0 =g(o0) - g(4H)' (7.174)
For in(o) and A(#), given by (7.122) and (7.105), respectively, (7.172) gives
Og (0) D 1 -0 1 ) ,1 D (1 - O# (1+ -)=) -(I +2XO - (1+--) (7.175)(g$ V ( 1-$ kBL9 0
For a given positive integer value of n, (7.175) may be integrated to compute g(q).' 6 Then,
since 0 and OH, at steady-state are known for a membrane of initial thickness HO and a
given Ap, (7.174) gives the resulting steady-state flux js. The corresponding steady-state
volumetric flux is vjss.17 For a given elastomeric membrane and a given solvent, a curve
of steady-state volumetric flux of solvent versus Ap may be computed by repeating the
calculation procedure outlined above for several values of Ap.
The solid lines in Figure 7-12 show steady-state volumetric solvent flux (in units of
cm3 /cm 2/day) versus Ap (in psi) curves for three organic solvents - Toluene, o-Xylene and
iso-Octane - across cross-linked gum-rubber membranes of thickness HO = 0.0265cm, at
a temperature of 30'C. The material parameters used to produce these curves are listed
in Table 7.3. The material parameters (D,n) were calibrated to fit the experimentally-
measured steady-state flux versus Ap curves, while all other material parameters for the
three membrane-solvent pairs were taken directly from (Paul and Ebra-Lima, 1970).18 Also
plotted in Figure 7-12 are corresponding data points for the steady-state flux versus driving
pressure difference, measured experimentally by (Paul and Ebra-Lima, 1970). The theory
nicely reproduces the highly nonlinear dependence of the flux on the driving-pressure for the
three solvent-polymer combinations.
1 5Cf., Duda et al. (2010), eq. (100).
16 We use the commercial software package Mathematica to symbolically perform this integration.
1 7Recall that the flux jss is the number of particles per unit area per unit time, and v the volume of a
single solvent particle.
"(Paul and Ebra-Lima, 1970) studied the diffusion of several solvents across cross-linked natural gum-
rubber membranes; we limit our attention here to the three solvents listed in Table 7.3.
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7.11 Numerical procedure for one-dimensional tran-
sient problems
In this section we aim to provide the details of the numerical solution of the transient swelling
example. The procedure used in the other examples is essentially the same with the exception
of minor details such as boundary conditions. The partial differential equation for transient
swelling is given by (7.124)3 with m = rn(q) given by (7.122), and [ = A(O) given by (7.149).
After some simplification (7.124)3 may be written as
D n- -0 19 2 po 1n # 02
= n (- 2 ( (7.176)
kBo V 0XOX # 9X2-
We solve (7.176) numerically using a forward in time, centered space finite difference scheme.
A one-dimensional grid is constructed of N points with uniform spacing h. We denote the
time increment by a superscript k, and spatial location by a subscript i, where X1 = 0
corresponds to i = 1, and X1 = HO corresponds to i = N.
For the boundary condition at the top surface we have
Ok =OH.'(7.177)
where OH,, is the prescribed boundary condition (see (7.151)). And for the no-flux condition
at the bottom we have &#/0X1 = 0, at X1 = 0, which is satisfied when
ok = #o. (7.178)
For the interior grid points we approximate the derivatives of # with the finite-difference
equations
At (7.179)
OX #+2h___ (7.180)8X1 2h'
aX12? . (7.181)
Also, at any given grid point, at any time increment, we can evaluate the chemical
potential
Ai = p)+ kB I --- i - 2 + vGo ( ( (7.182)
And we approximate derivatives of chemical potential with the finite-difference equations
kk
2h (7.183)
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2P /-t+1 - 2pi + pi- _114
X2 h2(7.184)
The generalized shear modulus may also be computed at each grid point
G= Go ( =-' (+) (7.185)
with
-(# 5)-2 +23= (7.186)3
It is important to note that the computation of L- 1(z) is not trivial. Cohen (Cohen, 1991)
has developed a Pade approximation for the inverse Langevin function which we use in this
work to greatly simplify the computation. Cohen's approximation is given by
I-1(z) ~~ z 3 2) + O(z6).
(I - Z2
This Pad6 approximation is much more accurate (preserving the limit as L -1(z) -+ oo as
z -+ 1) and simple to implement than a high order series expansion.
With these approximations the discrete form of the field equation becomes
- D n- - & #8 -$ 2
-- k [1 - ()2 ((7.187)
kBd Ok OX8X Ok (X 2
and values of # at the grid points are updated in each time increment using
ok+1 = ok+ At 5i. (7.188)
Lastly, for this specific case, since information "flows" from the top surface down, the com-
putational loop starts at i = N and moves down the body to i = 1 in each time increment.
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Figure 7-1: Schematic of the decomposition (7.2). The grey "boxes" denote infinitesimal neigh-
borhoods of the points X in the reference body B, and x = X(X, t) in the deformed body Bt. The
arrows indicate the mapping properties of the linear transformations F, Fs, and F'.
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Figure 7-2: Schematic of the reference geometry of cylindrical polymer specimen in a rigid con-
tainer used for the transient swelling problem. The gel is constrained from swelling in the e2 - and
e3 -directions, and at the base X1 = 0, the gel is fixed to the wall of the container. The walls of the
container are assumed to be frictionless, and no fluid is allowed to diffuse through the walls.
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Figure 7-3: Transient swelling response of a gel using the Gaussian theory and the material
parameters given in Table 8.1: (a) the polymer volume fraction q, and (b) the axial stretch A as a
function of the normalized axial coordinate X1 /HO in the reference body at different instances of
time, for a total time of 24 hours; the arrows indicate increasing time. The dashed lines indicate
the steady-state values at time t = o.
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Figure 7-4: Transient swelling response of a gel using the non-Gaussian theory and the material
parameters given in Table 8.1: (a) the polymer volume fraction 0, and (b) the axial stretch A as a
function of the normalized axial coordinate X1/HO in the reference body at different instances of
time, for a total time of 24 hours; the arrows indicate increasing time. The dashed lines indicate
the steady-state values at time t = 00.
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Figure 7-5: Representative images of the time history of the deformed body during transient
swelling. At each time the dashed rectangle represents the reference body, and the filled rectangle
represents the deformed (swollen) body. Also shown plotted on the deformed body are contour
plots of the polymer volume fraction, 0, at different instances of time; the gray-scale bar gives
numerical values of 0 < 0 < 1: (a) Shows the results from numerical simulations which use the
Gaussian theory, and (b) shows the results from the non-Gaussian theory. Note that at each time
the non-Gaussian theory shows significantly smaller amount of swelling due to the effects of limited
chain extensibility.
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Figure 7-6: Schematic of the reference geometry of cylindrical fully-swollen gel specimen in a
rigid container used for the transient squeezing problem. The gel is constrained from changing
dimensions in the e2 - and e3-directions, and at the base, X1 = 0, the gel is fixed to the wall of
the container. The walls of the container are assumed to be frictionless, and no fluid is allowed to
diffuse through the walls. However, at the upper surface X, = HO, a compressive normal traction
-Se is applied, and fluid may squeeze out through a rigid permeable plate.
0.2 0.4 0.6
X1HO
(a)
0.8 1
3-
increasing time
1 - steady state-
0 0.2 0.4 0.6 0.8
X1bHo
(b)
Figure 7-7: Transient squeezing response of a gel using the Gaussian theory and the material
parameters given in Table 8.1: (a) the polymer volume fraction q, and (b) the axial stretch A as a
function of the normalized axial coordinate X1/Ho in the reference body at different instances of
time, for a total time of 24 hours; the arrows indicate increasing time. The dashed lines indicate
the steady-state values at time t = oo.
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Figure 7-8: Transient squeezing response of a gel using the non-Gaussian theory and the material
parameters given in Table 8.1: (a) the polymer volume fraction 0, and (b) the axial stretch A as a
function of the normalized axial coordinate X 1 /Ho in the reference body at different instances of
time, for a total time of 24 hours; the arrows indicate increasing time. The dashed lines indicate
the steady-state values at time t = 'o.
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Figure 7-9: Representative images of the time history of the deformed body during transient
squeezing/consolidation. At each time the dashed rectangle represents the reference body, and the
filled rectangle represents the deformed (squeezed) body. Also shown plotted on the deformed body
are contour plots of the polymer volume fraction # at different instances of time; the gray-scale bar
gives numerical values of 0 < 0 < 1: (a) Shows the results from numerical simulations which use
the Gaussian theory, and (b) shows the results from the non-Gaussian theory.
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Figure 7-10: Schematic of the geometry used for the analysis of pressure-difference-driven diffusion
across a polymer membrane. The gel is constrained from swelling in the e 2- and e3 -directions. At
the base, Xi = 0 the gel is fixed to a permeable plate so that fluid may pass through. A pressure
difference Ap = PHO - Po > 0 is applied across the membrane to drive the fluid flux.
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Figure 7-11: Inhomogeneous transient response of (a) the polymer volume fraction and (b) the
stretch in the pressure-driven-diffusion process for an applied Ap=500 psi. The arrows indicate
increasing time, with the last curve shown corresponding to |kbl|12 < 5 x 10-5S- 1 (a small value )
so that this curve corresponds to steady-state.
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Figure 7-12: Comparison between numerically-calculated steady-state volumetric flux versus
pressure-difference curves and corresponding experimental data from (Paul and Ebra-Lima, 1970).
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Chapter 8
Summary of the coupled fluid
permeation, heat transfer, and large
deformation theory for elastomeric
materials
8.1 Introduction
There are numerous elastomeric materials which can absorb large quantities of various sol-
vents without disrupting the underlying polymeric network structure of the elastomer. Such
a polymer network, together with the fluid molecules, forms a swollen aggregate called a
gel.' A subclass of elastomeric gels is known to be thermally-responsive - a prime example
being gels based on poly(N-isopropylacrylamide), often abbreviated as PNIPAM. An un-
constrained specimen of a PNIPAM gel, saturated with an aqueous solution, swells by as
much as a factor of 10 when the temperature decreases from above a "critical temperature"
to below it. Such a critical temperature for a thermally-responsive gel is known as the the
gel's lower critical solution temperature (LCST) (cf., e.g., Schild, 1992; Wang et al., 2005).2
PNIPAM-based thermally-responsive gels have been used for a variety of applications in-
cluding drug delivery (Dinarvard and D'Emanuele, 1995) and valves in microfluidic devices
(Harmon et al., 2003; Wang et al., 2005), and they show promise for use in a variety of other
emerging microscale applications.
'Gels can also be made from colloidal solutions, and such gels are called colloidal gels. In this paper we
restrict our attention to elastomeric gels, and within this class of materials we further restrict our attention
to non-ionic gels.
2For PNIPAM-based gels the LCST depends on the precise composition of the gel, and may be varied
between 30'C to 501C by suitably varying the composition.
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Early studies of swelling of gels are due to Tanaka and co-workers (c.f., e.g., Tanaka and
Fillmore, 1979), and in recent years there have been several notable attempts to formulate
a coupled deformation-diffusion theory for describing more complete aspects of the response
of gels, including swelling and drying, squeezing of fluid by applied mechanical deformation,
and forced permeation; 3 cf., e.g., Durning and Morman (1993); Baek and Srinivasa (2004);
Ji et al. (2005); Hong et al. (2008); Doi (2009); Duda et al. (2010); Baek and Pence (2011);
and references to the vast literature therein.
We have recently published a theory for elastomeric gels (Chester and Anand, 2010).
Our theory, like most of the other theories referenced above, was limited to isothermal
conditions. With an objective of modeling the response of thermally-responsive elastomeric
gels, the purpose of the present paper is to formulate a thermo-mechanically coupled theory
for fluid permeation in elastomeric materials. In addition to this important extension of our
earlier work, in this paper we also report on our numerical implementation of our theory in a
finite element program, and show solutions to some representative boundary value problems.
In what follows, we review the basic laws for the balance of forces, the balance of fluid con-
tent, the balance of energy, and the entropy imbalance, and we formulate a frame-indifferent
and thermodynamically-consistent coupled deformation-diffusion theory for thermally-responsive
elastomeric gels. In discussing special constitutive equations, we limit our attention to
isotropic materials, and consider a model based on the following major ingredients:
(i) First, an essential kinematical ingredient of our theory is a multiplicative decomposition
F = FeFS, with F - As1, As > 0,
of the deformation gradient F into elastic and swelling parts F' and FP, respectively,
with the swelling taken to be isotropic, where AS is the swelling stretch. Correspond-
ingly, with J = det F > 0 denoting the determinant of the deformation gradient, we
have
J = JJS, where Je = detFe > 0 and Js = det F' = (A) 3 > 0.
The quantity
Js - 1
represents the change in volume per unit reference volume due to swelling. As in our
previous paper (Chester and Anand, 2010), we assume that this change arises entirely
due to the change in the fluid content. Thus, with v denoting the volume of a mole
of fluid molecules and c, denoting the number of moles of fluid molecules absorbed by
the elastomer, we have the important swelling constraint
J = 1 + VcR.
3We use the words permeation and diffusion interchangeably.
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In our previous paper we had assumed that both the polymer network and the solvent
were mechanically incompressible, and we developed a theory based on the additional
constraint that
e=1.
However, many elastomeric materials are somewhat compressible, and a proper ac-
counting for such limited compressibility is important for modeling the response of
elastomeric materials, especially when they are to be used in confined geometries such
as seals, o-rings, and valves in microfluidic devices (Anand, 1996; Bischoff et al., 2001).
Accordingly,
* we formulate our theory to include some mechanical compressibility of the gel,
and do not assume that Je = 1.
This relaxation of complete mechanical incompressibility also substantially aids in the
numerical implementation of our theory.
(ii) Second, we use the Flory (1942)-Huggins (1942) theory for the free energy change due
to mixing of the fluid with the polymer network (cf., e.g., Doi, 1996, 2009). This
theory contains a parameter, called the X-parameter (or interaction parameter), which
characterizes the interaction between the solvent and the underlying polymer network
(Flory, 1953). A key component of our theory for thermally-responsive gels is the
temperature dependence of Flory's X-parameter. It is the temperature dependence
of the X-parameter which is central to modeling the response of the PNIPAM-type
thermally responsive gels.
(iii) Finally, in order to model the change in configurational entropy of the polymer chains
we use a non-Gaussian statistical-mechanical model which accounts for the limited
extensibility of polymer chains.
We have numerically implemented our theory in the commercial finite element program
ABAQUS/Standard (2011) by writing special user-elements which couple mechanical defor-
mation, fluid permeation, and conduction of heat. As representative examples of application
of the theory and its numerical implementation, we study the following problems: (a) isother-
mal free-swelling of a gel; (b) mechanically-activated de-swelling (squeezing) of an already
swollen gel; (c) thermally-activated de-swelling of an already swollen gel; (e) operation of a
thermally-activated gel-based valve in a fluidic-channel; (f) isothermal swelling of an elas-
tomeric gel in a geometry which mimics that of an oil-well packer; and (g) as a simple
example, which demonstrates our three-dimensional numerical simulation capability, we also
study the indentation of a finite-dimensioned swollen gel by a cylindrical rigid punch, and (h)
as a final simple example, which demonstrates our three-dimensional numerical simulation
capability with thermal effects, we also study the thermally activated constrained swelling
of a three-dimensional geometry.
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8.2 Kinematics
Consider a fluid-free (dry) macroscopically-homogeneous elastomeric body. In what follows,
the spatially-continuous fields that define our continuum theory represent averages meant
to apply at length scales which are large compared to the length scales associated with the
molecular network and its microscopic-scale free-volume/pore-structure. We identify such a
macroscopically-homogeneous body B with the region of space it occupies in a fixed reference
configuration, and denote by X an arbitrary material point of B. A motion of B is then a
smooth one-to-one mapping x = X(X, t) with deformation gradient, velocity, and velocity
gradient given by4
F = VX, v , L = gradv=F--. (8.1)
We base the theory on a multiplicative decomposition of the deformation gradient
F = FCFS, with FS = AS1, As > 0. (8.2)
Here, suppressing the argument t:
" FS(X) represents the local distortion of the material at X due to swelling, and As is the
swelling stretch. This local deformation accounts for the swelling of the material due to
absorbed fluid molecules which are pinned to the coherent polymer network structure
that resides in the structural space5 at X (as represented by the range of F5 (X));
" F'(X) represents the subsequent stretching and rotation of this coherent swollen net-
work structure, and thereby represents a corresponding mechanical elastic distortion.
We refer to F and F' as the swelling and elastic distortions.
We write
defJ = detF > 0, (8.3)
and hence, using (8.2),
j = je j, where Je det F6 > 0 and J" NdetFs > 0. (8.4)
Thus, using (8.2)2,
Js = (As) 3. (8.5)
4 Notation: We use standard notation of modern continuum mechanics (Gurtin et al., 2010). Specifically:
V and Div denote the gradient and divergence with respect to the material point X in the reference config-
uration; grad and div denote these operators with respect to the point x = X(X, t) in the deformed body; a
superposed dot denotes the material time-derivative. Throughout, we write F- 1 = (Fe)-l, FeT = (Fe)-T,
etc. We write trA, symA, skw A, AO, and sym0A respectively, for the trace, symmetric, skew, deviatoric,
and symmetric-deviatoric parts of a tensor A. Also, the inner product of tensors A and B is denoted by
A: B, and the magnitude of A by IA! = v/A: A.
5Also sometimes referred to as the intermediate local space at X.
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As is standard,
F =RU =VR and F e = ReUe - VeR
denote the right and left polar decompositions of F and F', respectively, with U, V, U and
V' symmetric and positive definite tensors, and R and Re rotations. Also, the tensors
C = U 2 = FTF, B = V2 = FFT, and Ce = U,2 = FeTF,
denote the total and elastic, right and left Cauchy-Green tensors.
Next, by (8.1)3 and (8.2),
with
L = Le + FeLsFe-1
L e - eFe-1, LS = PsFF 1
As is standard, we define the elastic and swelling stretching and spin tensors through
De = symL',
DS = symLs,
Wxe = skw Le,
WS = skw L',
so that L' = D' + We and L' = DS + W'.
Further from (8.2), (8.9)2, and (8.10)
DS - (sAS-1)1
and since
Js = Js tr Ds,
we also have
and WS = 0;
1-Ds - (sJs-1)1.
8.3 Frame-indifference
A change in frame, at each fixed time t, is a transformation - defined by a rotation Q(t)
and a spatial point y(t) - which transforms spatial points x to spatial points
=y(t) + Q(t)(x - o),
(8.14)
(8.15)
the function E represents a rigid mapping of the observed space into itself, with o a fixed
spatial origin. By (8.15) the transformation law for the motion x = X(X, t) has the form
X*(X, t) = y(t) + Q(t)(x(X, t) - o).
(8.6)
B e = Ve2 = FeFeT,
(8.7)
(8.8)
(8.9)
(8.10)
(8.11)
(8.12)
(8.13)
(8.16)
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Hence the deformation gradient F transforms according to
F* = QF. (8.17)
The reference configuration and the intermediate structural space are independent of the
choice of such changes in frame; thus the fields
F8 = As1, Js, and L- - Is ( J-1) 1 are invariant under a change in frame,
(8.18)
which also of course follows from the fact that Fs is spherical. This observation, (8.2), and
(8.17) yield the transformation law
Fe* = QFe. (8.19)
8.4 Balance of forces and moments
Throughout, we denote by P an arbitrary part (subregion) of the reference body B, with n,
the outward unit normal on the boundary OP of P.
Since time scales associated with fluid diffusion are usually considerably longer than
those associated with wave propagation, we neglect all inertial effects. Then, standard
considerations of balance of forces and moments, when expressed referentially, give:
(a) There exists a stress tensor T., called the Piola stress, such that the surface traction
on an element of the surface OP of P, is given by
tR(IIR) = TRnR. (8.20)
(b) TR satisfies the macroscopic force balance
DivTR + bR = 0, (8.21)
where bR is an external body force per unit reference volume, which, consistent with
neglect of inertial effects, is taken to be time-independent.
(c) T, obeys the the symmetry condition
TRFT =FTT, (8.22)
which represents a balance of moments.
Further, under a change in frame, TR transforms as
T* = QTR. (8.23)
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Finally, as is standard, the Piola stress T, is related to the standard symmetric Cauchy
stress T in the deformed body by
T, = JTF-T , (8.24)
so that
T = J'TF T . (8.25)
8.5 Fluid content. Balance law for the fluid content
Let
CR(X, t) (8.26)
denote the number of moles of fluid molecules absorbed by the polymer network, reckoned per
unit volume of the dry reference configuration. We call c, the fluid content.6
Define a fluid flux jR, measured per unit area, per unit time, so that - fp jR nRdaR
represents the number of moles of fluid molecules entering P across 4P, per unit time. In
this case the balance law for fluid content takes the form
jCRdVR jR * nRdaR, (8.27)jP faP
for every part P. Bringing the time derivative in (8.27) inside the integral and using the
divergence theorem on the integral over 0P, we find that
/(R+ DivR) dVR = 0. (8.28)
Since P is arbitrary, this leads to a (local) balance law for fluid content
cR =-DivjR. (8.29)
8.6 Balance of energy. Entropy imbalance
Our discussion of thermodynamics involves the following fields:
CR the internal energy density per unit reference volume,
'qR the entropy density per unit reference volume,
q, the heat flux per unit reference area,
qR the external heat supply per unit reference volume,
V the absolute temperature (t > 0),
6 The fluid-solid mixture is treated as a single homogenized continuum body which allows for a mass flux
of the fluid.
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pi the chemical potential,
and follows the discussion of (Gurtin et al., 2010, 64). Consider a material region P.
Then, consistent with our omission of inertial effects, we neglect kinetic energy, and take the
balance law for energy as
jER dvR - -J qR-nR daR + J R dVR + J (TRIR) - daR + JbR R dVR - j PR ndaR,
(8.30)
where the last term in (8.30) represents the flux of energy carried into P by the flux jR of
fluid molecules. Applying the divergence theorem to the terms in (8.30) involving integrals
over the boundary OP of P, we obtain
J(eR - (DivTR+ bR) - - TR:F + DivqR - qR + pDivj,+ jR - VY) cvR = 0, (8.31)
which upon use of the balance laws (8.21) and (8.29), and using the fact that (8.31) must
hold for all parts P, gives the local form of the energy balance as
R= TR: t+ R- DivqR+ qR - R VA (8.32)
Also, the second law takes the form of an entropy imbalance
J' dvR _>-dR+ dR (8.33)
in which case the local entropy imbalance has the form
) ;>-Div( 7 -) + . (8.34)
Then, in view of the local energy balance (8.32),
-Div + = I(-Div qR + qR) + 1qR
1 1
=- - - TR: +R qR V+jR
and this with the local entropy imbalance (8.34) implies that
1
(5R - R)- TR: t- [16R + - qR - V + jR -V < 0. (8.35)
Introducing the Helmholtz free energy
OPR = Ea - 'd7R, (8.36)
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(8.35) yields the following local free energy imbalance
1R +_R -AR+Iq 1 RV,- (8.37)19
Next, using (8.2) , (8.9)2 and (8.24), the stress-power TR: F admits the decomposition,
TR: - TR: (PeFs + FeFs)
(TRFS T ): Pe + (FeT TR): S,
= (TRFS T ): Pe + (FeT TRFIT ): Ls,
= (JTFe-T): Pe + (JFeTTFe-T ): L'.
For convenience, we define two new stress measures
se i JTF6-T  and Me i JFeTTFe T . (8.38)
Then
T,: P = S,: Pe + Me: Ls. (8.39)
Further, introducing a symmetric elastic second Piola stress by
T F- S, (8.40)
and noting that since the rate of change of elastic right Cauchy-Green tensor Ce is
& = FeTie + TF e, (8.41)
we have
Te: e = 2(FT e): Pe = 2Se: Pe, (8.42)
use of which in (8.39) gives the stress-power decomposition
1
T: F= -- Te: Ce + Me: Ls. (8.43)2
Next, recalling (8.11)2 and (8.13), we may write the stress-power (8.43) as
1 . 1
TR: F 1 -T : c I + JS-1(tr Me) jS. (8.44) 2 3
Let
def 1 1 1
P = _Js-(tr Me) = -- J-itr (JFeT TF-T) - JetrT, (8.45)3 3 3
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define a mean normal pressure. Then, using (8.45), the stress-power (8.44) may be written
as
TR: F = -T&:Ce - js2 (8.46)
Hence, using (8.46) in (8.37), the local free energy imbalance may be written as
1 1
NR + 1 - -Te: & + pis - 1R +q-2 7 V19 +jR - Vp < 0.
8.6.1 Kinematical constraint between c, and J8 for gels
Now,
J - 1
represents the change in volume per unit reference volume due to swelling. We assume that
this change arises entirely due to the change in the fluid content, so that with v denoting
the volume of a mole of fluid molecules we have the important swelling constraint
Js = 1 + VCR, (8.49)
or equivalently that
j -= Va.
Note that on account of (8.5), the constraint (8.49) may also be stated as
AS = (1 + VcR) 1 /3 .
Upon enforcing the constraint (8.50), the free energy imbalance (8.47) becomes
11
R + a7- 9 - ITe:Ce - Pa, + -qR - V92 9
+jR -VA < 0, (8.52)
(8.53)
where we have written
def -
for an active chemical potential.
We note that under a change in frame
R, , 19, cR, A, jR, qR, V79, and Vp are invariant, (8.54)
OR, , 9 , cR, and p because they are scalars, and j,, q,, V, and Vy since they are referential
vector fields. Using (8.19), (8.23), the definition (8.7)2 of Ce and the definition (8.40) of T',
it is straightforward to show that both
C' and T' are invariant under a change in frame.
(8.47)
(8.48)
(8.50)
(8.51)
(8.55)
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Thus with the invariance properties discussed above, all quantities in the free energy imbal-
ance (8.52) are invariant under a change in frame.
8.7 Constitutive theory
8.7.1 Basic constitutive equations
Guided by the free energy imbalance (8.52), we assume that the free energy b, entropy TI,
the stress T', the active chemical potential pu,, the fluid flux jR, and the heat flux q, are
given by the following set of constitutive equations:
4'R =OR (C e;CR) 9),
71R = 2(Ce, CR, 9 )
Te- Te(C, CR, ) (8.56)
Part = C , ,
JR - JR(Ce, CR, , VM),
qR qR(C, CR, t9 , V 9)
For simplicity, from the outset we have assumed that the constitutive equations for the free
energy, entropy, stress, and active chemical potential are independent of V19 and Vu, and
depend only on the mechanical stretch Ce, the fluid content CR, and the temperature V. We
also ignore any cross-coupling Soret-type effects, such as a temperature gradient affecting
the fluid flux.
Using the transformation rules (8.54) and (8.55) we find that the constitutive equations
(8.56) are frame indifferent.
8.7.2 Thermodynamic restrictions
With a view towards determining the restrictions imposed by the local free energy imbalance
(8.52), note that
a . de + + (8.57)
Substituting (8.56) and (8.57) into (8.52) we find that
+jR(C", cp, 9, Vp) - Vt + 9qR(C, , CR, V)) - V) < 0. (8.58)
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This inequality is to hold for all values of C', cR, V, VV, and Va. Since Ce, aR, and 9
appear linearly, their "coefficients" must vanish, for otherwise C, d, and 1 may be chosen
to violate (8.58). We are therefore led to the thermodynamic restriction that the free energy
determines the stress T', the chemical potential [, and the entropy 1, through the "state
relations"
Te -2 a4R(C e), c19)
&4pR(C =CR) + pv, (8.59)
09CR
OIR CR, 19)
099
where in writing (8.59)2 we have used the definition (8.53) for the active chemical potential.
Further, as is standard, we assume that the response function j, satisfies the fluid-transport
inequality
jR(Ce, CR, 1, Vp) - VP < 0 when Vp 4 0, (8.60)
while the response function qR satisfies the heat-conduction inequality
qR(Ce, CR, 19 V79) - V9 < 0 when V9 $ 0. (8.61)
Next, recalling that
Te = Fe- TSe S = JTFe-T, and TR = SeFs~ T , (8.62)
(8.59), gives the Cauchy stress as
T = J-1 2Fe ,a(Ce, cR, FeT (8.63)
and the Piola stress as
OVR CR 9) F 8 TTR = 2Fe '' F- (8.64)
The mean normal pressure p defined in (8.45) is then given by
2 J Ce: O(C, CR, 9) (8.65)
3 ace
8.7.3 Further consequences of thermodynamics
In view of (8.56) and (8.59) we have the first Gibbs relation
1
= Te T e -J + (A -PV) R, (8.66)2
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which with (8.36), yields the second Gibbs relation
1
ER = ,1R + -Te Ce ( - PV)R. (8.67)2
Using the balance of energy (8.32), (8.46), (8.53), and the second Gibbs relation (8.67), we
arrive at the entropy balance
7 = -DivqR + q, - j, - V[. (8.68)
Granted the thermodynamically restricted constitutive relations (8.59), this balance is equiv-
alent to the balance of energy.
Next, as is standard, the specific heat is defined by
def 4EC - (8.69)
Use of (8.36) and (8.59) gives
c = -(8.70)
Next, from (8.59) and (8.70),
IMR - 2 -- -9 aC - + c. (8.71)(,daCe - ~CR
Then using (8.70) and (8.71) in (8.68) gives the following partial differential equation for the
temperature
cP = -DivqR+ R - jR RVI + 19 + R9 02 R pR- (8.72)
0790Ce BOVCR
8.7.4 Fluid flux. Heat flux
We assume henceforth that the constitutive equation (8.56)5 for the fluid flux obeys a "Darcy-
type" relation. That is, the fluid flux jR depends linearly on the chemical potential gradient
VA,
jR = -M(Ce, CR, d) Vft, (8.73)
where M is a mobility tensor. Note that on account of (8.60), the mobility tensor is positive
definite.
Additionally, we assume that the constitutive equation (8.56)6 for the heat flux obeys a
Fourier-type relation,
qR = -K(Ce, cRt9)V9, (8.74)
where K is a thermal conductivity tensor; on account of (8.61), the conductivity tensor is
positive definite.
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8.7.5 Material isotropy
Henceforth, we confine our attention to isotropic materials. In this case, since 4(C , CR, v)
is an isotropic function of C', it has the representation
,(Ce, CR, 9) = '(Ice, CR, ), (8.75)
where
-Tce = (II (C')), I2(C)), 1(CP))
is the list of principal invariants of Ce.
Also the mobility tensor M has the representation
M(Ce, CRId) = m(Ice, cR, V)1, with m(Ice, cR, 9) > 0 (8.76)
a scalar mobility of the fluid. In this case (8.73) becomes 7
JR = -m(Ice, CR, ) VLP. (8.77)
Similarly, the thermal conductivity tensor K has the representation
K(CeCRV) = k(Ice, CR, 9)1, with k(Ice, CR, V) > 0 (8.78)
a scalar thermal conductivity. In this case (8.74) becomes
qR = -k(lce, CR, 79) V. (8.79)
8.8 Specialization of the free energy function /R
The constitutive equations considered thus far are fairly general. With a view towards
applications we now specialize the theory by imposing additional constitutive assumptions.
We begin by assuming that the free energy OR may be written in a separable form as (cf.,
e.g., Flory, 1953)
OR R(Ce, cR, 'I--) 0 CR + a,mixing(CR , 79) + V,mechanical(ICe, CR, 9) + f(19), (8.80)
where [t 0 is the chemical potential of the unmixed pure solvent, /,mixing(CR, V) is the change
in free energy due to mixing of the solvent with the polymer network, 0R,mechanica1(ICe, CR, V)
is the contribution to the change in the free energy due to the deformation of the polymer
network, and f(V) is a temperature-dependent function related to the specific heat of the
material.
7Note that our eq. (8.77) for the referential fluid flux differs from eq. (67) of Duda et al. (2010), who
presume an equation of the form j = -rn(c)grad ji in the deformed body (cf., also Section 4 of Hong et al.
(2008)). As discussed in Chester and Anand (2010), material symmetry considerations involving rotations
of the referential and structural space directly lead to (8.76).
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Estimate for 'a,mixing
In the literature on swelling of elastomers, the quantity
def
=  (1 + vcRV' (A-) 3 = js-1, 0 < q < 1, (8.81)
is called the polymer volume fraction. Note that
e the dry state corresponds to q = 1, and k < 1 represents a swollen state.
Next, following Doi (1996, 2009), we adopt the following form of the Flory (1942)-Huggins
(1942) theory for the contribution to the free energy due to mixing
4'a,mixing = R 1(1 - ) ln(1 - 0) + XO(l - #), (8.82)V #
where R is the universal gas constant, and X(0) is a dimensionless parameter (called the x-
parameter, or interaction parameter), which represents the dis-affinity between the polymer
and the fluid:
* if x(,d) is increased, the fluid molecules are expelled from the gel and the gel shrinks,
while if x(V) is decreased, the gel swells. 8
The expression (8.82) for the mixing energy when expressed in terms of cR is
V'R,mixing(cR,V) = RiocR (ln ( CR + X( . (8.83)
+ VCR 1+ VCR
Estimate for 4 R,meChanical
In elastomeric materials, the major part of 0R,mechanical arises from an entropic contribution.
Let
def 11A = - (1 + Vc) 2 /3tr Ce (8.84)
define an effective total stretch. Then, classical statistical mechanics models of rubber elas-
ticity (cf., Treloar (1975); Arruda and Boyce (1993a); Anand (1996); Bischoff et al. (2001))
provide the following estimates for the entropy change due to mechanical stretching:
1. For small to moderate values of A, based on Gaussian statistics,
3
7 7R,mechanical -- NR kB (A 2 - 1) + NR kB In J, (8.85)2
where kB is Boltzmann's constant and N represents the number of polymer chains
per unit reference volume.
8For reference, a typical value of X which promotes pronounced swelling is X e 0.1, while X e 0.5 is a
borderline value for the swelling of a dry polymer.
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2. For larger values of A it is necessary to use non-Gaussian statistics to account for the
limited extensibility of the polymer chains, and for these circumstances the entropy
change is given by
17R,mechanical = -NkBA2 [(9A) ~ + in (Q o - n n
+ NRkB (L Oo) In J, (8.86)
with
13 AL --and / = 'C A( (8.87)
where C-1 is the inverse of the Langevin function L(x) = coth(x) - (x)-'. This
functional form for the change in entropy involves two material parameters: NR, the
number of polymer chains per unit reference volume, and AL, the network locking
stretch.9
In what follows, we consider the more general form (8.86) for the entropy change.
Next, we take O,mechanical to also have an energetic component
ER = jK(In Je)2 - 3Ka(V - do)(ln Je), (8.88)
where K(9) is the bulk modulus of the gel, and a(cR) is a coefficient of thermal expansion.
The first term in (8.88) is a contribution meant to reflect changes in the internal energy
associated with volumetric mechanical deformation of the swollen elastomer.
Then, using (8.85) through (8.88), and writing
Go def N kB , (8.89)
for a temperature dependent ground-state shear modulus, we obtain the estimate
OR,mechanical (Ce ,cR,) = GoA2 [ ) + In i ) - ( o - In (si o
-Go (Lo) ln J+ .K(In Je)2 - 3Ka(V - Vo)(In Je), (8.90)
where, using (8.84),
A A(ICe, CR) - (1 + VCR)/3 tr C,. (8.91)
91n the non-Gaussian model, the network locking stretch AL is related to the number of links n in a
freely-jointed chain by AL = \/n.
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Total free energy.
Thus, using
accounts for
Stress. Chemical potential
(8.83) and (8.90) in (8.80), a simple form of the free energy function which
the combined effects of mixing, swelling, and elastic stretching is1 o
(8.92)
R -- A~cR + Rdc, In V CR
+ Go A 2 A 1 + In Oo- In # )L AL j sinh #f AL ( sinh,30
- Go (Lo) In J + !K(1n Je) 2 - 3Ka(-9 - i9o) (In Je) + f(,d).
Hence, using (8.63), we find that the Cauchy stress tensor is given by
T = J [G -2/3Be - G0(01 + K(ln Je)1 - 3Ka(V - do)1 J,
where
with ( (3L) L and (o ( )
is a generalized shear modulus, and Be is the elastic left Cauchy-Green tensor. Note that
since L- 1(z) -* oo as z -+ 1, the stretch-dependent shear modulus G --* oo as (A/AL) -+ 1.
Next, since
B = (As) 2Be = 0-2/ 3 Be, (8.95)
(8.93) reduces to
T = J-- [Go ((B - (01) + K(In Je)1 - 3Ka(79 - do)1]. (8.96)
10We leave the term f(V) related to the specific heat unspecified. A possible simple form is (cf., eq. (74)
in Anand, 1996),
f(V) = cv(d - Vo) - i9cq (1nt - lntdo), with c, a constant.
G def Go ,
(8.93)
-1 ,L (8.94)
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Hence the Piola stress, T, = JTF-T , is given by
TR = G0 [(F - ( 0F- T]+K(ln J)F-T -3Ka(-do)F-T. (8.97)
Also, using (8.59)2 and (8.92), the chemical potential p is given by
VCR 1 1
IL = pt + R79 In VR + I + x II + VCR I + VcR) (I + VC,) (8.98)
1
+ - G (1+ VCR) trC' - v G~o~ (1 + vcR)-1 + v.3
Further, from (8.45) and (8.96), we obtain
1
P= -- #GtrB + Go(oO - K(ln Je)# + 3Ka(9 - Vo)#, (8.99)3
use of which in (8.98), and recalling (8.91), gives
A = A +R) (ln(1- _)+O+x42 -vK(ln J)#+3vKa(V-do). (8.100)
Remark 20:
For a theory based on Gaussian statistics for configurational changes in entropy, cf. eq.
(8.85), the generalized shear modulus is no longer stretch-dependent, so that G = Go, and
the expression (8.96) for the stress, reduces to
T = J-' [Go (B - 1) + K(In J')1 - 3Ka(d - 0 )1], (8.101)
while the expression (8.100) for the chemical potential remains unchanged,
p = p0 + Rd ( ln(1 - ) q + X2 - vK(In Je) + 3vKa(9 - do)q. (8.102)
In Section 8.10, where we discuss a few applications of our theory, we will compare results
using a theory based on Gaussian statistics against those based on the more general non-
Gaussian statistics.
Remark 21:
It is of interest to consider the dependence of the response of a previously swollen elastomer
to a mechanical shear deformation. For simplicity, consider isothermal conditions and the
simpler form of the theory which employs Gaussian statistics. In this case, from (8.101) and
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(8.81), the Cauchy stress is given by
T = Je~ [Go (01/ 3 Be - 41) + OK(ln Je)1]
With the polymer volume fraction # fixed, a subsequent simple shear elastic deformation
with
I - 0
[Fe]= 0 1 0,
0 0 1
gives the shear stress as
[Be] y
0
T12 =(Go 0 1/3) y,
shear modulus
which implies that the shear modulus in a swollen state is given by
Go 01/3. (8.103)
Thus, at a given temperature, as the gel absorbs more of the solvent and 0 decreases, then
so also does the mechanical shear modulus of the gel.
8.9 Governing partial differential equations. Boundary
conditions
The governing partial differential equations consist of
1. The local force balance for the macroscopic Piola stress,
Div TR + bR = 0, (8.104)
with TR given by (8.97).
2. Use of (8.77) in the balance equation (8.29) for the fluid content gives
d, = Div (mVy), (8.105)
which, using (8.81), may be written in the form
2 = -Div (mVp),v4 (8.106)
in which m = (Ice,, V) > 0 is the fluid mobility, and the chemical potential jp is
given by (8.100).
J e=1
-Y 0
1 0
0 1-
288
3. Use of (8.77) and (8.79) in (8.72) gives
a2 'R 
_2_OR
c2 = Div (kV) + q, + mVpl2 + V Ce + CR, (8.107)
&29&Ce &29&CR
where k = k(IcCe, CR, t9) > 0 is the thermal conductivity, and the specific heat is given
by (8.70). We find it convenient to rewrite (8.107) in the form
c = Div (kV) + q + h, (8.108)
with
def J.,1i2 + ___ _9a2_R+ ___ Oh =mjv 2 +9 9Ce +2O CR, (8.109)
the sum of the scalar heat-source and coupling terms.
We also need initial and boundary conditions to complete the theory. Let Sx and St be
complementary subsurfaces of the boundary 9B of the body B in the sense &B = Sx U St
and S n St = 0. Similarly let S. and Sj be complementary subsurfaces of the boundary:
9B = S, U Sj and S, n S = 0. And lastly, let So and Sq be complementary subsurfaces of
the boundary: &B = S U S and S, n Sq= 0. Then for a time interval t C [0, T] we consider
a pair of boundary conditions in which the motion is specified on Sx and the surface traction
on St:
xX on Sx x [0, T], (8.110)
TRnR tR on St x [0, T];
a pair of boundary conditions in which the chemical potential is specified on S,, and the fluid
flux on Sj
11 = p on S, x [0, T];
,tt= onSx[0,]; 1(8.111)
-m(Vp) - nR= on Sj x [0, T],
and another pair of boundary conditions in which the temperature is specified on SD and
the heat flux on Sq
29= 2 on So x [0, T],(
-k(V9) -Rn = q on Sq x [0, T]; (
with X , t, 7, .3, J9, and q prescribed functions of X and t. The initial data is taken as
x(X, 0) = xy(X), p(X, 0) = po(X), and z9(X, 0) = 20 (X) in B. (8.113)
The coupled set of equations (8.104), (8.106), and (8.108), together with (8.110), (8.111),
(8.112), and (8.113) yield an initial/boundary-value problem for the motion X(X,t), the
chemical potential p(X, t), and the temperature d (X, t).
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In applications, for the case in which the environment consists of a pure and incompress-
ible liquid, the boundary condition on chemical potential ' is given by
A= 0 + PaV, (8.114)
where p is a reference chemical potential for the liquid, pa is the hydrostatic pressure of the
liquid, and v is the volume of a mole of liquid molecules. Also, if a portion of the boundary
is impermeable to the liquid, then on that portion the prescribed normal flux j vanishes.
We have numerically implemented our theory in the commercial finite element program
ABAQUS/Standard (2011) by writing special four-noded isoparametric quadrilateral plane-
strain (UPE4) and axisymmetric (UAX4) user-elements, along with an eight-noded isopara-
metric continuum brick (U3D8) user-element which couple mechanical deformation, fluid
permeation, and conduction of heat. In our numerical implementation we neglect body
forces and an external heat supply. Also, we expect that the temperature rise due to fluid
flow and elastic stretching is relatively small. Consequently, in the calculations presented
in the next section, we neglect such coupling terms and make the approximation that the
quantity h defined in (8.109) is given by
h ~ mjVpj2 . (8.115)
A discussion of our numerical implementation is provided in Chapter 9.
8.10 Numerical simulations
8.10.1 Further constitutive specializations. Representative values
of material parameters
We begin by specifying a special form for the mobility function m. Recall from (8.76), that
the mobility m for an isotropic material is in general a function of the invariants Ice of the
elastic Cauchy-Green tensor C', the fluid content c,, and the temperature 79 ,
m = m(Ice, cR, ).
Not much is known experimentally about the dependence of m on the list (Ice, CR, 9). How-
ever, since the dominant dependence of the mobility at a given temperature is expected to
result from the amount of swelling caused by ca, for the applications discussed below we
content ourselves with the assumption that
m = m(cR, 7) = ( , td), (8.116)
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where, in writing the second of (8.116) we have replaced the dependence of m on cR by
an equivalent dependence on the polymer volume fraction 0." We assume further that the
mobility function ffi(#, 0) may be written in a separable form as follows,
D
M = D , D = fJ(t9) > 0, M 9# > 0, (8.117)vRO
in which D represents a temperature-dependent diffusion coefficient for the solvent molecules,
and the dimensionless quantity -y = '(q) represents a change in the mobility of solvent
molecules as the polymer network is "opened" by an increase in the local fluid content.
Here, for simplicity, we assume a linear dependence of the mobility on the polymer volume
fraction
(I - 7)o + , > 1, (8.118)
such that in the fully swollen state 4 = 0, the mobility is -y times its "dry" value.
Next, concerning the thermal conductivity k in (8.78), we neglect any dependence of k
on Ice, and assume simply that
k = Okp + (1 - ) kf, (8.119)
where kp = k,(9) is the temperature dependent thermal conductivity of the polymer network,
while kf= kf(,) is the thermal conductivity of the fluid. Similarly, the coefficient of thermal
expansion, a, and the specific heat, c, are linearly interpolated in terms of the polymer volume
fraction 0 as
a = ae, + (1 - #) af, (8.120)
c = #cP + (1 - O)cf,
where a and cp are the thermal expansion and specific heat of the polymer network, and af
and cf are the corresponding parameters for the fluid. For lack of experimental information,
all other possible dependencies on deformation and temperature on a and c are ignored.
Lastly, we specialize the temperature dependence of the chi-parameter X(,9) in the Flory-
Huggins expression (8.83) for the free energy of mixing. Recall that this parameter represents
the dis-affinity between the polymer and the solvent - if X(9) is increased, the fluid molecules
are expelled from the gel and the gel shrinks, while if x(O) is decreased, the gel absorbs more
fluid and swells. As reviewed earlier, thermally-responsive gels possess a critical transition
temperature, tOT, and exhibit a larger degree of swelling at temperatures below VT than at
temperatures above VT (e.g., Gotoh et al., 1998; Xue et al., 2001; Zhang et al., 2003; Liu
et al., 2008). To model such experimentally-observed phenomena we assume that
x09) = '(XL + XH) 1 (XL - XH) tanh ( - VT , (8.121)2 2 \. A,
"We do so becuase < is dimensionless and a comfortably-bounded quantity between zero and unity (cf.
(8.81)).
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Table 8.1: Material parameters for a representative thermally-responsive elastomeric gel.
where tT is the transition temperature of the gel, XL is the value of X below the transition
temperature, XH > XL is the value of X above the transition temperature, with A the width
of the transition in temperatures between XL and XH.
Table 8.1 lists plausible values for the material properties of a thermally-responsive poly-
meric gel at a temperature of 298 K. Specifically, the ground state shear modulus for the
polymer, Go, is chosen to have a value 0.1 MPa, and the locking stretch parameter is taken
to have a value AL = 2.5; these values are chosen so that the effects of chain-locking are
easily observable when we compare results from a theory based on non-Gaussian statistics
against results from a theory which uses Gaussian statistics. The value of the bulk modulus
K is taken to be 100 times higher than that of Go. Additionally, we have chosen a value
of XL = 0.1 for the Flory-Huggins interaction parameter - a value which is favorable for a
high degree of swelling, while XH = 0.7. The transition temperature is taken to be 320 K,
with a width of the transition taken as A = 5 K. The other parameters (D, i,) for the mo-
bility of fluid molecules, and those for the thermal conductivity (kp, kf), thermal expansion
(ap, af), and specific heat (ca, cf), are as listed in Table 8.1. Concerning the solvent, we set
its reference chemical potential p0 to
p2 = 0.0 J/mole,
12Note that the initial value of a corresponding Poisson's ratio, with these values of Go and K, is 0.495 -
which is quite high. Larger values of K with respect to Go may be chosen, but this leads to some difficulties
in our numerical implementation.
Parameter Value
NR 2.43 x 1025/m 3
Go NRkB'O (at 298 K) 0.1 MPa
AL 2.5
K 10 MPa
XL 0.1
XH 0.7
79T 320 K
A 5K
D 5x 10-9 m 2 /sec
Ns 10
kp 0.1 W/(m K)
kf 0.6W/(mK)
01P 77x10-6 K-
af 69 x10-6 K-'
CP 5.02x 106 j/(m 3 K)
Cf 5.02x 106 J/(m 3K)
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and the volume of a mole of solvent molecules is taken as
v = 1.7 x 10- 28 m 3 - 1 x 10-4 m 3 /mole.
Using the material parameters in Table 8.1 and the values of p0 and v listed above, we solve
some representative boundary-value problems in the subsections to follow. 13
8.10.2 Transient free-swelling of a gel
As a first example, we consider the transient free-swelling of polymer gel of an initially square
cross-section of edge length H = 20 mm, under two-dimensional plane-strain conditions; cf.
Figure 8-1. As shown in this figure, due to the symmetry of the problem, we only model
one-fourth of the geometry. The initial finite element mesh consists of 100 UPE4 elements.
In this first example we consider an isothermal problem, with the entire body prescribed to
be at a constant temperature V = 298 K. Also,
" For the mechanical boundary conditions, the nodes along edge AB are prescribed to
have displacement component U 2 = 0, while the nodes along edge AD are prescribed
to have u1 = 0; the edges BC and CD are taken to be traction-free.
" For the chemical boundary conditions, the edges AB and AD (the symmetry edges)
are prescribed a zero fluid-flux, and on the edges BC and CD the chemical potential A
is prescribed as 14
Pt) = 0
where p, is the chemical potential of the surrounding solvent.
" The initial condition for the chemical potential of the dry polymer is taken to be
P(X, t = 0) = PO = -14388.57 J/mole. (8.122)
This initial condition is computed using eq. (8.100), with P0 - 0.0 J/mole, 4 = 1.0,
V = o = 298 K, Je = 1.0, and X = 0.1 as initial conditions. 15
Figure 8-2 shows contours of the polymer volume fraction, #, on the swollen gel after
a few different times: (a) 1 hour; (b) 4 hours; (c) 12 hours; and (d) 24 hours. The thick
1 3With the exception of Section 8.10.6, where we use a much smaller list of material parameters, Table 8.2,
for the isothermal swelling of a stiffer elastomeric material.
14For numerical reasons the chemical potential is actually taken as the following exponential function of
time
4t) =pP + po exp(-t/td), td = 300 sec,
so that at times t > td the prescribed chemical potential P(t) approaches the value M( of the surrounding
solvent.
'
5We have used O(X, t = 0)=0.999 rather than 1.0 to eliminate numerical difficulties with the ln(1 - 0)
term in (8.100). This approximation has no noticeable effect on the numerical results.
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dashed-line in each subfigure indicates the reference body. Note the change in scale for the
contours of # for each time. After one hour the initially-square specimen is no longer square
- this is because of the faster swelling near the corners due to the enhanced fluid flux from
the two edges. After 24 hours, the swollen body has a polymer volume fraction ranging from
# = 0.139 at the edges to value of 0 = 0.187 towards the middle of the specimen, and by
this time the rate of swelling has decreased due to the large amount of swelling and locking
of the polymer chains in the elastomeric network.
Figure 8-3 compares the numerically-predicted results for the shape of the swollen gel
and corresponding contours of the polymer volume fraction after 24 hours from a theory
which uses non-Gaussian statistics, against results from a theory which uses the classical
Gaussian statistics with G = Go (cf., Remark 1). It is clear from Figure 8-3 that after
24 hours the simulation using Gaussian statistics predicts a substantially larger amount of
swelling and more absorbed solvent than the simulation using non-Gaussian statistics
this is entirely due to the lack of the effects of chain-locking in the Gaussian-statistics-based
theory. Henceforth, we use only the non-Gaussian theory in our simulations - it more
realistically predicts the amount of swelling that one might expect for actual gels.
8.10.3 Mechanical de-swelling (squeezing) of a previously swollen
gel
In this example we subject a partially swollen gel to compressive boundary-tractions, and
simulate the mechanical squeezing of the solvent from the gel. We use the same finite element
mesh as in the previous example, with an initial condition corresponding to 24 hours of free-
swelling (as shown in Figure 8-2d). The nodes along the edge AB are prescribed u 2 = 0,
while the nodes along the edge AD are prescribed ul = 0, and compressive tractions are
applied to the outer surface of the swollen body. Specifically, the edges BC and CD in the
swollen body are prescribed compressive tractions
t= -S(t)ei and f = -S(t)e2,
respectively. The compressive nominal pressure S(t) is ramped linearly from 0 MPa to 1 MPa
over the course of 24 hours and then held constant for another 24 hours, for a total "squeez-
ing" time of 48 hours. As before, the edges AB and AD (the symmetry edges) are prescribed
zero fluid flux, whereas the chemical potential /t on the edges on the outer edges BC and
CD is prescribed to be (cf., (8.114)),
pt(t) = p0 - S(t)v.
As in the previous example, we only consider an isothermal problem, with the entire body
prescribed to be at V = 298 K.
Figure 8-4 shows contours of the polymer volume fraction, q$, plotted on the deformed
mesh at a few different times: (a) 6 hours; (b) 12 hours; (c) 24 hours; and (d) 48 hours. This
figure clearly shows that as time progresses, the size of the body diminishes and approaches
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the initial un-swollen configuration of the body,' 6 and correspondingly, the polymer volume
fraction increases.
8.10.4 Thermal de-swelling of a previously swollen gel
In this example we subject a partially swollen thermally-responsive gel to suitable temper-
ature boundary conditions, and simulate the withdrawal of the solvent from a previously
swollen gel. We use the same finite element mesh as the one in the first example, with an
initial condition corresponding to 24 hours of free-swelling (as shown in Figure 8-2d) under
isothermal conditions at 9 = 298K. In the thermally-activated deswelling step, we use the
following boundary conditions:
" For the mechanical boundary conditions, the nodes along the edge AB are prescribed
U2 = 0 while the nodes along the edge AD are prescribed ul = 0, and the edges BC
and CD are taken to be traction-free.
" For the chemical boundary conditions, a zero fluid flux is prescribed along edges AB
and AD, while the nodes along the outer edges BC and CD are prescribed a chemical
potential of '(t) = p.
" Finally, for the thermal boundary conditions, a zero heat flux is prescribed along
edges AB and AD, while the nodes along the outer edges BC and CD are prescribed
temperature boundary conditions in which the prescribed temperature d(t) is linearly
ramped from 298 K to 333 K over 9 hours, and then held constant for another 63 hours,
for a total simulation time of 72 hours.
Figure 8-5 shows contours of the polymer volume fraction, 4, plotted on the deformed
mesh after a few different times: (a) 9 hours; (b) 18 hours; (c) 36 hours; and (d) 72 hours.
This figure clearly shows that once the temperature of the gel increases above the critical
transition temperature of 19T = 320 K, the size of the body diminishes and approaches
the initial un-swollen configuration of the body, and correspondingly, the polymer volume
fraction increases.
It is important to note that as the thermally-responsive gel starts to shrink, it forms a
denser skin that inhibits water loss from the interior and slows the rate of volume contraction
- the contours of the polymer volume fraction 4 in Figure 8-5 clearly show the formation
of such a dense skin (larger value of 4). Experimental evidence that a rapidly shrinking
PNIPAM gel tends to form a dense skin that inhibits water loss from the interior is given in
Hirose and Shibayama (1998).
8.10.5 Thermally-actuated valves
In a classical paper, Beebe et al. (2000) have experimentally demonstrated the use of hy-
drogels for applications as valves in microfluidic devices. Here, following the ideas of Beebe
16 The thick dashed-line indicates the un-swollen reference body.
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et al. we simulate the essential features of their experiments using our model for thermally-
responsive hydrogels; a schematic of the geometry under consideration is shown in Figure 8-6.
The geometry consists of three cylindrical pillars of a thermally-responsive elastomeric gel,
each of initial diameter 20 pm, inside a fluid-containing channel of width Ho = 120 Pm; the
centers of the gel pillars are fixed in place. Due to the symmetry of the problem, we model
only the upper quarter of the geometry which is indicated by the solid black-filled region in
Figure 8-6. The initial finite element mesh is shown in Figure 8-7; it consists of 62 UPE4
elements.
The simulation is carried out in three steps:
1. In the first step, the fluid is allowed to diffuse into the dry gel at a constant fluid
temperature of 79=298 K for 0.85 seconds. This causes the gel pillars to increase in
diameter and contact with each other and the walls of the channel, and thereby to
seal-off one side of the channel from the other.
2. In the second step, the temperature of the fluid is raised from 298 K to 333 K (which
is above its critical transition temperature VT = 320 K) over a period of 0.25 seconds,
and the temperature is then held constant for another 0.6 seconds. This temperature
rise causes the gel pillars to shrink in diameter, and the gel-based valve is opened.
3. In the third step, the temperature of the fluid is decreased from 333 K to 298 K
over a period of 0.25 seconds, and the temperature is then held constant for another
0.6 seconds. This temperature decrease causes the gel pillars to grow in diameter, and
the gel-based valve is once again closed.
Referring to Figure 8-7, the boundary conditions used in the simulation are as follows:
" For the mechanical boundary conditions, the nodes along the vertical symmetry line are
prescribed ul = 0, while the nodes along the horizontal symmetry line are prescribed
U2= 0. The valve-valve and the valve-wall contact is modeled as frictional with a
Coulomb coefficient of friction of 0.7.
" For the thermal boundary conditions, the edges along the symmetry lines are prescribed
zero heat flux, whereas the highlighted outer nodes are prescribed the fluid temperature
as described in the prior paragraph.
" For the chemical boundary conditions, the edges along the symmetry lines are pre-
scribed zero fluid flux. The highlighted outer nodes are prescribed a chemical potential
p(t) = p0.17
Regarding the initial conditions, the gel valves are taken to be stress free, at a temperature
do = 298 K, and a chemical potential [to = -14388.57 J/mole. 18
17 In the first step of this three-step simulation we use the exponential form of '(t) described in footnote 14.
8 Computed in the same manner as in the transient free-swelling example; ef., (8.122).
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Figure 8-8 shows the gel valves and contours of the polymer volume fraction, g$: (a) at
the end of the first swelling step; (b) at the end of the second heating step; and (c) at the
end of the third cooling step. In this figure, for clarity of presentation, we have removed the
channel walls, mirrored the geometry of the valves about symmetry planes, and extruded the
plane-strain elements. The thick dashed-lines indicate the original cylindrical dry polymer
pillars before swelling. The length scale is the same for all sub-figures; however, note the
change in scale for the contours of polymer volume fraction in each subfigure.
Additionally, Figure 8-9 shows the force exerted onto the upper rigid channel wall during
operation of the microvalve. The valve is "open" at times when the gel is not in contact with
the channel wall (zero force), and that the valve is closed when the gel is in contact with the
channel wall (non-zero force). Since actuation is diffusion limited, this figure also serves to
show the extremely quick response time for swelling and deswelling of this micro-scale device
when compared to the previous macro-scale simulations - seconds compared to days
8.10.6 Swellable packers
Swellable-elastomers are starting to be employed in oil-field applications for borehole water
control (Bhavsar et al., 2008; Cai et al., 2010b). In this numerical exercise we simulate
the axi-symmetric swelling of a ring-shaped "packer" made from an elastomer (which is not
thermally-responsive); cf. Figure 8-10. The elastomeric ring is mounted on a metallic inner
tube, it swells when in contact with a suitable solvent, and after a sufficient amount of
swelling comes into contact with the outer metallic tube and forms a seal. The reaction
stresses on the tubes due to the swelling of the elastomer are of interest to designers of such
devices.
The initial finite element mesh for this problem is shown in Figure 8-10a, and consists
of 100 UAX4 axisymmetric elements. The inner tube and the outer tube are modeled as
fixed rigid surfaces. We consider an isothermal situation with the entire body prescribed to
have a temperature of 3 = 298 K. Referring to Figure 8-10a, the boundary conditions are as
follows:
* For the mechanical boundary conditions, the highlighted nodes along the inner tube
are pinned, and the remaining surface of the elastomeric ring is initially traction free.
Once contact between the elastomer and the rigid surfaces occurs, it is modeled as
frictional with a high value of a Coulomb friction coefficient of 0.75.
" For the chemical boundary conditions, the portion of the elastomer pinned to the inner
rigid surface is prescribed a zero fluid flux, whereas on the remaining portion of the
surface the chemical potential is set to be
1"40 = A ,
where [t 0 is the chemical potential of the ambient solvent.
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The material parameters used in this simulation are slightly different from those used in the
previous examples, given in Table 8.2; these values of the material parameters are intended
to be more representative of a stiffer elastomer than of a gel.
Parameter Value
Go(= NRkBZ9) (at 298 K) 0.3 MPa
K 30 MPa
AL 2.5
x 0.6
D 5x10-8 m 2 /sec
7YS 2
Table 8.2: Material parameters for a representative swellable packer under isothermal conditions.
Figures 8-10 b,c, and d show the swollen elastomeric packer together with contours of the
polymer volume fraction, <b, at three different times: (b) 1,300 seconds; (c) 2,600 seconds;
and (d) 21,600 seconds (6 hours). In these figures the mesh has been revolved by 1800 to
better show the geometry of the swollen packer.
Figure 8-11 shows the nominal reaction stresses exerted on the inner and outer tube walls
as a function of time. The stress on the inner wall is higher because of the smaller contact
area - the net reaction force on the inner and outer walls is of course the same.
8.10.7 Indentation of a swollen gel with a cylindrical punch
In this final example, which demonstrates our three-dimensional numerical simulation ca-
pability, we study a displacement-controlled indentation of a finite-dimensioned swollen gel,
which is immersed in a fluid, with a cylindrical rigid punch. The indentation is carried out
to a fixed depth, and the subsequent relaxation of the indentation force is monitored. We
consider an isothermal situation with the entire body prescribed to have a temperature of
V = 298 K, and use the isothermal version of the material parameters for a gel given in Table
8.1.
A schematic of the geometry for the indentation simulation is shown in Figure 8-12.
The initially-dry, rectangular-shaped elastomer has a lateral dimension of WO=20 mm and
and initial height HO=10 mm, and the rigid cylindrical punch (impermeable) has a radius of
R=10 mm. Due to symmetry of the problem, we model only one-quarter of the geometry
as indicated in Figure 8-12 with 1000 U3D8 elements. The initial mesh, mirrored about all
symmetry planes, is shown in Figure 8-13. In order to avoid numerical problems, the the
punch edges are given a small fillet radius of 1 mm.
The simulation is carried out in two steps:
1. In the first step, the fluid is allowed to diffuse into the dry gel for 72 hours.
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2. In the second step the cylindrical punch is displaced 10 mm downward into the swollen
gel over a period of 60 seconds,19 after which the displacement is held constant for a
total period of 2 hours. The reaction force on the cylindrical punch is monitored during
the complete indentation and hold period.
Referring to Figure 8-12, the other boundary conditions are as follows:
" For the mechanical boundary conditions, the nodes along symmetry planes of the rect-
angular block of gel are prescribed appropriate displacement conditions, while nodes
located on the bottom of the gel (X2 = 0) are prescribed U2 = 0. All other surfaces of
the gel are traction free. The cylindrical punch is prescribed u1 = U3 = 0 with U2 the
prescribed displacement as described in the prior paragraph. Contact between the gel
and the cylindrical punch is taken as frictionless.
* In the first swelling step, for the chemical boundary conditions, the symmetry planes
of the gel, and the bottom of the gel, are prescribed a zero fluid flux, whereas on the
remaining surfaces of the gel, the chemical potential is set to be
P(t) = p ,
where pO is the chemical potential of the ambient solvent.
* For the second indentation step, all symmetry planes and the bottom of the gel are
prescribed a zero fluid flux. We consider a impermeable indenter so that the fluid
cannot pass through the indenter. Accordingly, we prescribe a zero fluid flux on the
portion of the surface of the gel which is in contact with the cylindrical punch. Lastly,
we prescribe o = p on all remaining surfaces.
Regarding the initial conditions, the gel is taken to be stress free, at a temperature t90 =
298 K, and a chemical potential po = -14388.57 J/mole.
Figure 8-14a shows the deformed gel and contours of the polymer volume fraction, #, at
the end of the swelling step - after 72 hours of free swelling the gel has a lateral dimension
of W = 40 mm and a height of H r 20 mm, and the polymer volume fraction is roughly
# 4 0.1. Figures 8-14b-d show the indented gel and contours of the polymer volume fraction
at 60 seconds, 10 minutes, and 2 hours, respectively. In these figures the mesh has been
mirrored about one symmetry plane, and the rigid indenter has been removed for clarity.
Finally, Figure 8-15 shows the variation of the reaction force on the rigid indenter as a
function of time. The relaxation of the punch force under a fixed indentation depth is due
to the fluid being expelled from the gel.20
'
9 The indenter tip is displaced smoothly using the functional form U 2 = uo(1 - exp(-t/td)), such that the
tip displaces 9.999 mm in 60 seconds.
20 Suo and co-workers (Hu et al., 2010) have recently used such experimentally-measured force-relaxation
curves from indentation experiments on an alginate hydrogel, to estimate the elastic constants and a perme-
ability coefficient which arise within the context (of a variant) of Biot's theory of linear poroelasticity (Biot,
1941).
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8.10.8 Three-dimensional thermally activated constrained swelling
In this last example we consider the transient swelling of a polymer gel initially in the form
of a cube with edge length HO = 20 mm at an elevated temperature; followed by a decrease
in the surrounding fluid temperature leading to further swelling into a constrained geometry.
The constrained geometry is formed by two rigid permeable cylinders. A schematic of the
initial geometry is given in Figure 8-16. As shown in this figure, due to the symmetry of
the problem, we only model one-eighth of the geometry. The initial finite element mesh also
shown in Figure 8-16 consists of 1000 U3D8 elements for the gel and the rigid permeable
surface modeled as an analytical rigid surface. The simulaiton is carried out in two steps:
1. In the first step, fluid is allowed to diffuse into the dry gel at a constant surrounding
fluid temperature of V = 333 K for 24 hours. This causes the gel to swell only a
relatively moderate amount since the gel is above the critical temperature.
2. In the second step, the temperature of the surrounding fluid is decreased from 333 K
to 298 K over 9 hours, and the fluid temperature is then held constant for another 15
hours causing the gel to swell further, into a constrained geometry, now that it is below
the critical temperature. We consider the material parameters for a gel given in Table
8.1.
Also,
" For the mechanical boundary conditions, the nodes along symmetry planes are pre-
scribed appropriate displacement conditions, while all other surfaces are traction free.
The rigid surface is fully fixed in space, and contact between the gel and the rigid
surface is taken as frictionless.
" For the thermal boundary conditions, the symmetry planes of the gel are prescribed
zero heat flux, while on all other surfaces the temperature is prescribed as described
in the prior paragraph.
" For the chemical boundary conditions, the symmetry planes of the gel are prescribed
zero fluid flux, while on all other surfaces the chemical potential p is prescribed as
p"J" = A ,
where ft0 is the chemical potential of the surrounding solvent.
" The initial condition for the chemical potential of the dry polymer is taken to be
P(X, t = 0) = Po = -14388.57 J/mole.
Figure 8-17 shows contours of the polymer volume fraction, #, on the swollen gel after
a few different times: (a) the end of the initial swelling step; (b) 3.5 hours, (c) 9 hours,
and (d) 24 hours after the end of the initial swelling step. The thick dashed-line in each
subfigure indicates the reference body. Note the change in scale for the contours of # for each
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time. After 24 hours of swelling at 333 K the swollen body has a polymer volume fraction
~ 0.420 over the entire body. This corresponds to the equilibrium configuration for these
boundary conditions at 333 K. After the full 48 hours the swollen body has a polymer volume
fraction ranging from q = 0.098 at the edges to value of q 0.269 towards the middle of
the specimen.
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Figure 8-1: Schematic of the geometry and finite element mesh for the transient swelling problem.
The thick dashed-lines indicate the symmetry lines; only the top right quarter of the body is meshed.
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Figure 8-2: Swollen configurations and contours of the polymer volume fraction, #, for the tran-
sient swelling problem after: (a) 1 hour; (b) 4 hours; (c) 12 hours; and (d) 24 hours. The thick
dashed-line indicates the initial configuration of the body. Note the change in scale for the contours
of 0 for each time.
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Figure 8-3: Comparison of the predicted swollen shapes and contours of the polymer volume
fraction, 0, for the transient swelling problem after 24 hours: (a) using the non-Gaussian theory,
and (b) using the Gaussian theory. Note the different scales for the contours of 0.
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Figure 8-4: Deformed shapes and contours of the polymer volume fraction, #, for the mechanical
squeezing problem after: (a) 6 hours; (b) 12 hours; (c) 24 hours; and (d) 48 hours. The thick
dashed-line indicates the initial configuration of the body prior to swelling. The initial swollen
configuration at the start of the squeezing step is given by Figure 8-2d. Note the change in scale
for the contours of 0 for each time.
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Figure 8-5: Deformed shapes and contours of the polymer volume fraction, 0, for the thermally-
activated de-swelling problem after: (a) 9 hours; (b) 18 hours; (c) 36 hours; and (d) 72 hours.
The thick dashed-line indicates the initial configuration of the body prior to swelling. The initial
swollen configuration at the start of the de-swelling step is given by Figure 8-2d. Note the change
in scale for the contours of # for each time.
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Figure 8-8: Geometry of the gel-pillar and contours of the polymer volume fraction, q: (a) at the
end of the swelling step; (b) at the end of the heating step; and (c) at the end of the cooling step.
The thick dashed-lines indicate the original body before swelling. The length scale is the same for
all sub-figures; however, note the change in scale for the contours of 0 for each time.
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Figure 8-9: Force per unit depth that the gel valves exert on the upper rigid channel wall. The
valve is "open" when the gel is not in contact with the channel wall (zero force), and the valve is
closed when the gel is in contact with the channel wall (non-zero force). The vertical dashed lines
split the curve corresponding to the initial swelling, heating, and then cooling steps as described
in Section 8.10.5. The slight peak just at the start of the heating step is due to the initial increase
of the shear modulus with temperature.
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Figure 8-10: (a) Initial geometry and finite element mesh for a swellable-packer. Swollen config-
urations of the packer and contours of the polymer volume fraction, 0, at: (b) 1300 seconds; (c)
2600 seconds; and (d) 21600 seconds (6 hours). Note the change in scale for the contours of 0 for
each time.
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Figure 8-11: Nominal stresses on the inner and outer walls of the tubes.
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Figure 8-12: Schematic of the initial geometry for the indentation simulation. The thick dashed-lines indicate the symmetry lines; the finite element calculation is performed only for the portionof the body shown in grey.
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Figure 8-13: Initial finite element mesh, prior to swelling, used in the punch indentation example;the mesh has been mirrored about all symmetry planes.
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Figure 8-14: Contours of the polymer volume fraction after 
(a) 72 hours of freeswelling; and then
after indentation with an impermeable cylindrical punch 
at (b) 60 seconds, (c) 600 seconds, and (d)
2 hours. Here the mesh as been mirrored about one of the 
symmetry planes and only the outline
of the punch shown for clarity. Note the change in scale 
for the contours of # for each time.
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Figure 8-15: Reaction force on the rigid punch as a function of time. The relaxation of the punch
force under a fixed indentation depth is due to the fluid being expelled from the gel.
Figure 8-16: Schematic of the three-dimensional constrained swelling example. Here the initial
mesh has been mirrored along all symmetry planes.
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Figure 8-17: Contours of the polymer volume fraction q for the three-dimensional thermally
activated constrained swelling example. (a) The gel after 24 hours of swelling at 333 K (note that
this corresponds to the equilibrium configuration for the swollen gel at 333 K); and (b) 3.5 hours,
(c) 9 hours, and (d) 24 hours after the start of the cooling step to 298 K. In all cases the thick
dashed line indicates the original configuration before swelling.
Chapter 9
Numerical procedure for coupled fluid
permeation, heat conduction, and
large deformation in elastomeric
materials
9.1 Introduction
In this Chapter a finite element method is presented for the numerical solution of the tran-
sient coupled mechanical deformation, fluid permeation, and conduction of heat which was
presented in Chapter 8. This finite element method was developed since no such commercial
finite element method presently exists. We begin by recalling the governing partial differ-
ential equations and boundary conditions, and then formulating the variational statements
which serve as the basis for the numerical method. The specific isoparametric elements de-
veloped are discussed, followed by some representative numerical examples of those elements.
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9.2 Variational formulation
In the absence of an external heat supply, the strong forms of the coupled partial
equations of the theory given in Chapter 8 Section 8.9 are
differential
Balance of momentum
Balance of energy
Balance of fluid content
-kV79
DivTR + bR =0
TRIR = tR
ct = Div (kV) + h
= 
-
-mVp - nR = ja
Div (mVp)
- nR = qR
in B,
on S.,
on St,
in B,
on So
on Sq,
in B,
on Sp,
on Si,
In the following subsections we describe the variational formulation for each
and then recombine them all later.
(9.1)
separately,
Remark 22:
As presented in Chapter 8 Section 8.9, and repeated above, the governing field equations
and boundary conditions are stated in the reference configuration. For the balance of energy
(the heat equation) and the balance of fluid content, we work in the reference configuration
as described. However, taking a non-standard approach, we work in the current deformed
configuration when solving the balance of momentum. This decision was made on consider-
ations of the symmetry of the Cauchy stress tensor and associated tangents, combined with
implementing near incompressible material behavior (which will be described shortly). One
consequence of which care must be taken is in the heat and fluid flux boundary conditions.
For example, the heat flux boundary condition in the reference configuration which is used
in the solution procedure is given by
(9.2)
and the referential heat flux and normal are related to the spatial flux and normal via,
qR= JF-q, and dARnR = J-lFTdAn. (9.3)
Now, combining, we have the following relation for the referential boundary condition on the
heat flux expressed in terms of the current deformed quantities
1d A
qR= (JF'q) -JF TndA (9.4)dAR,
qR - nR =-kVz n R=q, on Sq
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Further, using the definition of the transpose,
v - (STu) = (Sv) -u (9.5)
we arrive at a relation for the referential heat flux boundary condition in terms of the spatial
heat flux boundary condition
d 1A
qR = q , (9.6)
d An
and similarly for the fluid flux
dA
Ja~ dAR' (9.7)
Where q = q -n and j = j -n are the heat and fluid flux boundary conditions in the current
deformed configuration. Thus as the body changes configuration in space and time, care must
be taken that the appropriate boundary conditions are implemented. In this case q' and jR
are used in the solution procedure mathematically, however since the body is deforming, 4
and j may be the appropriate physical boundary conditions.
9.2.1 Balance of momentum
Repeating the strong form given by (9.1)1, in the current configuration, we have
divT + b = 0 in Bt,
U = U on S., (9.8)
t = t on St.
Where Bt denotes the current deformed configuration, and on the deformed surface Sx we
prescribe displacements, and on the deformed surface St surface tractions. Now we look to
find the weak form of (9.8). We begin by multiplying by a test function w that vanishes on
St and integrating over the body
0= (w-divT+w-b)dV, (9.9)
and integrate by parts
0= (-gradw: T + w - b) dV + (w -Tn) dA. (9.10)
Using (9.8)3 we have
0=j (-gradw:T+w-b)dV+ (w-)dA (9.11)
s~t , t
318
The body is approximated using finite elements, see Figure 9-1, and the trial solution for
the displacement vector is interpolated inside each element by
U = )NAUA, (9.12)
A
with the index A = 1, 2, ... denoting the nodes of the element, U A denoting nodal displacement
vector, and NA the shape functions. We employ a standard Galerkin approach, in that the
weighting field is interpolated by the same shape functions, viz.,
w = ENwa. (9.13)
A
This yields the element-level relation
f I.
0 = (-wA _(T gradNA) +wA- bNA) dV+ N
which should hold V wA, thus we define the displacement residual
R =
U a ft
AA 
-A)dA,
(N Ab - Tgrad N A) dV + (N A ) dA
'se
which in index notation is given by
R=j N Abi - T dV + (Nti ) dA.
Next, the stiffness required by Abaqus is defined by
RA
K AB - ",UU )BI
and switching to index notation for ease of presentation we have
KAB = -_ .Ui on dt ,
k
Evaluating in the general case of a deformation dependent traction, we have
KAB = 9N A OTj-dK U = 9 dV - BaN ANB~
(9.14)
(9.15)
(9.16)
(9.17)
(9.18)
(9.19)
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It is desirable to simplify (9.19) in a form more amenable to applications, thus
aT - i "9 (920)
&lu DFmn &U~
and since
aNA A Fmn _ NB
Fmn=z 6n + Um) B = mk (9.21)
8xO uk Oxn
we arrive at
1 NA &T NB .
KAB _ N j ONdV - N A NB ati (9.22)
JJk 9xj OFkn Oxn slk
However, at this point, the reader is urged to keep in mind that the numerical framework
presented here is robust in the sense that any material constitutive behavior may be used.
For example elastic-plastic and visco-elastic material behaviors may also be included in the
existing framework. Recall that the residual is based on the stress evaluation, and the tangent
the corresponding variation with deformation, at the element-level both are independent of
the specific constitutive behavior.
To accommodate both compressible and nearly incompressible material behavior and mit-
igate volumetric locking behavior, where appropriate,1 we have implemented the so called
F-bar method (de Souza Neto et al., 1996). The basis of the method is to replace the defor-
mation gradient with a suitable replacement in an element such that the incompressibility
constraint is enforced as an approximate average throughout the element, rather than point
wise at the integration points. The method is based on the distortional-volumetric split of
the deformation gradient
F = FdisFv01 , (9.23)
with
Fdis - j-11 3 F, Fv 1 = J1/31. (9.24)
To construct the modified deformation gradient at an integration point of interest, we
first determine the deformation gradient at the centroid of the element, denoted by F,. Then
the modified deformation gradient is constructed as
det F, 1/3
F = F. (9.25)
Now when computing the stresses at the integration points, the modified deformation
gradient F is substituted in place of F. This has the effect that all the integration points
in the element "see" the same total volumetric deformation gradient in the element. This
formulation does not change the integration point residual computation. However, now the
'First order elements with more than one integration point.
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tangent must change according to (de Souza Neto et al., 1996)
Kd> j GT AGdVj+ GTQ(G 0 - G)dV, (9.26)
standard terms additional terms
with
1 2Q -A: (1 D 1) -- T o 1. (9.27)3 3
Here G is the standard non-symmetric gradient operator and A is refereed to as the spatial
tangent modulus. The spatial tangent modulus is related to the material tangent modulus
C by (de Souza Neto et al., 1996; Marsden and Hughes, 1994),
Aijkl = J-jFjmFlnCimkn, (9.28)
and the material tangent modulus is given by
DTRC = . (9.29)OF
The specific constitutive forms for the deformation problem are the Cauchy stress, given by
(8.96), for evaluating the residual, and the material tangent modulus. In this specific case
we have
Cijkl Gik 6 jl + FJ Fik + GooFj-'F'
+ KF EF 1&O + 3Kae(V - 79o)Fi F,' - K ln(Je)Ft7 F,;l (9.30)
for the variation of the Piola stress with respect to the deformation gradient, the so called
material tangent modulus. Then, using the Pad6 approximation for the inverse Langevin
function (Cohen, 1991)
L- 1 (x) e - 2 (9.31)1 - 2
we have
OG 4GOA2
F. (9.32)
Examples for computing F along with the modified tangents for two-dimensional cases are
given in Section 9.3.1 since they are element specific for both plane-strain and axisymmetric
cases.
Remark 23:
The F-bar method has shown itself excellent in cases such as large strain elasticity, and large
deformation plasticity. The key point in common between the two cases mentioned, is that
the theory is based on only a single component of volumetric deformation. For example,
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in large deformation elasticity we have, J, and for the elastic-plastic case we have, Je since
J = Je JP with JP = 1. However in a theory and implementation such as this one is based
on the kinematical decomposition F = FeFS, such that J = J JS and J not a constant, the
efficacy of the F-bar method is not clear. The intent of the method is that all integration
points within the element "see" the same volumetric deformation by prescribing the same
total J. However without a constraint on J, the integration points within the element all
"see" the same J, but not the same Je, thus the fully integrated element is again somewhat
constrained. Nevertheless, our practical experience has shown that this implementation with
the F-bar method is still more robust than one without it.
9.2.2 Transient heat equation
Repeating (9.1)2 from above, the strong form of the heat conduction problem is
c = Div (kV) + h in B
V = I on SO , (9.33)
-kVV -n, = qR on Sq
with V the temperature, c(Ice, CR, 9 ) the specific heat (measured per unit reference vol-
ume), k(Ice, cR, ) the thermal conductivity, and h the scalar heat generation terms given
in (8.109). Also, on the surface So we prescribe temperature, and on the surface Sq the
heat flux. Now we look to find the weak form of (9.33). We begin by multiplying by a test
function w and integrating over the body
0 = w [cL - Div (kV9) - h] dVR, (9.34)
then using the identity
Div (au) = aDivu + Va - u,
and the divergence theorem, we obtain
0 = jw (c - h) dVR- j w (kV. n) dAR + (Vw- kVL) dVR. (9.35)
Furthermore, using the prescribed heat flux boundary condition
q = -kVd -nR, (9.36)
such that
0 J w (c - h) dV+ j (w) dAR+ (Vw - kV7) dV. (9.37)
B Sg qB
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The body is approximated using finite elements B = 1 B' and the trial solution for the
temperature is interpolated inside each element by
(9.38)
= NAOA,
with the index A = 1, 2, ... denoting the nodes of the element, 7)A denoting nodal tempera-
tures, and NA the shape functions. We employ a standard Galerkin approach, in that the
weighting field is interpolated by the same shape functions, viz.,
w = Z N wA.
A
(9.39)
This yields the element-level relation
- h) dV + j wA (N A-) dAR +f wA (VN A - kV9) dV,
which should hold V wA. Therefore, we define the element level nodal residual for transient
heat conduction
R = N A -h) dV+ (N Aq) dAR+ (VN A- kV9) dVR. (9.41)
The element stiffness required by Abaqus is defined by
KV = (9.42
which leads to
(9.43)
0= JB WAN A (ci (9.40)
K =j (NAN ( + )h + kVNA -VNB
+ N B VN A -VV) dV
- N ANB)N dAR.
)
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Time is discretized where t,+1 = t,, + At, and evolution equations integrated using a
backward-Euler method in which
Atn+1 n and O-= - . (9.44)At 'a79 At
9.2.3 Balance of fluid content
Repeating (9.1)3, the strong form of the transient fluid permeation is given by
= -- Div (mV) in B,
V02 Po (9.45)
-mVp -n, = ] on Sj,
with m(Ice, cR, 79) the fluid mobility. Also, on the surface S, we prescribe the chemical
potential ', and on the surface Sj the species flux j.
Following a procedure similar to that for the heat problem, except in this case the chemical
potential is the nodal variable, we have the element level nodal residual and stiffness for the
fluid permeation
j N dV +f (VNA -mV p) dV + ( dA.
K A N ANB 0 N ANBq $AKAB -- I ( 2 0. - 0+mVN -VN
JB 2vq ui vq 3  &,u
+ NB VNA V dVa (9.47)
- j (NANB_1) dAR.
In the solution procedure one needs to compute the polymer volume fraction q at every
increment in order to evaluate the constitutive response functions and eventually the element-
level residuals. Recalling (8.98), and using J = J60-1 , we may rewrite (8.98) in the following
dimensionless form
A- A0 vK vK+ ln(1 - ) +_+X2 - ln(J)o + 3 a(O - do)# = 0. (9.48)
R + Rn9 n
(9.46)
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Given (F, t, p) at any instant of time, the implicit equation (9.48) is solved for the corre-
sponding value of #. Also, # is computed using the difference approximation
O n 1 - n
At (9.49)
Further, many of the terms found in (9.47) are derivatives with respect to the chemical po-
tential. For the applications found here where the chemical potential is not linearly related
to the fluid content, such derivatives are computed numerically using a difference approxi-
mation.
9.2.4 Total variational formulation
The global system is solved using a Newton procedure
[K] {AU} = {R}
with
Nej
R A e ,
(9.50)
Nei
K=A (9.51)
denoting the assembly over all elements of the global residual R and tangent K, where R is
the element-level residual and KC the element-level tangent. (9.50) is solved iteratively and
updates are made to the degrees of freedom until the residual is near zero. In what follows
we discuss how one obtains R and KC from the individual residuals and tangents in the prior
sections.
The nodal degrees of freedom and residual may be written in matrix form as
UA
A
A
U 3uA 
I I , A =I I , (9.52)
respectively, with the element-level degrees of freedom and residual given by
U 1
U 2
UM-1 I Ri7Z27ZM
where M denotes the total number of nodes in the element.
(9.53)
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Further, the nodal tangent matrix is given by
AB KAB KAB KAB KAB 1
U1Ul UU2 U 1 U3 n1V U14
KAB KAB KAB KAB KABU2U1 U2U2 U2U3 U2K U2
AB AB KAB KAB KAB KA (954)KAB U3U[ U3U2 U3U3 U36  U3(.
K1 KAB KB KA KAB
AB KAB KAB KAB
.L ILUJ U2 AU3 11? PA
however, we have not implemented the "off-diagonal" terms in the sense that
KAB KAB KAB 0 0
U1U1 U1U2 ICu3
AB K AB KAB'K U1 K2AU2  UA2U3  0
KAB - Kl 1  K A KB 0 0 (9.55)U3Ul U3U2 U3U3
0 0 IK'M 0
0 0 0 0 K AB
since it only slightly degrades the rate of convergence in the overall Newton procedure. Just
as before the element-level tangent matrix is given by the sum of the nodal tangent matrices
~ " k1 2  K1M-1 I1M
K2 1  K 2 2  k 2 M-1 K2M
K =.(9.56)
KM-11 KM-1 2  KM-iM-1 KM-1M
KMi KM 2  KMM-1 KMM
9.3 Isoparametric elements
We have implemented the theory and its variational form by writing special user-element
subroutines (UEL) for the commercial finite element package ABAQUS/Standard (2011).
We have developed the following two-dimensional plane-strain and axisymmetric elements
" 3-node linear triangle - UPE3 or UAX3,
" 6-node quadratic triangle - UPE6 or UAX6,
" 4-node linear quadrilateral - UPE4 or UAX4,
" 8-node quadratic quadrilateral - UPE8 or UAX8,
and the following three-dimensional elements
" 4-node linear tetrahedral - U3D4,
" 10-node quadratic tetrahedral - U3D1O,
* 8-node linear brick - U3D8,
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* 20-node quadratic brick - U3D20,
details of which are given in the following sections.
9.3.1 Two dimensional isoparametric elements
The two-dimensional elements developed are the 3-node linear triangle, the 6-node quadratic
triangle, the 4-node linear quadrilateral , and the 8-node quadratic quadrilateral. The node
ordering in the natural coordinate is shown in Figure 9-2 and Figure 9-3, respectively.
Referring to Figure 9-2, the shape functions for the 3-node linear element with respect
to the natural coordinates are given by
N2
N 3 =ig.
And the the shape functions for the 6-node quadratic element with respect to the natural
coordinates are given by
N' = A(2A - 1)
N2  = (2 - 1)
N 3
N 4 =4A
N5  =4(
N6  4
with, A =I-
Referring to Figure 9-3, the shape functions for the 4-node linear element with respect
to the natural coordinates are given by
N' =7 4
N2  = (1 - )( - 7)4
N3 = (1 + )( - I)
4Na = -(1+- )(1 + ).4
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And the shape functions for the 8-node second order element with respect to the natural
coordinates are given by
1N' = I( - ) (- )(1 +r+)4
N3 = -( I (1 + q)(1 -(-I )4
N 5  + 0( q
2
NT = (1 - + ( + q)2
A[ + A14 0 0
[A: (1 )= A21 + A 24 0 0A 31 + A34 0 0
LA 41 + A44 0 0
1N 2 = (1 +)(14
N 4 =1 (1 - ((
1
N - -- (1 - 22
1
N8 - (1 - I(2
Plane-strain
For a plane-strain element we have the condition that F33 = 1, and F13 = F31 = F23 = F32 =
0. To accommodate nearly incompressible material behavior where appropriate we use the
F-bar method of de Souza Neto et al. (1996). Specifically in plane-strain the method reduces
to [ 1 F2  FF 2 2 - Fc12Fc2 1 1/2 FF21 F22 0 = F,,F22 - F12F2 1,0 0 1] / 0
with Fei the deformation gradient at the centroid of the element.
tangent is modified by (9.26) with the specific forms for plane-strain
2 0
2 0 (9.57)
1]
Correspondingly the
(9.58)
(9.59)
0
0
0
0
A,, + A14
A 21+ A 24
A 31+ A 3 4
A41+ A44
I
with
Amn = Aijkl
denoting the matrix representation of A using the following transformation table
/n i/k ViI
1 1 1
2 2 1
3 1 2
4 2 2
with
1 1Q =-A: (1 ® 1)--T O12 2
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and
T11 0 0 0 T11
T 21 0 0 0 T21 (
T 12 0 0 0 T 12
T22 0 0 0 T22
for the plane-strain formulation. Lastly, the standard non-symmetric discrete gradient matrix
in (9.26) is given by
ON' ON 2  ONM
Ox O 0 0 ... O 0
0ON' 0 ON N2 ONM
N' ONN2 O  ONM
0 Ox2  0 Ox2  ... 0 Ox2
with M the total number of nodes.
Axisymmetric
For an axisymmetric element we have the condition that F13 = F31 =F 23 =F 32 =0,
and F33 = R/R0 . Furthermore, the integration fBe dxdy --- fB, 2wrdrdz. In the numerical
implementation F33 is computed as R/R,0 , and numerically this is done by
R=N , i (9.61)
Ro= EN AX 4  (9.62)
where x2 1N
whrex are the current 1-coordinates of the nodes, and XA~ are the reference 1-coordinates
of the nodes. Note that this scheme automatically implies that our axisymmetric element
formulation assumes the radial direction is the 1-direction.
To accommodate nearly incompressible material behavior the F-bar method method of
de Souza Neto et A. (1996) as described above is implemented where appropriate, in an
axisymmetric formulation as
F (det= )1/3, (9.63)
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where both F33 and F,33 are computed before applying
need to be corrected according to (9.26) with
the F-bar method. The tangents
[A: (1 0 1)] = [Al + A 14 + A 15A 21 + A 24 + A 25A 31 + A 34 + A 35A41+ A44 + A45A5 1 + A54 + A55 00000 00000
with
Amn = Asikl
using the following transformation table
and
for the axisymmetric formu
matrix in (9.26) is given by
[G] =
T1 0
T21 0
[T®91]= T12 0
T22 0
LT33 0
lation. Lastly, the
ON'
OX,
0
ON'
Ox2
0
N'
-x
0
ON'
OX1
0
ON'
0x2
0
ON 2
Ox 1
0
ON 2
Ox2
0
N 2
-I
0 T11 T11
0 T21 T2 1
0 T 12 T1 2  (9.65)
0 T 2 2 T 2 2
0 T3 3 T3 3 j
standard non-symmetric discrete gradient
0
ON2
Oxi
0
ON 2
Ox2
0
ONM
... OXOx 1
0
ONM
... 
aX0x2
0
NM
X1
0
ONM
OXi
0
ONM
0x2
0
with M the total number of nodes.
All + A14
A 2 1 + A 24
A 3 1 + A 34
A4 1 + A44
A51+ A54
+
+
+
+
+
A 15
A 25
A 35
A45
A55
All
A 21
A 3 1
A 4 1
A5 1
+
+
+
+
+
A 14
A 24
A34
A44
A54
+ A 15
+ A25
+ A 35
+ A 5
+ A55I(9.64)
1 1 1
2
1
2
3
mn 7
1
2
3
4
5
2
2
3
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9.3.2 Three dimensional isoparametric elements
The three-dimensional elements developed are the 4-node linear tetrahedral, the 10-node
quadratic tetrahedral, the 8-node linear brick , and the 20-node quadratic brick. The node
ordering in the natural coordinate is shown in Figure 9-4 and Figure 9-5, respectively.
Referring to Figure 9-4, the shape functions for the 4-node linear tetrahedral element
with respect to the natural coordinates are given by
N' 1 - - -
And the shape functions for the
natural coordinates are given by
10-node quadratic tetrahedral element with respect to the
N' A(2A - 1)
N2 = (2 - 1)
N3 
- 9(2ij - 1)
N4 = ((2( - 1)
N5 = 4 A
N6  4
N = 4,qA
N - 4(
N 9 -4=
N1 0 =47(
with A =1 - - - (
Referring to Figure 9-5, the the shape functions
respect to the natural coordinates are given by
N' = (I - I)1- )1 )8
Na = -(1 - 0)(1 + 71)(1+ )8
N5 1 ( 0i +8
8
for the 8-node linear brick element with
1N 2 = (1 +8
N 4 ='(1 -18
1
8
N8 1-(1 -
8
+)( -- )( ( )
((+ 7) (1+ 0).
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And the shape functions for the 20-node quadratic brick element with respect to the natural 
coordinates are given by 
1 
N 1 = --(1 - E)(l - "l)(l - ()(2 + E + 7/ + () 
8 
1 N 2 = --(1 + E)(l - "l)(l - ()(2 - E + "l + () 8 
1 
N 3 = - 8(1 + E)(l + "l)(l - ()(2 - E - 7/ + () 
1 
N4 = - 8(1- E)(l + "l)(l - ()(2 + E - "l + () 
1 
N 5 = --(1 - E)(l - 7])(1 + ()(2 + E + 7/ - () 
8 
1 
N6 = --(1 + E)(l - "l)(l + ()(2 - E + "l - () 
8 
1 
N 7 = --(1 + E)(l + "l)(l + ()(2 - E - 7/ - () 
8 
1 
Ns = --(1 - E)(l + "l)(l + ()(2 + E - "l - () 
8 
1 
N 9 = 4(1 - E)(l + E)(l - "l)(l - () 
N 11 = i(l + ~)(1 - ~)(1 + 1J)(l - () 
1 
N 13 = 4(1 - E)(l + E)(l - 7])(1 + () 
1 
N 1s = 4(1 + E)(l - E)(l + "l)(l + () 
N17 = i(l - ~)(1 - 7))(1 - ()(1 + () 
N 19 = i(l + ~)(1 + 7))(1 - ()(1 + () 
1 
N 10 = 4(1 + E)(l - "l)(l + "l)(l - () 
1 
N 12 = 4(1 - E)(l + "l)(l - "l)(l - () 
1 
N 14 = 4(1 + E)(l - "l)(l + "l)(l + () 
1 
N 16 = 4(1 - E)(l + "l)(l - "l)(l + () 
N18 = i(l + ~)(1 - 7))(1 - ()(1 + () 
1 
N 20 = 4(1 - E)(l + "l)(l - ()(1 + (). 
To accommodate nearly incompressible material behavior the F-bar method of de Souza Neto 
et al. (1996) as described above is implemented where appropriate as 
F = detFc F ( r detF ' (9.66) 
where both F33 and Fc33 are computed before applying the F-bar method. The tangents 
need to be corrected according to (9.26) with 
[A:(l©l)]= 
An + A1s + A19 0 0 0 An + Ais + A19 0 0 0 An+ A1s + Arn 
A21 + A2s + A29 0 0 0 A21 + A2s + A29 0 0 0 A21 + A2s + A29 
A31 + A3s + A39 0 0 0 A31 + A3s + A39 0 0 0 A31 + A3s + A39 
A41 + A4s + A49 0 0 0 A41 + A4s + A49 0 0 0 A41 + A4s + A49 
As1 +Ass+ Asg 0 0 0 As1 + Ass + Asg 0 0 0 As1 + Ass + Asg (9.67) 
A51 + A6s + A59 0 0 0 A61 + A6s + A69 0 0 0 A51 + A6s + A69 
An+ A75 + A19 0 0 0 An + A1s + A79 0 0 0 An + A1s + A19 
As1 + Ass + Asg 0 0 0 As1 + Ass + Asg 0 0 0 As1 + Ass + Asg 
A91 + Ags + Agg 0 0 0 A91 + Ags + A99 0 0 0 A91 + Ags + A99 
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with
Amn = Aijkl
using the following transformation table
m/n i/k j11
1 1 1
2 2 1
3 3 1
4 1 2
5 2 2
6 3 2
7 1 3
8 2 3
9 3 3
and
T 1 0 0 0 Tn, 0 0 0 Tn
T21 0 0 0 T2 1 0 0 0 T21
T31 0 0 0 T31 0 0 0 T31
T12 0 0 0 T12 0 0 0 T12[T®1]= T22 0 0 0 T22 0 0 0 T22  (9.68)
T32 0 0 0 T32 0 0 0 T32
T13 0 0 0 T13 0 0 0 T13
T23 0 0 0 T23 0 0 0 T23
T33 0 0 0 T33 0 0 0 T33
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for the three-dimensional formulation. Lastly, the standard non-symmetric discrete gradient
matrix in (9.26) is given by
ON' ON 2  ONM ~
Ox 0 ~ 0 Ox 0x 0 Ox ..ONMx0 0 0  ... 0 0Ox1  Oxi Ox,
ON '2 NN 2N
o 0 0 0 ... 0 0
ON1  Ox1  O22 Ox, ON0 0 0 0 ... 0 0 0
ON N 2  O 2 N ON
0 0 - 0 0 .. 0 0
Ox2 2Ox 22Ox 22
N ON2 O NM
0 0 0x 0 0 ... 0 0 0
0 0 M0 0 . 0 0ON2  8x ___ 2
Ox3  Ox2 Ox ONON __0 0 ... 0
Ox 3  Ox3  Ox3ON 2  ONM
Ox3  0 0 Ox . 0 0 Ox
with M the total number of nodes.
9.4 Numerical Examples
In this section we solve some representative initial boundary value problems to show the
robustness of our simple finite element method. Specifically, we consider the following quasi-
one-dimensional, transient, non-isothermal, swelling conditions: (i) plane-strain, (ii) axisym-
metric, (iii) three-dimensional.
9.4.1 Plane-strain and axisymmetric
As a first example we consider the transient swelling of polymer gel with an initial geometry
schematically shown in Figure 9-6. In plane-strain this corresponds to a cylinder swelling
along its axis, and in the axisymmetric case, a disk growing in diameter due to swelling. The
solvent bath is initially at 333 K while the gel swells to equilibrium for 24 hours. But then
over the course of 3 hours, the solvent bath cools to 298 K and remains constant thereafter.
Also, referring to Figure 9-6
e For the mechanical boundary conditions the nodes along the top and bottom edges
are prescribed to have displacement component U2 = 0, while the nodes along the left
edge are prescribed to have ul = 0, the right edge is taken to be traction-free.
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" For the thermal boundary conditions, the right edge is prescribed the temperature as
described in the previous paragraph, while on all other edges the heat flux is zero.
" For the chemical boundary conditions the right edges is prescribed the chemical po-
tential ' = p9 , while all other edges are prescribed a zero fluid flux.
" The initial condition for the temperature is V (X, t = 0) =298 K.
" The initial condition for the chemical potential of the dry polymer is taken to be
(X, t = 0) = YO = -14388.57 J/mole. This initial condition is computed using (8.98),
with po = 0.0 J/mole, q = 1.0, V = 00 = 298 K, Je = 1.0, and x = 0.1 as initial
conditions.
For this example we compare all of the various two-dimensional elements we have developed,
and thus we have the following eight meshes: (i) 20 UPE3 elements; (ii) 20 UPE6 elements;
(iii) 10 UPE4 elements; (iv) 10 UPE8 elements for plane strain, along with (v) 20 UAX3
elements; (vi) 20 UAX6 elements; (vii) 10 UAX4 elements; and (viii) 10 UAX8 elements for
axisymmetry.
Figure 9-7 shows contours of the polymer volume fraction, q, on the swollen gel for
each plane-strain mesh after the first 24 hours of swelling, and then 21 hours after the
3 hour cool down. The thick dashed-line in each subfigure indicates the reference body.
Further, Figure 9-8 shows the same for the axisymmetric simulations. Lastly, Figure 9-9
and Figure 9-10 shows the displacement ul of the top right corner for all the plane-strain
and axisymmetric simulations performed, respectively. As expected the various meshes give
identical results.
9.4.2 Three-dimensional
As a first example we consider the transient swelling of polymer gel with an initial geometry
schematically shown in Figure 9-11. As in the previous examples, the solvent bath is initially
at 333 K while the gel swells to equilibrium for 24 hours. But then over the course of 3 hours,
the solvent bath cools to 298 K and remains constant thereafter. Also, referring to Figure
9-11
" For the mechanical boundary conditions the nodes along the dark grey face are traction
free, while the other faces are prescribed appropriate displacement conditions such that
the gel may swell freely in the 1-direction. Also, as indicated the back face of the gel
is pinned.
" For the thermal boundary conditions, the dark grey face is prescribed the tempera-
ture as described in the previous paragraph, while on all other faces zero heat flux is
prescribed.
" For the chemical boundary conditions the dark grey face is prescribed the chemical
potential A - P0 , while all other edges are prescribed zero fluid flux.
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" The initial condition for the temperature is 9(X, t = 0) =298 K.
" The initial condition for the chemical potential of the dry polymer is taken to be
p(X, t = 0) = Po = -14388.57 J/mole.
For this example we compare all of the various two-dimensional elements we have developed,
and thus we have the following eight meshes: (i) 110 U3D4 elements; (ii) 110 U3D10 elements;
(iii) 10 U3D8 elements; (iv) 10 U3D20 elements.
Figure 9-12 shows contours of the polymer volume fraction, 0, on the swollen gel for each
plane-strain mesh after the first 24 hours of swelling, and then 21 hours after the 3 hour
cool down. The thick dashed-line in each subfigure indicates the reference body. Lastly,
Figure 9-13 shows the displacement ui of the top right corner for all the three-dimensional
simulations performed. As expected the various meshes give identical results.
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Figure 9-1: Example of a finite element discretization of the body B into finite elements B =U[ B.
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Figure 9-2: Two-dimensional linear (left) and second order (right) isoparametric master triangular
elements.
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Figure 9-3: Two-dimensional linear (left) and second order (right) isoparametric quadrilateral
master elements.
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Figure 9-4: Three-dimensional linear (left) and second order (right) isoparametric tetrahedral
master elements.
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Figure 9-5: Three-dimensional linear (left) and second order (right) isoparametric brick master
elements.
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Figure 9-6: Schematic for the plane-strain and axisymmetric simulations.
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Figure 9-7: Contours of the polymer volume fraction on the deformed geometries at (i) the end
of the 24 hour 333 K swelling step, and (b) 21 hours after the 3 hour cooling step using (a) UPE3,(b) UPE6, (c) UPE4, and (d) UPE8 elements. For all the above cases the polymer volume fraction
ranges from 0.459 < 0 < 0.463 in (i) and 0.226 < 0 < 0.245 in (ii). The thick dashed line indicates
the initial dry configuration of the body.
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Figure 9-8: Contours of the polymer volume fraction on the deformed geometries at (i) the end of
the 24 hour 333 K swelling step, and (b) 21 hours after the 3 hour cooling step using (a) UAX3, (b)
UAX6, (c) UAX4, and (d) UAX8 elements. For all the above cases the polymer volume fraction
ranges from 0.428 < 0 < 0.430 in (i) and 0.144 < 0 < 0.178 in (ii). The thick dashed line indicates
the initial dry configuration of the body.
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Figure 9-9: Displacement
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Figure 9-10: Displacement of the top right corner using the various two-dimensional axisymmetric
elements.
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Figure 9-11: Schematic for the three-dimensional simulations.
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Figure 9-12: Contours of the polymer volume fraction on the deformed geometries at (i) the
end of the 24 hour 333 K swelling step, and (b) 21 hours after the 3 hour cooling step using (a)
U3D4, (b) U3D1O, (c) U3D8, and (d) U3D20 elements. For all the above cases the polymer volume
fraction ranges from 0.459 < 0 < 0.463 for bricks elements and 0.324 < 0 < 0.463 for tetrahedral
elements in (i) and 0.226 < 0 < 0.245 for brick and tetrahedral elements in (ii). The thick dashed
line indicates the initial dry configuration of the body.
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Figure 9-13: Displacement of the top right corner using the various three-dimensional elements.
Chapter 10
Future directions
We list below several fruitful directions for future work on amorphous polymers, shape-
memory polymers, and polymeric gels, which have not been addressed sufficiently in this
thesis, as well as in the broader technical literature:
9 Amorphous polymers:
- Classical plasticity theories for amorphous polymers, such as the one presented
here, assume a flow rule in which the direction of plastic flow is co-directional with
the stress deviator. Although this is a reasonable assumption at the macro-scale, it
is not able to account for the shear-yielding micromechanism in which plastic flow
occurs by closely spaced shear bands - especially in the vicinity of the strain-
softening region associated with the widely-observed yield-peak in amorphous
polymers. A modified flow rule which more explicitly takes the micromechanism
of shear-yielding (associated with the yield-peak strain-softening) is needed for
an improved mathematical representation of this micromechanism of plasticity in
amorphous polymers.
- An important extension of our theory will be to account for crazing, chain scission,
and cavitation, and to formulate suitable continuum-level criteria for damage and
failure of amorphous polymers. For some previous work on modeling crazing and
failure by chain scission, within the continuum-mechanical framework discussed
here, see Greaing and Anand (2004a,b), which also contain references to the vast
literature on the subject of damage and fracture in polymers.
e Shape-memory polymers
- The research on modeling the thermo-mechanical response of shape-memory poly-
mers presented in this thesis is far from complete, and is still in its infancy. A
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significant amount of experimental, theoretical, and computational research still
needs to be conducted to advance the state of affairs to a satisfactory level. Much
work needs to be done to (a) enhance the theory and demonstrate that it is ap-
plicable not only for one, but a variety of other shape-memory polymers - both
covalently cross-linked thermoset materials, as well as physically cross-linked ther-
moplastic materials; (b) demonstrate that the numerical implementation is robust;
and (c) show that simulation-based design capability is predictive.
- Much work needs to be done to study the limits to extensional deformation
and tearing resistance of these polymers, and to develop a suitable temperature-
dependent failure criterion for these materials.
- Much work also needs to be done to study the mechanical fatigue characteristics
of the most promising of the biocompatible shape-memory polymers to study the
long-term efficacy of these materials for critical biomedical applications such as
vascular stents.
9 Polymeric gels:
- The theory and numerical development presented in this thesis are based on sound
physical and mathematical principles, however experimental characterization of
an actual thermally-responsive gel is lacking. In order the flesh-out the theory
substantial experimental work is required.
- Our theory has been formulated for non-ionic elastomeric gels. An important
extension of this work will be to develop a constitutive theory gels which are
responsive to pH and other stimuli.
- The theory presented here is for elastomeric gels. An important extension of this
work will be to include dissipation and other visco-elastic and visco-plastic effects.
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